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]f n 1988, a French artist named Alain Onrgeot 
g prcparcd an exhibition of 88 elephanta. They 

* wcrc made offolded paper, each different, and 

cach onp an example of origami. the Japancse 
art Oi paper folding. An art exhibition devoted 
entirely to origarni is rarc; onc devotcd to clephants is 
extremely unusual; and one devoted entirely to origami 
elephants was enrirely unprecedcntcd. 

A display of 88 paper elcphants illustratefl both the 
remarkable attraction orígami has Ibr some people — after all, 
how many people vvouid take the time to fold 88 versíons of 
the same thing? -and the remarkable versatility of the art. 
Georííeot's collection of elephantfl represented only the tiniest 
fraction of the modern origami repertoirc. Tcns of thousands 
of paper designs exist for animals, plants, and objocts, a regu- 
lar abeoedaríum of subject matter. Thcrc arc anteJopes. birds, 
cars, dogs, elephants tof course), flowcrs and goriHaa; horses, 
ibexes, jays, and kangaroos; lions, monkeys, nautilu8e8, 
OCtopi, parrots, quctzalcoatls, roses, shnrks, trains, ukuleles, 
violinists, whelks, xylophones, yaks. and zebras, the last 
<:ompletc with stripes. 

Innumerable innovatinns have becn wrought upon the 
basic thcme of folded paper. There arc action íigurcs: birds 
that flap t.heir wings, violinists who bow their violins, inflat- 
able boxee, clapping monkeys, snapping jaws. There are 
paper airplanes that fly one won an international contest— 
and airplanes that don't. fly, but are replicas of famous 
aircraft: the spacc shuttle, the SR-7 I FUackbird, and the 
venerablc Sopwith Camel. In snme models, a single piece of 
paper is folrled into several fígurcs *a bull, bullfightcr, and 
cape, for example) aud in others, many idcntical picccs of 
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paper are assembled mto cnormons naultifaceted polyhedra. 
If you can think of an objecL either natural or man- 
made, somconc, somewhere, has probably foldcd an origami 
version. 

Thc art of origami was originally Japanesc. but thc 88 
elephants and Lhe Lens of 1 housands of other designs eorne froin 
all over the world. Many figures originatcd in Japan, of course, 
bul ibe U.S.A., Englaud, France, Gcrmnny, Belgium, Argen- 
tina. Singapore, Australia, and Italy are major centers of 
origami artivity The designs range from simple figures con- 
sisting of only two or thrcc folds to ineredibly eomplcx 'tcst 
pieces" requiring hours to fbld. Most of these thousands of 
designs have one thing in eommon, however: Nearly all wcrc 
invented in thc last 50 years. 

Thuá, origami is both an old art and a young art. Its youth 
is 8ooiewhat.snrprÍ8Íng. After all, foldcd paper has been an art 
form for BOme 15 centuries. It is ancient; one would not expect 
98 percent of thc innovation to come in the last 2 percent of 
the art's existencc! Yct ít has. Pifty years ago, all of thc differ- 
cnt origami designs in the world could have becn cataiogued 
on a single typcd Bheet of paper, had anyonc had thc inclina- 
tion to do so. No model would have run ovcr about 20 or 30 
stcps. Most could be fblded in a few minutcs, even by a novice. 
'fhis is no longer the case. Today, in books, journals, and per- 
SOHaJ archives, the number of recordod origami designs runs 
weil into the r.honsands; thc most sophist.ieated designs have 
lnnidreds of steps and take several hours for an expcricnccd 
folder to producc. Thc past 60 years in Japan, and 40 ycars 
worldwide. have seen a renaissance in the world of origami 
and an accelcration of its evolution. 

And this ha.s happcned in thc facc of stringent barriers. 
The traditional rules oforígami — onc shcct of paper, no cuts — 
arc daunting. II would appear that only Lhe sirnplest abstract 
shapcs are feasihle with such rules. Yet over hundreds of years, 
by trial and error, two to thrcc huodred designs were devel- 
oped. These early dcsigns were for Lhe inost part simple and 
styli/.ed. Complexity and raaliam — insects with legs, wings, 
and aiuennac wcre not possihle unr.il thc dcvclopmcnt of spe- 
cialized dcsign methods in the lattcr part of the 20 th century. 

Although there arc now many thousands of orígami 
designs, there are not thousands of ongami dcsigners. In fact, 
therc is only a handful of dcsigners who have gone beyond 
basics, only a handful who can and do desi^n sophLsticated 
models. AJthough there is far more exrhanue of completed 
designs now than therc used t.o be, there is not a similar 
exchange of dcsign techniques. 
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This irabalance arises because it is much easier to dc- 
icribe how to repUeate an origami figure than how to design 
one. Onganii designs spread through poblication of their fold- 
ing sequcnce— a get of step-by-step instructions. The folding 
sequencc, hased on a simple code of dashed nnd dotted lines 
and arrows devised by the great Japanese master Akira 
Yoshizawa, transcends Language boundaries and has led to Lhe 
worldwide spread of origHmi. 

While thousands oí'fblding sequences have been pubhshed 
in books, magazines, and confcrence procccdings, h step-by- 
step folding sequence does not necessarily conununicate how 
the model was designed. The folding sequencc is osually opti- 
mi/.ed for easc of folding, not to ahow ofTdesign t.echniques or 
the structurc of the model. ln fact, somc of the most enjoyable 
folding sequences are ones Lhst obscurc the underlyingdesign 
of the model 80 that thc appenrance of thc íinal structurc comes 
as a surprise. "How to fold" is rarcly "how to design." Folding 
Bequences are widespread but rclatively few of the design tech 
niques of orígami have ever becn set down on paper. 

Over the last 35 years I have designed some 400+ origi 
naJ flgures. Thc most common question I am asked is, "How 
doyou come up witfa your dcsigns?" Throughout Lhe history of 
origami, most designers have designed by "feel," by an mtu- 
it ion of which steps to take Lo achieve a particular end. M> 
own approach to design has followed what I snspcct is a not 
uncommon pat.t.ern; it evolved over theyears from simply play- 
ing around wit.h the paper. t.hrough somewhat more directed 
playing, to systematic foJding. Nowadays, when 1 set out to 
fold a new Bubject, 1 have a prctty good idea about how Fm 
poing to go about folding it and can usually produce a fair ap- 
proximation of my aubject on the íirst try. 

Hence the pcrennia] qucstion: How do you do t.hat 0 Thc 
qucstion is askcd as if therc were a recipe for origami design 
somewhere, a cookbook whose steps you could follow to reli- 
ably producc any shape you wanted from the square ofpaper. 
I dont think of origami design as a cookbook process so much 
as a ba^ of trink* from which I select one or morc ín the design 
Of a new model. Here is a hase (a fundameiital folding pattern) 
with six legs: 111 use it to make a beetle. Hcrc is a Leehnique 
for adding a pair of points to an existing base: T'll combinc 
these Lo make wings. Some designers have dceper bags of tncks 
than others; some, like John Montroll, have a seemingly bot- 
tomless bag of tricks. I can't really teach the way to deaign 
ongarni, for there is no single way to design; but what J cnn 
nnd will try to do in this book, is to pass on some ofthe l.ricks 
í'rom my bag. Origami dcsign can mdeed be pursucd in a sys 
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tematic fashion. There are now simplo, codified mathematKal 
and geomctric tcchniqucs for developing a deaired structure. 

This book is a collcction of thoae techniquea, It is not a 
sU p by stcp rccipc book for dcsign. Origami ¡s. first arid fore- 
miwl, an art form, an expreaaion of creativity, and it is the 
nature ol'creativity that il. cannnt. be tnnght. directly. Ilowevcr, 
it can he developed t hrough example and practicc. Afl in other 
art forms, you can learn techniques that scrvc as a spring- 
board for crearivit.y. 

The techniques of origami dcsign that are described in 
this book are analogous to a rainhow of'colors oti an artist's 
palcttc. You don't necd a broad spectrum, but while one can 
paint beautiful pictures using only black and white, the intro- 
duction of othcr colors immeaaurably hroadens thc scopc of 
what 'ia posaible Aod yet, the introduction of color itaelf does 
not make a painting more artistic; indccd, quito thn oppoeite 
can happen. So it is with origami design. The use of aophiati- 
catcd design techniqucs — sometimes called "techuical folding," 
ororigami sckhci makes the resultíng rnodel neither artistic 
nor unartistic. But having a richer palette of techniques from 
which to choose can aüow the origami artist to more fully 
exprcss his or her artiatic viaion. That vision could ínclude 
clcments of the folding sequenee: Does it flow naturally? la 
the revelation of the fmished form predictablc or surpriaing? 
U COuld include elements of thc ñnished fonn: Are the lines 
harmoriious or jarring? Docs thc use of folded edges contrib- 
ute to or detract from thc appearance? Does Ihe fígure use 
paper efficiently or wastc it? The aesthetic criteria to be 
addreeaed arc chosen by the artist. Any given technique may 
contributc to aome eriteria (and perhaps degradc others). By 
learning a variety of deaign techmques, the origami artist can 
pick and choosc to apply those techniques that best contnbutc 
to thc desired effect. 

Theae techniques arc not always strict; they are soine- 
timcs more than suggestions, but less than oommandments. 
In Bome cases, they are vaguc rulea of thumb: "Reyond eight 
flaps, it is morc ctTicient to uae a middle flap." Rut they can 
alao he as precisc as a mathematical equation. In recent years, 
origami has att.racl.ed the attention of scicntists and math- 
einaticiaiis, who have begun mapping the 'laws of naturc" that 
underlic ongaini. and eonverting words, conccpts, and images 
into mathematical expression. Thc scientiíic fieidis ofcomputer 
science, number theory, and computational geometry support 
and illumiiiate the art of origami, eyen more, they provide still 
morc powerful techniques l'or origami design that have resulted 
m further advanccs of t.he art in recent years. Many design 
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rules that on Lhe surfaee apply to rathtir mundane aapects of 
folding, for example, thc moflt efficicnt arrangements nf points 
in a base, are actually linked to deep mathematical qucstions 
Just a few uf thc subjecLs that bear on the process of origami 
design include thc obvious oncs of geometry and trigonometry 
but also number theory, coding theory, thc study of binarv num- 
bers, and linear algebra as wall. Surprisingly, much"of the 
theory ís accessible and requires no more Lhan high school 
mathematics to understand. T wiU, on occasion, bring out deeper 
connections to mathematics where they are relevant and in- 
terestingand I will provide some mathematical dcrivat.ions of 
ímportant concepts, but in most cases I will refrain from for 
mal mathematical proofs. My emphasis throughout this work 
will be ur>on usablc rules rather than mathematical formality. 

As with any arL ability comes with practice, whethcr the 
art is origami folding or origami design. The budding ongarni 
designer devclops his or hcr ability by designing and seeing 
Lhe rcsult. Design can start. simply by modifying an e.xisting 
fold. Make a changc; see the result. Thc repeated practice builds 
«'ircuits in the brain lülking causc and effect, índependent of 
formal rules Many of today's origami designcrs develop thcir 
íolds by a process thcy often describe as intuitive. They can't 
describe how thcy design: "The idea just comcs Lo me " But 
one can create pathways for intuition to take hold bv starting 
with small steps ofdesign. Thegreat leap bctween íbllowinga 
path and making one's own path arises from the development. 
of an understanding of why: VVhy did thc designer do it that. 
way ? Why does the fírst step start with a diagonal fold rather 
than a squarc íold? Why do t he fírst creases hit thc corners^ 
Why m another model, do the fírst creases miss the corners 
only by a lit.t.le bit^ Why does a group of creases emanate from 
« spot in the interior of Lhe papcr? lf you are a beginnms 
designcr, you should realize that fio design is sacrod. To lcarn 
to dcsign, you must disregard rcverence for anot.her's model 
and bc willing to pull it. apart, fold it. difTerently, change it and 
sec the etTects of'ynur changes. 

Small ideas Íead to big ideas; the concepts of dcsign build 
upon one another. So do thc chapters of this book. In cach chap- 
ter, I introdoce a fcw design principJes and their associated 
terms. Sub.sequent chapters build on the ideas of earlier chap 
ters. Along the way you will see some of rny own desígns. each 
chosen to illustrate the principles introduced m the chaptcr in 
which it appears. 

Chapter 2 introduces thc fundamental building blocks of 
ongaini: the basic folds. If you have foldcd origami bcfore. you 
may already be familiar wiüi the symbols, terms, and basic 
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stcps, but íf not, it is essential thatyou read through thia sec- 
tion. Chapter 2 also introduccs a key concept: the relationship 
betwccn the crease pattern and the folded form, a relationahip 
that wc will use and cultívate throughout the book. 

Chaptcr 3 initiatea our foray into design by examininfT a 
few designs. The fírst stage of ongami design is modification 
of an existing design; m thia chaptcr, you wül have an oppor- 
hmity to explore this approaeh by devisiníí Bimple modifica- 
tiuns a fevv figurc.-s. 

Chapter 1 introduces thc concept of a base, a rundamen- 
ral rbrra from which rnany different designs may bc folded. 
You will learn the traditional bases of urigami, a number of 
variations on these bases, and several methods of modifying 
the traditionaJ basefl to aiter (hen* proportions. 

Chapter 5 expands upnn the idea of modifying a basc by 
focusing upon modifications that turn a singlc point into two 
thrce, or more simply by folding. Thia tcchjiique. called point- 
apMtting, has obvioua tactical value m designing, but it also 
serves as an introduction to the concept of modifying portions 
of a hase whilc leaving others unduinged. 

Chaptcr G introduccs the conccpt ofgraftina;: modifying a 
crease pattern as if you harl «pliced into it additionaJ papcr for 
the purposc of adding Structura] clements to an existing form 
Crafting is the simplest incarnation of a bruuder idea, that 
the creasc paüerns for orígami bases arc composed of sepa- 
rable parts. 

Chapter 7 then expands upon thc idea of grafting and 
shows how multiple interseeting grafts can be used to ereate 
patterns and tcxtures within a figurc-seales, plates, and nther 
tcxtures. This set of tcchniques atanda somcwhal indepcn- 
dently as almosl. any figurn can be 'aextunzcd." 

Chapter 8 generalizes thc concept ofgrafting to a set of 
teciimqucs called tiling: cutting up and rcassembling differ- 
ent l^.eccs of crease patterns to make new base*. This chapter 
dctines both tiles and matching rules that applv to thc edgea 
oí tiles to insurc that thc assemhlies of tiles can be folded into 
a ílat shape. Chapter 8 also introduccs the powerful concept of 
a umaxial base -a family of stmcturcs that enoompaaaea both 
the traditional Origami bases and many of thc moat complox 
modern bascs. 

Chapter 9 shows how thc tile decorations that enforce 
matclnng can be expanded mto a design techniquc in Uieir 
° Wn circle/river method, in which the solution ofan 

onganu base can be derivcd from packmg circles into a square 
>ox. ( ircle/nver packing ía one of the moat poweríul design 
^chmques around, capable nf construot ;ing fígures with arbi- 
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trar, configoraüons of flaps. and yet it can b. employed using 
notl.mgmorethanapencilandpapHr. S 
Chapler 10 explores more deepíy the crease pattern, 

n . leculos. rhc chaptcr presents the most common ,„„]ccules 

Chaptcr 11 prescts a different for.nulation of the circle/ 

wtoeh the des.gn of the base is rclated to an underlying slick 
fiKure and the packing prcb.em is relatod to a set of aa dit'onÍ 

SS E£ aJ, : h B thc "* ** fip,re 

ni7. ¿7» ' ^ 8 ' " C approach shown hftr * » readily ame- 
nahU. o con.puter solution. It ,s the most mathcmaticaí c^ap- 

er. but ,s ,n many waya the culm.naticn ofthc ,deas presciid 
m thc carher chapters f„r designing uniaxial bases 

^apter 12 then introduces a particular style of oneam, 
allod lx,x ploa.ing, which has hecn used for some 0 f t. moT 

r s t; 0 n^: evcr r struc, ^ d - Box ^ - -^C 

c on s i !• i * +T , 1 1 a I basos ; in particular, it can be used to 
con. t.ruct fullv three-dimensional figures. B„t n can also be 

r ~i; na w : ,naticaliy ' and 1 wm *- ^ 

can he gencra hzed to encompa SS box-plcated des.gn.s. 

trr , , Chapt t r 13 J COntU1UaS to »ove beyond uniax,al hascs in- 

„, r ,. r Da ; ,e! ' Wlth othcr 'K'H-umaxial stnictures. The 

^ ttrr;; ^r, '* r rmuusiy ^ r tha ° 

, , arc U, « focus nf th« bnok, but as this rhaptcr shows 
elements from „ niaxaal bases can be comhined with o'th r s^c 

n or : ,am a f ' an ° eXtCnded - t0 ^cr-greatcr vanetv 

14 p,esent.s „ formal mathematical fre at me„t 0 f tree thonrv 
wluch Wfflb. be St apprecia.ed by thosc WÍth a b.ckground 

prm ,do.s relercnces and comrnentary organized bv chapter with 

1 er T S '°7 a 'r Íal fr °'" Mh lh ° ■«^t'-at.ca, and or g" m , 
hteralure related l„ the concopte in cach ohapter 

forene or "" '^ ^ ^"S instrnctaens 

lor one or more of my ongami designs choson lo ill us tratc the 
de sl gn conccpts presented u, thc chapter. 1 nco^ 0 » Z 
noi i ee? aS T° rk thr "^ h h0 °t. Mos ha 
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The concepts presented here are by and large my own dis- 
covnries, developed over some 85 yeare of folding, Thoy were 
notdeveioped in isolation, however. Throughout the hook I have 
pointcd out Bouroea of influence and/or ideaa I have adopted. 
[n several cascs others have come up wit.h similar ideas inde- 
pendently I an event not without precedent in both origami and 
the scienccs). Where I am aware of independent invention by 
others, í have attempted to identify it as such. Ilowever, the 
í'ormal t.heory of origami design is vcry much in its infancy. 
Sources of design tcchniqucs arc oftcn unpublishcd andVor 
widolv Bcattered in somctimcs obscure soureea. This vvork is 
not intended t.o bc a comprehensivo survey oforigami design, 
and if it seems that 1 have left out Homething or sonieoue, no 
sliglit was intended. 

Tochnical folding, origami sekkei, is an edifice of concepts. 
with Ibundations, substructure, and structure. Decause the or- 
ganÍ7ation of this book mirrors this structure, I encouragc you 
to read khc book sequentiaJly. Kach chaptor providos tho foun- 
dation to huild conccpts in tho ncxt. lvot's start huilding. 
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The Building 



Blocks of Origami 




uch of the charm of origami lies in its sim- 
plicity: Thcrc is thc squarc, thcrc arc thc 
folds. Thcrc arc only two types of folds: 
mountain folds (which form a ridge) nnd 
valley folds (whicfa fbrm a trough). So, 
sqiiMre + mountain lblds + valley fblds is the reeipe for nearly 
all oforigami. Hovv slrnple can you ^et? 

Rut is it. t.rue that there are even two types of fold 9 Tn- 
deed, the mountain fold can be turned mto a valley fold merely 
by turning thc papcr ovcr. So, instcad of thcrc bcing two typcs 
of fold, perhaps there is only onc. 






Figure 2.1. 

A mouutam fold is thc snmo ,is 
a valley fold turned orcrer. 



On thc othcr hand. porhapp there are Lhree. types of fold: 
valley folds, mountain folds, and unfoldg. Ifwe Fold the paper 
in half and unlbld it, we will be left vvilh h line on the paper — 
a crease — which is also a lype of fold. Creases are sometimes 
merely artifacts, leftover rnarks from the early stages of 
folding, but they can also be useful tools. Creases can provide 
referencc points ("fold this point to that creasc") and ín thc 
purest style of folding (no mcasuring dcvices, such as rulcrs, 
allowed) crcascs, foldcd cdgcs, and their intersections arc thc 
only things that eun serve us reference points. Creases are also 
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VWlej fulds, creases. and 
muuntain fultls arc «II part uf a 



contiuuum. 




Mouniain 
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able. In a complex mudel with many folds, sharp creases can 
weakon tho paper h> t.he point that the paper rips. In a inodel 
of a natural subject, sharp lines caii be harsh and unlifelike, 
whereas sof'i, rounded folds can convey an organic quality, a 
sense oflife. On the othcr hand, whcn prccision is callcd for, 
sharp folding may bc rcquircd to avoid a crumpled mcss down 
the road. Consequently, most models caU for a mix of sharp 
and Boft fblding, and wlúle the distinction can sometimes be 
given in the folding diagrams, in most cases, the artist must 
simply develnp t.hrough expericnee a feel for how sharp a given 
crense must he. 

2. L Symbols and Terms 

Origami instruction is conveyed through diagrams — a 
svsteni oflines, arrnws, and terms that hns bec.ome the fi.n- 
jjua franca (or perhaps lingua japonica) of the worldwide 
arena. The modern system of origami diagrams was first 
devised by the great Japanese master Akira Yoshizawa in 
his books of thc 1940s and 1950s, and was subsequently 
adopted (with minor variations) by thc two carly VVestcrn 
origami authors Samuel L. Randlett (United St.at.es ) anrl 
Robert Harbin (U. K.). Despite occasional attempts by oth- 
ers at establishing a rival notation íe.g., [sao Eionda, who 
used dashed lines everywhere, but distinguished mountain 
folds by a TP" next to the line), the Yoshizawa/Randlett/ 
Harhin system caught on and has become the sole interna- 
tional systcm in thc oiigami world. 

No systcm is pcrf'cct, and over the years, various 
diagrammers havc madc thcir own additions to the systcm. 
Some, like operi and closed arrows | to denote open and closed 
sink folds), died a quieL death; others, like Montroll's u un- 
fold" arrow, have beeorne ririuly established in the origami 
dingrammatic lexicon tsymbolicon?). Every author has his or 
her particular quirks of diagramming, but the core symbols 
and terms are nearly universat 

Odds arc that you alrcady have some familiarity with 
ongami and havc cncountcrcd thc Yoshizawa diagramming 
system. It wül, however, serve us to run through the basic 
symbols and terins, bot.h to est.nhlish B fíxed starting point 
and t.o start. t.he wheels turning for origami design, which 
is as much a way of looking at origami as it is a set of codi- 
tied tools. 

The first thing to run through arc origami tcrms, which 
¡nclude names, directions, and positions. Orígami diagrams 
are ídcally drawn so that the diagrams themselves are suHl- 
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Figure_.3. 

VerbaJ terms that apply fco origami diagrait.s 
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Rrightly colorcd origami paper nft en comes precut to 
squares. Oac of the small ironiefi oí'the art is that when precut 
square origami paper auh introduced in Japan near the turn 
of the 20tn ccntury, it was made fVotn itiexpcnsive European 
machine-made papor, since handmade Japanese washi was 
far too expensivc íbr most purposes. Thus, the origami papcr 
Lhat is considered the rnost. authentically Japanese wasn't 
evcn originally from Japau! 

For your own folding, therc is no special requirement on 
paper other t.han it hold a crease and not easily rip, Tradi- 
tional origami paper available from rnosL art and rraft. stores, 
via the Internet, and at many storea in tlie Japanese quarter 
of largc cities — is relatively inexpensive and conveniently 
precut to squares. (However, it. may not be precisely squarc. 
Like rnost machine-made papers, prcpackaged origami pa- 
per has a defínife grain and will changc proportion sli^liLl v 
with humidity; a square in Florida will prohahly be a rect- 
angle in Nevada.) Other papers Lhat nre usefiil are thin artist's 
foil (aJso availablc from artstores), Ibil wrapping papers, and 
various thm art papcrs you may run across with names likc 
unryu, kozo, and lokta. 

Origami diagrams are usually line drawmgs. Even in 
this day of three-dimensional computcr rcndcnng\ line draw- 
íngs convey the information of folding as well as anythÍDg 
úind they don't require a Slü.üÜÜ workst.at.ion to erealel.i 
There are fíve types of lines that are used Ibr difíerent fea- 
Lures of the foldcd shape. Paper edges, either raw (an origi- 
nal edge of thc papcr) or fblded, are indicated by a solid line. 
Creases are índicatcd by a Ihinner line, and will often stop 
beforc they reaeh the edge of the paper. Valley folds arc indi 
catcd by a dashed line; mountain folds by a chain ídot-dot- 
dashilinc. The "X- ray line," a dotted Ünc, ís uscd to indicate 
anything hidden behind othcr laycrs, and could be used to 
represent a hidden edge (most often), ibld, or arrow. It. wiU 
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Figun? 2.4. 

Thc tivc typcs of lincs uscd 
origami diagrams. 
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u.sually be clcar from context what thc X-ray line wa» meant 
to represent. 

Actions are indicated by arrows, both showing the motion 
of the paper as a í'old is madc, and sometimes manipulations 
of thc cntire model. An open hollow arrow it¡ used to show the 
applicution of pressure (usually in coimection with a reverse 
or sink fbld), See Figurcs 2.21-2.23 and 2.40-2.47 for cxamples. 

Fígurc 2.5. 

A hollow arrow indicates to 
"push here." 

An arrow wit.h a loop through it indicates to turn tho 
papcr over— either from side to side (like turning the pages of 
a book) or from top to bottom flike flipping forward or back- 
ward in a wall calendar), with t.he direction specified by t.he 
orientation of the arrow. 

Turn the paper ovcr 
from side to sidc 



Figure 2.6. 

A louped arrow indicntes to turn 
thc puper over. 

If the model is to be rotated ifl the plane of thc page, tiiat 
is indicated by a fraction cnclosed in two arrows showing the 
direction of rotation. Thc number inside the arrows is the frac- 
tion of a circle through which the rotation takcs place. "1/2" is 
a half turn, i.e., thc top becomes thc bottom aiul vice-versa; 
"1/4* indicates a quarter-turn. Somctimes the amount of rota- 
tion is not a simple fraction; rathcr than putting something 
unwicldy like "21/34" in the arrows, J'll usually round it to thc 
ncarcst quarter-turn and >'0u can use the subscqucnt diagram 
to pin down t.he orientation precisely. 

Figure 2.7. 

A fraction inside a circlc formed 
from two arrow* indicates to 
rotnte r.he papcr. 



Push hcrc 





Tútd the paper ovcr 
from top to bottom 




Rotate the papcr ^]/4^ ^U^¡ 
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Most. origami is folded flat at evcr.v sLep. However, when 
a model becomes three dimcnsional, either beeause Lhe íínal 
niodcl is 3-D or one or morc intermediate steps are 3-D, it 
frequently becomes necessary to show muitiple views of the 
model to fully convcy what is going on. ln such cases, a small 
stylized eyc indicates the vantage point from which a subsc 
quent view is takon. 



View from this vantage poinL 



The next symbol indicates one of' thc most dreaded in- 
structions in all of origami: repetition. You huve worked 
tbrough a long, tortuous scqucnce of folds, you thínk you're 
coming to the cnd, and there it is: "repeaL sLeps 120-8 16 on 
thc other 7 flaps." Thc bad news is usually conveyed in words, 
hut for thosc who fold l'rom l.he diagrams alone, repetition is 
conveyed by a symbol as well. ílarbin, thc grcat Western popu- 
lari/.er of origarni, devised an arrow with hash marks to indi- 
cate repet.ition: however, this symbol is unnecessari ly ambigu- 
ous, and T have preferred to usc a boxed leader enclosing the 
range of steps to bc rcpcatcd, as shown in Kigure 2.9. 



RepQat a range of st.eps 



Lastly, it frequcntly arises that a fold is to he made at 
90° Lo another fold or to a folded edge. When Uiis Lakes place 
and it is not obvious that t.he fold is at 90°. I wül indicate it 
by a small right-angle symbol next to (and aligned with) thc 
relevant íntersection. 



Right angle 



L 



2.2. Basic Folding Steps 



Now, we turn to thc basic folds of origami — single folds, or 
combinations of a fcvv folds that occur over and over in origami 
figurcs. Most of these comhinations date back hundreds of 
years in Spain and Japan as concepts, if not as recognized 
Stepa. These are, however. Lhe building blocks from which 
ncarly all origami models arise. The namcs are of much more 
recenL vintage and vary from country Lo country, but in 



Figure 2.8. 

Au eye with u duLLcd Line 
índicates thc sightline uscd to 
specify a new point of view. 



Figure 2.9. 

A vnuge of flteps to be repeated ifl 
iiulicated by a buxed bequence uf 
the numbered steps to be 
ropeated. 



Figure 2.10. 

A right angle íh indicatad by rhe 
geometer'd oyuibul uf a right 
anglc locatcd ncxt to the rclcvant 
crcase. 
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Engüsh-speaking countrics, thc names given here are widcly 
accepted. 

Thc first basic foJd is tlie generie valley fold — a fold madc 
with a singlc straight line, wiLh the fold madc concavc toward 
the folder. Thc fold itself is indicated by a dashcd Line, which 
divides thc puper int.o two parts, onc stationary (usually i, one 
moving. A symrneLric doublc-headed arrow is used to indicate 
which part moves and the direction of motion. The moving part 
almost always must rotate up and out of the plane of the page; 
Lhis rnol ion is conveyed by curving the arrow. 



Figure 2.11. 

A valley fold. as diagrammcd, 
and Lhe result. 



/ 




The oppositc of a valley fold is a mount.ain fold, which is 
called for when a portion of the paper is to be foldcd bchind. 
The mountain fold is indicated by a chain linc (dot-dot-dash), 
and thc motion of Lhe paper is indicated by a hollow single- 
sidcd arrowhcad. 



Rgure2.l2. 

A mounLain fold, as dia- 
grammcd. and Üie reKiilt. 





Quite often, a mountain fold is shown as a bit of 
shnrthand for "turn thc puper over, make a vallcy fold, and 
then turn it back Lo the original orientation," as in the 
example in Figure 2.12. Howevcr, mountairi íblds are 
frequently uscd to tuck paper into a pocket or beLween 
layers, situations where turning the paper over will not 
nccessariJv rnake a valley fold possible. 
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Figure2.l3. 

A uiuuntaiii íuld is not always 
amenable to 'turn thc paper over 
and make a valloy íhld." 



Whcn a mountain fold íor, less often, a vallcy fold) is 
uscd to tuck one layer between two others, the layers will he 
scparated as in Figure 2.13 and thc arrow will be drawn be- 
tween the two layers. If, when folding, you ñná that a Oap 
can be folded into more than onc locnl ion, examine the draw- 
ing closely, as thc arrow will likely show where the layer 
should go. 

Quitc often, hoth a mountain fold and a vallcy fold will 
be called ibr on parallel layers, a maneuver that is commoniy 
used for thinuing legs and othcr appcndages. This step is 
shown with two arrows and, if possible, both the rnountain 
and valley fold. You may pcrform hoth a rnountain and a val- 
ley fold if you wish, but many foldurs actually form both folds 
as mountain folds, making one í'rnm each sidc of thc papcr. 




Figure 2. 14. 

MoLintain and valley foldfl uyed 
to thin a flap. 



Figure 2.14 illustrates sevcral common subtleties of 
Origamí diagrarns. The valley fold on the far layer ia niade 
clear hy extending the fold hnc (thc dashed line) beyond the 
edge of ihe paper. Thc vallcy fold is underatood to run com- 
pfetely along thc far laj'er of paper. even thougfa it is not 
shown. (1 could usc an X-ray line to indicate the extension of 
the valley fold, but 1 don't in this figure because it would get 
mixed up w r ith the overlaid mountain fold line). Both the 
mountain and valley fold layers gct tucked into the middle of 
the modcl, which you can tell by observing that both arrow- 
heads travel between the two layers. The re.su lt.ant figure— 
thc drawing t.o thc right— shows the diaposition of the layers 
along its edge, which makes this exarnple unambiguous. It is 
often not possiblc to show such layers, howevcr; you must 
rely upon the arrows hetween the lavers as ín thc figurc on 
the lea. 

Folds, onee made, do not always pcrsist to the end of the 
niodel. It is a fairly frequent occurrcnce that Folda are made 
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to establish reference pointfl or lines for future folds, or that a 
model is unfblded at some point to perform some manipula- 
tion upon hidden or intenor lines. In elthercase, folds gct un- 
folded. Unfolding is indicated by a aymxnetríc hollow-headed 
arrow, as shown in Figurc 2.15. 



FigurcXIS. 

Thc unfokl arrow, 




The same symbol is used to indicate when paper is to be 
pullcd out frorn an interior pocket, as shown in Figure 2.1«. 



Figure2.l6. 

Thc unfbld arrow ufíerl to show 
pulling papcr ouL frnm inside 
the modcl. 



Particularly in Lhe early stages of folding a model, one 
will makc a fold and then immediately unfold it, for the pur- 
pose of establishing a crease t.hat wül be used in some future 
(usually more complicated) stcp. To keep the diagrams fairly 
compact. the fbld-and-unfold action is commonly expressed in 
a single figure, and is indicatcd by a single double-headed 
arrow that combines thc fold arrow (valley fold) and unfold 
arrow in a sin^le arrow. 



Figurc2.l7. 

Fold and-unlbld is indicated by 
a double hcaded nrrow that 
eomhines thc "fold" and "unfold" 
arrowheads. 





Most of the Lime, the fold m a fold-and-unfold step will be 
a valley fold, but on occasion, the desired creasc is a mountain 
fold. Rather than diagramming this in three stcps ít.urn the 
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paper ovcr. valley-fold-and unfold, turn Uie paper hack over), 
I wiU use the müuntain fold arrow in combination vvith the 
Liníbld arrow, as shown in Figurc 2.18. [t should be under- 
Btood that what is intended ís to íbld Üie moving flap behincl, 
make thc crcase, and thcn unfold. 





Figure2.l8. 

Hountain fbld and unfold. 



In the study of origami design, Ihe crease pattern of thc 
finished figure or a subset of same provides a grcat dcal of 
infbrmation about the etructure of the modcl — oftcn more ín- 
Ibrmation than thc sequenoe of folding ínstructions, hecause 
it shows thc entire model at oncc. Thc simplest lbrm of bhe 
crvase pattern simply shows all crcases as crea.se lines. as in 
Figure 2.19, which aboWB thc crcase pattern for the tradi- 
tionaJ Japaneee flapping bird. 




Figure2.l9. 

Crcase pattern, base, and folded model of the t.rnditionai Japoncse 
flapping bird. 



However, knovving just the location of the crcascs ifi not. 
as usefiil as it could be; it i.s far more useful to know the di- 
rections of the creasee, i.e.. wbether they are valley or moun- 

tain folds. 
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("Múre useful~ is a bit of an understatement. In 1096, 
Marshnll Rern and Barry Hayes proved that figuringoul rrease 
direcLions froni a generic creasc pattern is computationallv part 
of a class of problems known as "NP-completc." As such prob 
lems grow in Bize, they quickly outstrip the ahilities of anv 
cnmputer to solve.) 

Thus. iL is more helpful to givc the direction or crease 
assignment— of thc crcases: mountain, valley, or crcase (that 
is, not fblded at all>. The traditional monntain and valley 
lines chain and dashcd— tend to lose t tieir distinction in largc 
crcase pat.terns, dissolving into a morass of conñising dutter. 
Thus, in creasc patterns, I will adopt a diffcrcnt oonvention. 
Crcases that arc valley fold lines will bc indicated by sohd 
colored lines, while mountain fblda will bc solid black lines. 
Creases that lie flat WÜl bc indicated by thin black lincs as 
ueual (Flat croaeea that don'L play an important role arc not 
shown at aJJ, but it is sometimes hclpful to show creascs that 
were important to thc construetion of the base. ) A poinL wnere 
two or more creases comc U>gether is called a vertex of the crease 
pattem. Ib see the dif&rence between Lhe two linc styles. com- 
parc the t.wo examples lo Figurc 2.20. 
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Figurc 2.20. 

T-eft: a crea.se pattern using the traditionaJ pattemcd Jines to indicate 

mountain and valley foJds. 

Riglit.: the same pattern using coloreri lincs. 



VVhile all origami modcls are created entirely from moun- 
tain and vallcy folds, they often occur in distinct combinations, 
cnrnbinations that occur often enougfa that they havc bcen given 
níímes of their own. 
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The first and simplest combination fold is the insidc rc 
verse ibld, which is a fold uscd to change the direction of a 
Qap. While either a mountain or vallev fold could usually be 
used in the same place, a rcvcrse fbld combines both moun- 
tain and valley and is usually more permanent, sincc thc ten- 
sion of thc papcr tcnds to kt:ep the reverse fold together. A 
revcrse fold alvvays takes place on a flap consisting of at least 
Iwo laycrs of paper. In an inside revcrsc fold, the mountain 
fold line occurs on Lhe near layer, a vallcy fbld occure on the 
far layer, and the "spine" abovc the lbld lines is turned ín- 
nde-out. It is Lndicated by a push arrow, srnceto form the 
reverse fold, the spine rnust be pushed and turncd inside- 
out. [f the far edges are visible, then the valley fold may be 
shown exLending from the visihle edge, as in Figure 2.21. 




Figurc 2.2 1. 

The inaide reverse-folcL 



In the msidc reverse fold, the tip of the flap ends up 
pointing away from Üie spine; in Figure 2.21, Lhe spine is the 
right sidc of the flap, .so the tip must poinL Lo Ihe left. If you 
wantcd it to point Lo thc right, then you would use thc other 
type of reverse fold, the outside reverse fold ? which ís illus- 
tratcd in Fie.ure 2.22. Again, Liiere is a mountain fold and a 
valley í'old, but in thc outside reverse fold, thc valley fold oc- 
curs on the near laycrs and Lhe mountain fold on the far lay- 
ers, opposite from wliut happens in the insidc reverse fold. 
The outside reverse lold is also indicated by a push arrow, 
because ít is typically made by pushing at the spine with onc's 
thumb while wrapping the edgcs of the paper around to thc 
right. Like the inside reverse fold, it. is much more pcrma- 
"cnt than a simple mountain or valley fold would be. 




Rgurc 2.22. 

The outside reverse fold 



Chapter 2: Thc Buílding Klocks ot Origami 



23 



In the verbal inst.ru ctions, the tcrm "rcverse fold" (with- 
out an "inside" or "outside" qualifícr) will generally mnan "in- 
Bide reverse fold." 

A si mple flap with two laycrs has only two possible types 
of reverse fold: inside or outside. More complicat.ed flaps with 
multiple laycrs can have multiple possibilities or even combi- 
nations of thc two; for example, the triangular shapc shown in 
Figure 2.23 (mado by folding a square in thirds at one corner) 
can be cither inside- or out.side-reverse folded to either the lefl 
or right; in addition, it is possiblc to make a sort of hyhrid 
rcvcrso fold t.hat combines aspccts of both. The silhouett.es of 
all three shapes (and for that mattor, the mouritain- or valley 
folded equivalents) are the samc; thcy difler only in their crease 
paUerns. ín diagrams throughout Lhe book, they will be dis 
tinguished by thc prcscnce or absence of push arrows (distin- 
guishing reversc folds from mountain or valley folds) and/or 
the confipuration of edges shovvn in subsequent diagrams. 




Hybríd rcvcrsc told 



Figure 2.23. 

The fivp possible ways to turn ihe tip of a three loycr ílap. 
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Another eombmation fold that occurs with some regu- 
lariLy is the rabbit-ear fold (which acquircd ita name from 
some rabbit dcsi£n long since lost in the miets of antiquity). 
The rnbbit car fold is almoyL always perfonned on a triangu- 
lar flap, and is charact.erized by thrce valley foldfl along thc 
antfle bisectora of the triangle with a Fourth fold, a mountain 
foldj extending i'rorn t.he point ofintersection perpendiculurl y 
to one skle. 





Rgure2.24. 

Thc rubbiL-eHr fold. 



Whcn a rabbit-ear fold is formed, ail of thc edges lic on a 
common linc. Kemarkably, this procedure works for a triangle 
ofanv shapc — or perhaps it is not ho remarkablc, since the 
rabbit ear ití merely a demoiihtration of Euclids theorem L.hat 
the angle bisectors of any t.rianyle meet at a common point. 






Figure 2.25. 

Thc rabbit car caii be folded from 
any Lriangle. 
Top- equilatcral. 
Middle: isosceles. 
Bottom: Hcatane. 
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Rabbit-ear folds occur not only on isolated ílaps. Bringing 
all the edges to lie on a common line is a special property; the 
rabbit ear is the simplest eiample of a molecule, which is the 
name for any crcase pattern with this property. Wc will 
encounter rabbit-ear crease patterns and moleculcs in much 
detail and many guises as we delve more decply into system- 
atic design. 

In addition to t.he simple, straightforward rabbit ear, 
there are two variations that are regularly encountered 
Figure 2.26 shows a varíation in which the edges do not lie 
on a mmmon line. 



Rgure 2.26. 

A variation of a rabbit hhf. 




Figure 2.27 shows a combination of t.wo rabbit ears made 
from the near and far layers of a two-layered flap. Known, 
appropnately, as a double rabbit ear, ít is typically formed by 
pinching the ncar and far layers of the flap into rabbit ears 
and thcn swinging the tip over to the side. 




Figure 2.27. 

A doublc rabbit ear. 

Just as the reverse fold is a combination of a valley fold 
with itfl mirror image on another layer of a flap, the double 
rabbit ear is a combination of a rabbit ear with its mirror im- 
age also on anothcr laycr. 

The next combination fold commonly encountered is the 
squash fold. In a squash íbld, the layers of a flap are spread to 
the sidcs and the folded edge flattened. 

Thfl BQjuaab fold is quite easy to pcrform (and sometimes 
very satisíying). Tt.is nearly always formed symmetxically, that 



26 



Ongami Design Secrets 




is, making equal anglcs on both the leíl and rifj;ht. Tn t.he 
symmelric form, the crcasc that used t.o be ihe folded edge 
will be lined up with onc or more raw edges underneath, as 
in Figiirt* 2.28. it is ulso pofurible to squash-fold a pomt, as 
shown in Figure 2.29. Squaah-folded points are hardcr to keep 
symmetric, because t.he point oovera up thc laycrs undcrncath. 
but you can make them symmetnc by turning thc. paper over 
and checking the alignment on the other side belbre you make 
t.he creases sharp. 




There are four crcases involved in a squash fold: two 
valleys on each side oi* two mountains (usually, only one of 
cach is visible on the near side of the flap). All four crcascs 
comc together at a point. Most of thc time, the two valley 
folds are side-by-side and the squash fold is Bymmetric about 
thc valley íbld. However, a squash fold can bc inude asyin- 
metrically and it somctimes happens thaL the Lwo valley foldfl 
are not side-by-side. When that happena, a porLion of the vis- 
ible ílap can be seen to rotatc (about tiw. Lntersection of all 
the creases). This asymmetric version of a squash fold occurs 
often enough that it ifi given its own namc: a swivcl fold. 




Fígure 2.28. 

The squa^h íbíd. 



Figurc2.29. 

Anothcr vcrsion of a squash i'oJd. 



Figure 2.30. 

A swivci fold. 
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We have seen that mountain, valley, and rabbit-ear fblds 
have doubled form.s where they are corribined with their mir 
ror ímages. Are there similarly doubled squash or swivel folds? 
The answcr, su rprisingly, is ycs, and Üie combination is as dif- 
ficult as the squash fold is easy. The combination oftwo Bwive] 
folds is called a petal fold (itis commonly uscd in origami ñow- 
crs). However, instcad of being formed on near and far layers 
(as in the reverse folds and double rabbit-ear fold>. the two 
mirror-image swivcl OT squash folds are formed side by side. 
The petal fold ís a very famous fold; it is the key step'in the 
traditional Japanese flapping bird. lt ia dia^jrammed as two 
side-by sidc squash folds that share a common vallcy fold. 



Figure 2.3 1 . 

The petal f'old. 




While on the scale of ongaini difficiilty ( which runs siinple, 
íntcrmediate, complex, rcally complex!), the petal fold is only 
considered an intermediate maneuver, it is usually quite chal 
lenging for an ongami novice to perform, and so is commonly 
broken down into several st.eps with soine precreasing, as 
shown in Figurc 2.32. 

When you are a beginnmg folder, it is helpful to make 
the precreascs as in steps 2 and 3 in Figure 2.32. Ilowever, 
as you bccome comfortable with folding, its bettcr to not 
precreasc the sides as in stcp 2, because it is difficult to rnake 
the creascs through both layers run preciscly through the 
corners. It is neater to simpiy form the biscctors in each layer 
individually. 

Petal-folding is usuaily i>erformcd on a ílap to make it 
simultaneously narrow and longcr. It is also possiblc to petal- 
fbld an edge, creating a flap whcrc there was nonc bcfore. as 
shown in Figure 2.33. 

Pctal tolds, squash folds, reverse folds, and rabbit ears 
are all closely related to each other. It is often possible to reach 
the same end hy more than one rneans. For example, tfae petal 
fold shown in Figurc 2.33 can also be realizcd hy making two 
rcvcrse folds and a valley fold. 
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I. Thc most eanmon pctal 
lold IUM wiüi üiis shapc. 
vüllcd ihc Prcltminary FokL 



■ 



2. I'ohl ihc sides iu m) Ihul 
thc raw ed»rs lic alotig die 
i cnli-r line 



i 



i 





3, Pbéd thc top poini dowfl 
over ihc othcr two flaps. 



4. ( 'nlold ;ill thivn tl.ips 




S. To make tlie pelal fold. liít 
up lh<- IIinI luycr oí Ihc bottom 
corner whde huldnig down thc 
Inp ol' ttie iihhJcI iusl abovc thc 
liori/niii.d crcasc. Allow the 

Sldes Ui .svvinvj iii. 




6. ("onlinnr- lifrin» up thc 
pouit; reveise the direcüoo of 
the two in\»ses runníny tO iLs 
tip, changiiig vulley fuldi lo 
mountain folds 



7. Continuc hrting the 
potnt all tbe way; thcn 
flattcn. 



ü. l'int.shed pctul fold. 



Figurc 2.32. 

Tht« s. quence to makc a petal fold 

And if you wcrc to cut apart. the fmished petal fold along 
thc center line (cutting both slightly leR and nght of thc 
cenLer linc to be sure to sever att layers that touch the 
center linc), the petal-folded flap would turn out to be Lwo 
rabbit ears! 

Thus, Lhe various combination folds are nol. distinct 
entitics so much as convenicnt ways oí'getting two or four 
creascs to come togcthcr at once. What is important in origami 




Figure 2,33. 

Fctal-folding an edge. 
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1. Fold thr sides in to lie 2. Keverse-íold ihc cdgcs X ! .ift up thr frontmnst fl.»p 4. Tinished petal fold 

along the centei line und imide using thc crca.scs 

unfold youjustmade. 



Figure 2.34. 

An altcmativc way to inake a 

petal fold usüig reverse folds. 

design is the underlying structurc, not the specific sequence of 
steps une takes to get to thc finished model (although it. must 
he acknowledged that once thc dcsign is fixcd, a sequence com- 
posed of simplc combinations that ílows froin one to the next 
is far more acsthetically pleasing than a í'ew precreases fol- 
lowed by, u Makc thcsc 150 creases come t.ogether -M once' , i. 




Reverse folds are commonly uscd to change the direction 
of a flap, for examplc, to do thc fínal ihaping. Another conibi- 
nation fold that is uscd to shape ílaps is the pleat, which con- 
sists of sidc by-side mountain and valley folds. 
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A plcat formed through a single layer of paper is unam- 
biguous. However, when there arc multiple lavcrs present, 
there is a cloaely relatcd foltl, illustratcd in Figure 2..T7. which 
ia called a erirnp. 





Figurc 2.37. 

Lelt: u crimp diagram. 



rpi _ , . . - • - uen: u crunp oiaeram. 

The cnmp ia a combinahon of a pleat with ita mirror Right: the Gniahed crimp 
image on thc far layer of papnr. Thus, a crimp bears the same 
rclationship to a pleat that an inside revcrse fold hears to a 
mountam foW (or an outside rcverse fold to a valley fold). 
Jivat as reversc folds do not come undonc as ea_ily asmourv 
tain or valley folds, crimps are more pcrmanent than pleat.s. 
Both crimps and pleats are diagrammed by showing the Fold 
lines on thc near layers of paper; they can be distii^uished 
by cxamining the edges of t.he flap. Sometimes it is not prac 
tical to show t.he edgcs, so a small set of zigzag lines ifl drawn 
ncxt to the edge (as in Figurcs 2.36 and 2.37), which repre- 
sents an edge-on view of the tínished crimp or pleat. 

The two folds ofa pleat or erimp arc often parallcl. but 
they oeed not be. lf they are not parallel, then thc tlap will 
change direction, with the net change of direcrion equal to 
twice t.he difference between the angle* ofthe two creases 









Figure2.3S. 

Examples of angled pieat* (t 
and erimps (center, bottom). 
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L Example oí a streicbexl plent. 
l^i II thc two side* apart, keeping 
Uk; anplc fixed 




1. hxamplc of a strcrched 01 ímp. 
Pull thc two sidrs apart, kecping 
die angle fixed. 



The valley and mounLain folds that makc up a pleat or 
erimp ean meet each other aL one edge of thc flap or the oLher 
Dut cannot mcct in the ¡riterior of thc paper without adding 
Hdditional creascs. íf you try Lo makc thcm meet in t.he inte- 
rior, which you can do by stretching the ends of an angled pleat 
or crimp away from each othcr, you will lind t.hat a small gus 
set must form that extends from the intersection point to the 
adjaccnL edges. 

SLretching a pleat (or more commonly, a crimp) until it 
forms a gusset is a fairly comnion maneuvcr that is used to 
soften the changc of angle t.o realize a morc natural, rounded 
(brni; but stretching guseeta is also thc basis of some of the 
most powcrful design techniques that we will see. 




2. The top wffl form u hrtlc BOOd 3. Fimshed sirclchcd pleat with 

on eirher the fiunt or back side. gu<,scL 



Figure 2.39. 

Stretching an angleU pluat forms a gusset on cither the near or Jar 
layers. 




2. The top forrm a narrow 3. Finishcd stretched crimp with 

diamond. drrK Ihe middlc down gusset. 
between the layer*. 



Figure 2.40. 

Stretching an angled crimp forms a gusset between the layers of paper. 

All of the combination folds we have encountered so far 
have involvcd edges, either thc raw edge ofthe paper or foldcd 
cdgcs on which the creases terminate. Their formation is some- 
what eased hy t.he ability to reach around behind each layer of 
paper and work on thc fold from either side. The next group nf 
combination folds does not. have this property — they are the 
íamily of sink folds. The inability to rcach both sides of the 
paper makcs them coihsidenmly harder to perform, since <usu- 
ally) only one side of the paper is accessihle, and usually puts 
any modcl including Lhem wcll into the complex rating of 
difficulty. However, sink folds arise quite naturally from 
systematic inethods of origami design, and so it is essential 
that they be learned and practiced. 
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The simplest. of'l.he varioUB sink folds ís the spread sink, 
whiuh only marginally more HiíTicult than a squash fold. It 
works the same way; a ílap is lifted up, its cdges are spread 
symmdtrícally, and the result is flattcncd. What distinguishes 
a spread sink from a squash fold is that in the apread sink, at 
leasl two layers an outer one and an iriner one — are simnl- 
taneoosly squashed whilc remainingjoined. Spread sinks are 
vcry satisfying to make; you atart by (lattening the very tip 
of the flap, tlien as the edges are stretehed to the sides, thc 
ílattened region growa and reaohes its maximum sizc when 
thc paper is complet.ely flat. 




Figure 2.4 1 . 

A spread sink. 

Spread sinks are most often formed from triangular cor- 
ners, but there are analogous structures that form convex 
polygons of any sizc and shape. 

The next member of the sink family is the conventional, 
or opcn, sink. The open aink is a simple inversion of a corner 
formcd from a region in the interior of the paper. Conccptu- 
ally, it is quite simple: The line of the sink is a mountain fold, 
which runs all the way around the point bcing sunk like a 
road j'jrdling a mountain pcak. AU of the creaaes above the 
siok line get convertcd to the opposite parity, mountain to 
vnlley. valley to mountain. 

What makes an opcn sink "open" is that the part of the 
pnpcr being sunk can tusually) he opened out entirely flat, 
which allows a relaíively straightforward stratcgy for its for- 
mation: Btretch the edges apart so that thc tip of the point to 
be sunk flattenB out, pinch a mountain fold all thc way around, 
thcn push the middle down into the model and flatten khe 
model. The crcascs in the sunk region will (again, usually) 
fall into thc right placc. 

Figure '¿.42 shows this process. including the intermedi- 
ate stage, and the creaae pattern of the result. 

It is sometimefi possible to makc an opcn sink by pcr- 
forming a spread sink first, as Figurc 2.43 shows. 

The evample in Figure 2. 4'J is for a four-sided sink — one 
in which t.he point has four ridges coming down from it (and 
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Rgure 2.42. 

The open sink, formatinn and crcasc paUern. 




the polygon outlined by the mountain folds "going around the 
mountain" Í3 a quadrilateral), but you can form thrcc-, fíve-. 
and higher-sided sinks in a similar way. 

As we have seen, a valley fold can combme with its mir 
ror image to make a rcvcrse fold, a squash fold can combine 
with its mirror image to make a petal fold, and h rabbit ear 
can cuíiibine with íts mirror imagc to make a double rabbit 
ear. Can a sink fold bc combined with íts mirror image? Ycs ? in 




i 



1. A sink fold cun 
sometimes easily hc 
made n\ <i sprcad-sink. 
as thi'. sequence shows. 



2. Fuld die pomi down 
il0D| ihc sink linc. 




3. Fold and unfold 
nlong a crease that just 
touchcs thc tip of thr 

poinL 




4. Lnfold the point. 



6. Brinj; the middlc ot 
the sidcs of thc square 
rr.gion together at the 
top 




7. Gnnplctcd sink fold. 



5. Grttp the sidcs and lold 
thcm down whilc simul- 
taneously stretching and 
pushing down on thc top 
flap 

Rgure 2.43. 

Sequeacc for making a sink fold using a sprcad sink. 
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multiple ways, but the most common way happens whcn a 
point is sequentially sunk down and back up. Thc mancuver 
is called a doublc sink (or triple or quadruple sink, for more 
complicated generalizations). 

Although a multiplc sink ean be madc scquentially — roake 
the lowest sink, then reach inside and sink the point back up- 
wanl— it's usually easier lo make them all togef her, first pinch- 
ing tl^ mountain folds around the point, then pinching thc 
valley folds amiirid beíbre attcmpting to close up thc modcl. 

Sinks were reco*mized as dist.inct ori£ami steps in the 
late L950a and early 19üüs. However, it took üntil the 1980s 
for a new variant to become common, the closed sink (whose 
recoffnition forced thc division uf sinks into "open" and "dosed" 
varieties). Aclosed sink is also an invcrsion of a ptiinL, but in 
such a way that it is not possible to open r.he point flat while 
performing the maneuver. This makes closed sinks extrcmely 
hanl to perform ín fact, from a Btrictly mathcmatical view- 
point. it is impossible to perfbrm a closed sink using a Bnite 
number of folds (and whaL is impossible in mathemat.ics is 
usually pretty hard ín rea I ity). That wc can make closed sinks 




Figure 2.44. 



double sink, liuw to makfi it, and its crcasc pattern. 
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1. A closed sink is aJso 
indicatrd hy I pusli 
arrow. but is fntrncd 
differently 




2. Opcn thc point inlo 
a conc; starting at one 
sidc, sun invcrting 
thc cone. 



Closcd t.infc 




3. Flaticn whcn fullv 
iiivcrtcd. Jn a closcd sink. 
MBU edges arc trappcd at 
thc top ol thc sink. 



Figure2.45. 

Formation of a closed sink. Right: thc cdges of an open sink fnr coiupamun. 



Open smk 




4. In an open sink. all 
edges aie visihlr ftt ihc 
top of thr sink 




at all is due to the abiliLy to "roll" a crease through onc or 
more foldcd laycrs of paper. 

Superficially, a closed sink ifl diagrarnmed the same way 
as an opcn sink: a puah arrow and a mountain fold. However. 
in the closed sink, instead of forming the mountain fold all the 
way around every layer, some of the layers are helH together, 
forming a cone, and the point is inverted t.hrmigh thc conc 
without opening it out. Closcd sinks are useful for locking lay 
ers together, as the edges of the pocket fbrmed by a closed sink, 
unlike Lhat of an opcn sink, cannoL usually be opened up. The 
finished result can bc distingui.shed by the prcscncc of pleated 
layers inside the pockct of an open sink versus fcw or none in 
a closed sink. 

In gcneral, the more acute thc point of a closed sink, the 
harder it is to carry out; anything narrowcr than a right angle 
is usually so difficult that it's morc cflficient to do iL in two 
stcps, as shown in Figure 2.4(3. First, fold the point into a rab- 
bit car, closed-sink the top of thc rabbit ear, Lhen once the sink 
is start.ed, fully invert thc rabbit ear back into the shapc of thc 
originai point. 






1. Anothcr way to nnfcr 
a closed sink M to fold 
down thr point and fokl 
a rabbit eai froin ii 



2. Bnng rwo layers of 
paper in firont of thr 
rabbn ear. 



Figure 2.46. 

How to make a closed sink irom a sharp point. 



3. Push down tnsidc the 
pockel. opening the point 
back up. 



4. Finished closed sink. 
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For any given oorner, Lhere is only one way of making an 
open sink, buL there are multiple ways of forming closed ainlca; 
in fact, a ¡sink can he open at onc cnd and cloaed at the other, 
an ■rrangement called a mixed sink. Tlie different varieties 
arc not always distinguishable from the outside, as diíTerent 
arrangements of interior (hidden) layera can have the samc 
outward appearancc. For a quadrilateral sink — one with four 
ridges running down from the lup point thcrc arc nine dis- 
tínct configurationfi. They and Lheir crease pattcrns are ahown 
m Figure 2.47. 




Figure 2.47. 

The nine distinct typus of sink fnr a fonr-ridged point. 
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F¡gurc2.48. 

An unsink f'old. 

In diagrams, whicb vcrsion of sink íe desired is usually 
convcyed by the arrangemcnt of' edges in the subsequent vicws 
and/or by cut-away views of thc interior layers. 

r rhe last and by many accounts, the most challcnging— 
of tlie sink folds gocs by the name of unsink. As the name sug- 
gests, it is a rcvcrsal of a sink fold. That is, you are presented 
with an apparently snnken point and thc object. is to invert 
thc point upward. The challenge here ia that whíle you can 
always push a point downward tc sink it, pulling a layer up 
ward is problematíc when thcrc is nothing to grab onto. 

Unsink folds come in opcn and clo.sed varieties that arc 
analogou* to their similarly named aink brethren. The unsink 
is the yuungest of thc sink combination folds: It only began 
'i to be used in the latc 1980s, and since then, only sporadi- 

cally. Tt is not hard to imagine why Most of thc othcr combi- 
nation folds arise naturally from the process of "playing with" 
the papcr. if you want to change thc dircction of a point, the 
reverse fold naturally follows. Strctch a point to make it 
longcr, and you are likely to (rc)discover the petal fold. 
Shortcn a flap — crimps and plcats fill tlie bill, And removal 
or rounding of a corner will lcad you to reverse fblds and sinks, 
both open and closed. But the unsink is something of an 
anomalv. It.'s unlikely to arise from simple doodling or shap- 
ing. But it does arisc vcry directly from systcmatic origarni 
design. In this chapter, we are — fortunatcly— still far away 
from being forccd to Iearn iv unsink, but wc now, having enu- 
merated the basic íblds of origami, arc ready to make our 
fírst forays into origami dcsign. 
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Elephant Design 




n the beginning— at least, according to some 
mythologies -there waa thc Elephant. And so 
iL is with thc clephant that wc begin our f'oray 
into origami deaign. The elephant— the subjcct 
of Georgeot's exhibition— is one of thc most 
eommon subjects for origami. Presumably, thifl is becausc it is 
so readily suggestcd. Almost any largc shape with a trunk is 
recognizable as an elephant. If the shape has four legs and 
large, floppy cars, so much thc better. But all these features 
aren't needéd; in fact, it is possihle ío fold an clephant using a 
singlc fold, as Figure 3.1 shows (designed by üave Mitchell). 





V ¡ 
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2. Fiuishcd OneOr.ise Elephanl. 



I. üe«in wiih d shcct of writing paper. Foid che 
uppcr ri L ;ht corncr down aicmg uti cdgc. 

Figure 3.1. 

Davr Mitchells One-Crease Elephant. 

Do you see it? The clcphant i« facing to the right. 

Yes? Perhaps 0 This simple model— about as sitnple as you 
can get -dlustrates onc of the most important. characteristics 
of origami models: They simplify thc subject. Nearly all origarai 
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dcsiffn is representational, but. unlike, gay, painring, the con- 
straints of fblding with no cuts make it nearly impossible to 
produce a truly accurate image of the subject. Origami is, as 
origaini artist. and architect Peter Engel has noted, an art of 
suggestion. Or pnt anothcr way, it is an art of abstraction. The 
challenge to the origami dcsigncr is to select an abstraction of 
the subject that can bc rcalized in folded paper. 

You can also selcct a subject. that. lends itself to abst.rac- 
tion. Elcphants arc also popular suhjecLs for origami design 
bccausc thcy ofter a range of challenges. What features do you 
includc in the design? Ts it a spare representation relying on a 
few lincs to suggest h form, or is it necessary to capture all of 
the features of the subject 9 Getting thc hcad and trunk may 
be sufficient for some foldcrs, whilc others will be satisfied 
with not.hing less than tusks, tail, and tocnails. A somewhat 
more detailed elephant ís shown in Figure 3.2. 




Figure 3.2. 

Dasc crcasc pattern and folded model of my African Flpphant. 

Thcsc two designs illustrate the range of origami design: 
Every origami design falls somewhere along a continuum of 
complexity. Arguably, t.he one-crease elephant is thc simplcst 
possible origami elephant But the complex elephant is almost 
assuredly not the most complcx clcphant possible. Complex- 
ity in origami is an open-endcd scalc; thc title of "most com- 
plex" origami design (for any subjcct) is always t.ransitorv 

Fnrthermorc, complexity carries with it. h sperial burden. 
We do not denigratc the one-crease model for its abstraction; 
indeed, its abstract nature is part of its elegance and charm. 
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Biit a complex model creates a ccrtain level of expectation in 
the viewer: an expectation that thc model will convey a richer 
vision. The mnre folds wc havc in the model, l.he more we can 
reasonably expect from it. And thus, we rnust make evcry 
fold in thc desigrn count for something in the end rcsult if 
elegance is to be attained. 

Georgeot'a exbibition consisted of 88 elephants ranging 
from BÍmpte to very complex indccd. But elephants, like 
rabbils. have a vvay of multiplying. Oncc Alain became known 
as "the OTÍgami elephant guy," origami elephants continued 
Lo come his vvay. Hc writcs that iie has accuTlítiIated 155 dif- 
fercnt designs to datc. Many folders have sent more t.han onc, 
up to eight differcnt designs fVom a single folder. 

ll'you werc to pick any two of Georgeot's clcphants, you 
would find that they diíTer in many ways: One could be flat, 
the olher thre.e-diinensional; onc in profile, one in front view. 
They might diíTer in the oricntation of the paper relative to 
the model, in the numbcr of appenda«jes, or in what part of 
thc papcr thosc appendages come from. They may differ in 
the lcvel of abstraction versus verisimilitude, in cartoonism 
vcrsus rcalism, cvcn in the use of curved vcrsus straight lines 
(and which lines are chosen). All of thcsc fcatures are 
decisiojis thal Lhe designcr makcs along the vvuy, vvhether 
consciously or unconsciously. 

Of'all liie artistic critcria that may he applied Lo origami, 
one of the most important, yet clusive, is elegance. Elegance 
as it. applies to origami is a concept not. easily described. It 
implies a scnsc of fitness, of economy of effort. In origami, an 
elegant fold is one whose creases seem to go togcthcr, in which 
there is no wasLcd paper, whose lines arc visually plcasing. 
Elcgance cannot he easily quantified, but there is a property 
closcly related to elegancc that can be; etlíciency. 

While elegance is a subjcctive measure of the quality of 
a desigm efificiency is an objective measure. An efficient model 
is one in which all of the paper gets used for something; noth- 
ing is tucked out of the way. Inefficient modcls arc thosc with 
unnecessary layers of paper. Such models arc thick and bulky, 
tlifficult to fold, and usually less acsthctically pleasing than 
a modcl without unncccssary layers of paper. 

The most efficient modcls are the largest posaible for a 
given size sheet of papcr. If you have folded two figures from 
tcn-inch squares of paper and one figure is three inches across 
and Lhe othcr is two inches acroea, then the smaller figure 
musl by ncce.ssity have more layers of papcr on avcrage in 
any given tlap. The smaller model will gcncrally he thicker; 
it vvill hold together less well; and it will ahow rnore edges. 
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which will break up the lines of thc model. In shon, the less 
efficient a model Ls, the poorer its visual appeal. Thus, eífi 
cicncy is an aeathetic goal as well as u mathematicaJ goal. For 
a basc with a flxed numbcr of ílaps, the most efficient base is 
that base in which thc flaps are as large as possiblc. 

The tools of origami deflign cannot (yet) directly address 
elegance, but they can address its close relative, cffíciency. hy 
quantifying what is poasible and impossible and providing 
directáon for maximally eíTicient structurcs. 1b wield tlie tools 
of origami design, one must have somc tools to start with. The 
way to build a set of tools is to cxajnine some examples of 
design and deconstruct the model, identifying and isolating 
specific techniques. 1\> get started anrl to illustrate somc basic 
principles of origami design, lct's add three more elcphants to 
the roster. 

3.1. Elephant Design I 

Thc first design shown in Figure 3.3 is for an Elephant's Head. 
It is vcry BÍmple and takes only five creases. 

This is very simple- it's perhaps one step up from thc 
one crease elephant, although, you might note, it took five 
steps. Can you devisc an elephant using exactly two creases? 
Exactly three? 

3.2. Elephant Design 2 

On thc scale of origami complcxity. both the One-Crease 
Elephant and the Elephant s Hcad fall into the "simplc" 
category. BuL as we add morc fcatures to a model, it almost 
invariably increMses in complexity. As an illustration, lct's 
takc the same basic dcsign as the Elephants Hcad and add a 
pair of tusks to it. 

The folding requircd increased substantially, just to rre- 
ate two tiny points for tusks. Rut I also added a íew steps to 
give definition to the ears ístep 9). Why? Why not just leave 
the face a flat surfaoe as we did in the previous model? Two 
reasons. In the ílrst Elephants Ilcad, the ears came almost 
for free— there were two flaps (the corners of the square) avail 
ablc to work with. But in this design, we needed to create side 
flaps í in steps 8 and 9) to defíne the ears, which rcquired more 
folding. 

There's a sccond reaaon, however, which is a hit more 
subtle There is an aesthetic balancc that needs to he main- 
tained across an origami design. Thc tusks introduce some 
small, finc features into the model. The conLrast between those 
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4. Fnk! .lown itxHit i.'.S ol 5. hmshcd hlcpüünt'.s ll?ad 

point ü (üie exuci uuiouul 
isn'l cmiculi and tum thc 
modeJ ovcr. 

Figure 3.3. 

Polding aequence fnr on Elephant's Heud. 

fine fcatures and t.h* broad, flat, featureless expanse of the 
face is jarring, 80 we introduccd two folds to brcak up thc 
aurface of the face a bit and bring some balance to the linea of 
the oiodel. 

3.3. Elephant Design 3 

We can take another step up thc ladder of complexity. Now 
we'll make the tusks a bit longer. 

These rhree models depict the same subject, but with 
progressively grcatcr anatomical accuracy (although tbey still 
Ifiave a lot to bc dcsired— like a hody). They are simple, but 
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I. Ki-yin with thc coiorcd 2. Iold edgo AC and BC in 3. Fohl rahbil rais 

side up. Fold ant! unfold io liejúong the ccnlci hnc from comcrs A and B. 

ulong both dtagonals.. Turn DC and unfold Rrprai wiih 

the pa|iei OVOT. rdgcs AD and BD. 




7. Turn thc model 8. Pleat the fronl flap upwarri V. Ple^t tlie sidei ol the 

1 ,v "' Thc inouniuin told WÜl run head tn form ear*. 

frnm COfBM G 10 lorrier H. 




10. Fimshcd hlcphant 'l Hcad. 

Figure 3.4. 

Folding scqucncc f'or the inore complex Elephants Head. 
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l. Hcgin wkh the 
onlufcd *ide up Told 
and UMfold along thc 
diugnnals. T^" 1 
^pcr ovei 




5. Petal-fold íioul «n.t 
buck to makf a Uird 
Bas<- 




9. ReverM t'oíd thc 
two boitom potnis 

<llll Ul lllf '.. I 




2. Fold and untnld. 



I 




| 



6. Kild aiid imfnld nn 
ihe neai flap. Lach 
crcase lies dtncctly 
ovet 0 foldrd cdue. 





M / 
X 



10. N&ITOW the tWO 

point^ wHb ndiey foMi 

.-.i Erool t*d hehind. 



'TT 




3. Bntw Ihe fau 
oornen togcthef at 

ihc boUom tO mnke 
.i Hiciir.iinnry Fold. 




7. Fohl . orner D down 
whi.e puiling pouits rV 
Aiid C DUl to :hr sidesv. 
íhilm. 

F. 





D 

11. Pold poinl t dowi 





4. Fold edfcs ad aod 
CD in io iiit- Lcnlcr l : nc 
nnd unfold. Then toln 
point B dowtt ¡ind 
uníolJ. 




N. Tlllll Ihr [>;i|:.. : 

ovci. 



H 




12. Fuid potni D down 




1 3. Foid thc oomen 

doWn aiid luin Ihc 

mudel nver. 



14. Curvc thc tu^lvs 



1S. Fimsheü 
Elephani's Hcad 



Figure 3.5. 

Folding sequence for yet anothcr Elephant h Hcuu. 
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illufitrate some basic principlos of origami design that arc worth 
identifying: 

GtnercUly, thc more tong points a modcl has, the 
more complex its folding sequcncc must be. 

Generally, the more loñ£ points a modcl has, tke. 
smaller thefinal model WÜl be relativc to the size 
ofthe square. 

These principles were widely known in the origami world 
of Lhe 1960s and iy7üs t but it. was not until the past 20 years 
that they could be quantified. The past twn decades have seen 
the appearance of e new type of origami, the "technical fold." 
It is hard to deJine precisely what consLi Lut.es t.echnical fold- 
íng; tcchnical folding tends to be fairly complex and dctailcd, 
cncompassing insects, crustaeeans, and other point-ridden 
aninials. Tt is often geomeLric, as in box-pleated modcls and 
poJyJiedra. Thc carly pracLiLioners of what w T e call technical 
folding— Neal Elias, Max Hulme, Kosho Uchiyama, and a Jiand- 
ful of others— havc been joined by a host of other folders— 
Montroll, Engel, and myself in the U.S., I'ujimoto. Maekawa, 
Kawahata, Yoshino. Kamiya, Mcguro, and niany ot.hers in 
Japan— ovcr the past 20 years. In fact, technical folding has 
its own name in Japan: origami sekkei. It is difficult to pin 
down a unique ch aracteristic of B model that defínes it as 
origami sekkei, hut I havc a candidaie criterion: A fold is a 
tcchnical fold when its structure shows clcar evidence of 
intent.ional design. 

The first steps of design, however, do not require use of 
any specialized tcchmques or mathematical theorems. Any- 
one who can fold origami can design origami. ln facf, if you 
íulded one of the thrcc elepJiant designs, you were calling upon 
your design skill. A sequence of folding diagrams— no matter 
how dctailed— can still only provide a set oí'samples of what is 
a continuous process. In following a folding sequcncc, the 
reader must. interpolate; hc must. connect the steps in his mind 
to form a cont.inuous proccss. Depending on thc amount. of rle- 
taíl into which thc stcps are hroken down, this process can be 
easy ; as in Figure 3.6, or it. can be difíicult, as in Figure 3.7. 

A good origami diagrammer, baJancing the needs of 
hrevity and clarity, strives to match the level of detail to thc 
complcxity of the fold and to the intended nudience. In this 
book, I have aimed for a middlc ground, along thc lines of 
Figure 3.8. 
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I. Ketíin with tfac colorccl sidc 
up Told unü unlold aloug thc 
Ji¡i!>on:tls. I'urti thc pupcr ovor. 




4. Fnld K-ihxs AD ¡itid CD tn to 
ilir ctotfl line and untold. 
Thcn fold poittt B down and 
unfold 



2. hild tuil iinfold 




5. Pctal-fold frinii and bacl lü 

makt | Rird Base. 




J. Bñog the lourcorners 
tojíiMhor ;tt ihc boltont lo 
muKc u lYchminary h'old. 




ft. I'hc Bird H: :»-■. 



Figure 3.6. 

Dctuiled scqucncc for folding a 
Bird Base. 



When you bcgin following diagrams, you rcquirc cach 
matructíon to bc broken down into the smallest possiblc stcps. 
ab you gain experience in following diagrams, the jumpa be- 
tween stcps hecume larger. Instcad of aeeing every individuaJ 
crease, thc creases start to comc in groups of two ur three. As 
vv^ havc seen, the most common groupe of creaaee have been 
yivcn names: rcvcrse folds, rabbit-ear folda, petal folds. More 
advanoed folds may have groupa of 1 0 or 20 creascs that must 
he all brought together at. once, ur several diffcrcnt folds must 
Docur simultanouusiy, or not all creases may bc visiblc in the 
diagram Following Buch a sequence is evcn more a process 
of de.sign. Pollowing a folding scquence is t in effect, resolving 
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Fígure 3.7. 

Compact sequence for fnlding a 
Bird Base. 



1. Divide the square in half veilicallv and 
hori/urnally wiih crrases Creasr al) angle 
bisectors at the cornets. then asseinble usiny the 
cieases showii. 



D 



2. Tlie Riid Rase 




1. Bcpin with a squate with creased 
diagonak. Ilnnp, thr four rorners 
iO£«her at ihe bottom and flatten. 

Figure 3.8. 

Intermediate sequence for 
folding h Rird Hase. 




2. Petal fold front and back. 




3. I he Bnd Base 



a scrics of small design problems going froni one conííguration 
of thc paper to the next. Designing an entirely new model is 
thc same task, merely scaled up. 

Origami design rmu along a contínuotis scale ranging 
írom minor modification of an existing design to thc "ground- 
Up" creation of an entirely new model. Just as a bcginning 
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í'older should begin to fold simplc models from diagrams, the 
bcginning designer should choose simple shapes to dcsign. 

And now is as good a time a.s any to start. Thc clcphants 
in Kigures 3.4 and 3.5 have eolored tusks. Can you ñnd a way 
to alter each model so Lhat. the tusks become white as shown 
in Figure 3.9? (Hint: Turn a flap inside-out.) 

The firsL sLage of origami desipn ¡8 Lo rnodify someone 
else's work, as you can with Lhe elephants. Origami design is, 
ín large part, built on the past. The origami designers of the 
present have crcated new techniques, but in doing so, they 
used techniqucs of thoee anonymous Japanesc foldcrs of his- 
tor.v i as well as Lhoae of t.heir contemporarics, of cour.se). It 
behooves us Lo spend some time studying how prior gunera- 
tions of lolders designed their modcls. 



Figure 3.9. 

r l\vo variations on thc Elcphant's 
Heads, 
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Folding Instructions 



Stealth Fightfcr 



Snail 



Valentinc 



Hummingbird 



Baby 



Chapier4: folding Instructions 



Stealth Fíghter 




1. Beein wiih the whitc sidc 
up. Fold the papcr m hall" 
from side to ikk und 
unl<ild. 





2. Fold the papcr in ludf from 
top to hottom and Ullfold. 




5. Fold Ihe top and 
bottom cdjies to the 
ccntci of the paper 



n 


">4 


ñ 


1 ¿1 



3. Fold cach corner in half 
alonj: au unglc bisector and 
unfold. 




6. Pull the corners out 
10 ÚK sides aod pinch 
thcm in half. 



\ 




A 


!\ 



4. Fold the side edges in tu 
lie aloug thc vcitical center 
linc. 




7. Flatten the corners, 
making a sharp point (the 
left side is shown 
complered here). 
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8. Repcat on ihc hottom 

two corncrs. 




9. Fold the l\vo lower 
points down us fur us Lhcy 
will go. 




10. Fold ihe model in 
halt and mtate 1/4 turn 
clockwiae. 




II. Ri-verse-told thc left side 
downward symmctrically. 




14. Reverse-fold thc lips of 
each corner so that the raw 
cdyes hne up. 




12. Fold one layer up in 
front and oue to tlic rcur 
behind. 




15. Revense-told the bottoin 
corners. Valley-fold the 
leading cdye ot the near 
winji. lejjcut behind. 




13. Reveise-fold thc pail of 
tlaps as if they were a 
sincle tlap (they are joíned 
ubout haifway dnwrt). 




16. Revcrse-fold u 
hidden luyei down tTOItl 
the inside of the boiloni 
ot the model. 




17. Spread the wings 
and tlfl. 




1H. Finishcd Slcalth I luhter. 



FokJíflg Inslructions: Stealth Fightcr 



■ 




Snail 




I. Begin with a squate. whíte sidc up. 
h>ld and untold ;ilong onc diagonal. 




6. Rcpcat Hteps 4-5 7. FbW thc paper ¡ n 8. FoW tbe near cdgc akmg the 9. Fold and unfold 

¡0 the Other direecion. half while nevem- anglc bisector (the corner along thc angle biscclur, 

fokting the top louches the edge at an e\i>i¡n>¡ creasing lightly. Repeat 

cornerdownward. crease). Rcpcat hehind. behind 
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10. Rotate the model 
clockwise slighlly more 
thun 11 quuiici lum. 




11« Valley-told the ri<:hi comer in hall 
whik reverse-íoldirijí ull of Ihc cxcess 
papci up us hi>rli us possible. Re|>eat 
bchind, 



12. Vullcy-lold the neur flup 
upvuud. Repeat behind. 




13. Mountuin fold the colored 
ooracf behind, Rcpeai behind. 



U. Mountuin fold the edge of the 
ncur llup hehind. Repeal hehiml. 



15. Pleal the colored flap. 




16. Tuck thc plcat 
undei llic wliitc luyei. 




17. Mountuin fold the colored tlap 
hehind and then hnnp n m tront ot 
thc whitc poinl ul the lowcr lcl'l. 




IX. Mouniam-lold Ihc 
colorcd llap uround again. 




19. Mountain-fold tvvo more 
limcs in Ihc sunic way. 




20. Mountain-tokl the bottom 
cdycs. Vullcv-lokl thc 
unlcnnac oul lo ÚIC sidcs. 




21. Finishcd Snail, 



FokKng Instructions. Snail 




Valentine 




1. Be»in wiih u square, colored 
side up, Fold and unfold aloin? Ihe 
cttagonals. Theo uun ihe paper 

ovcr. 




5. Fold one llap 6. Fold one tlap to the 7. Fold one llup up ín 8. Unfold tlie modd 

down in front and i ¡gkt in front and one to tront ntnl huck dovvn. completely. 

Ofie hehind. the left behind Repeat behind. 
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9. Hxtcnd :m existinp crease to the 
lower letfl edge, Repeat above. 



10. Fold the hottom cornet up. the 
crease hits the edge at the same place 
:is ilv last crease. Repeat with the top 
corncr. 



II. Refold the Bird Base. using the 
existing cieases (although you will 
have to make new creases through 
the colored corners). 




12. Fold llie hoUoin 
leti comer up to the 
center line; rhe fold 
ruris elong an 
exisiin>r creasc. You 
don't need to niake 
this fold shaip. 




13. Shift somc 
paper upward as 
far as. possible. 
releasinc the 
trapped paper 
undenieath Lhe 
flap. 




14. Squash-fold 
tlie coiner. 
swinging the 
cxcesspaperover 
lo thr lefr. 




15. As you did in 

step 1 3, shifl Bome 
papet upwaid. 
releasing the trappcd 
paper undernearh 




1 



f 



If». Bnng a raw 

edge iu froot of 
tbe flap. 







17. Open out 
the raw edfes 
slightly. 



18. Fold the two top 
nenr flaps downwaid 
while íolding the 
blunt intcrior flap 
undci neath. Closc 
the intKlel ui id fl&ttCO 
firmlv. 



19. Repeat steps 
12-19 bchind. 
Then rotare the 
model I (2 turn. 



20. Divide each 
vcitical flap into 
thirds with valley 
tolds. 



21. Reveise-fold 
each flap np and 
down 00 the 
existini? creases. 



Folding Instructions: Valentine 
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22. Pold and unfold 
throu^h the neai layeis 
only. Repeat behind. 



23. l.ntold tn step ^í) 




26. Rcvcrse-lold twoedges 
upward on euch sidc. 




2S. Valley-told the flap oo thc eusüng crease; 
Rimukaneousty tlatten the interior pleat and 
mountain-fold its edge underneatn The model 
w ill DOt lic flal. 




30. Repcat slcps 27-29 
behind and 00 the rigbt 




32. Wrap a raw edce t'roni the inside 
ofcüch flap lo thc tront; repeat behind. 





24. Reveme-fold both 
poinls as far downward as 
possible. 



25. Reverae f bid the two 

points to the sides. Note the 
refercnce points tor ihe two 
reverse ii>lü.s. 




27. Partially open out the lefl 
sidc. Thc moílel will not lie tlat. 




29. i^ish down on the triangk 
and close the model back up. 




31. Valley fold the ncar 
edpe of eaeh tlap. Rc|>eul 
bchind 
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36. Pull out somc 37. Shifl the mterior 38. Crimp and rotate the 39. Closed-»ink 

loose puper. point so thut its lip lk-s cnü of tho flap so thal it the eornei. 

along llie centei line. BÜgQS Wtth ll le shaf l 

emanating to thc lcft. 




43. Ciimp the lefl side 44. Round the heail with 45. Finished Valentine 

upward SO that the two mountain tolds. Dent the 

halves ot'the white shaít tail ot 'the arrow to makr it 

lint' up slightly three-dimensional. 



Folding Instructions: Valenline 
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Ruby-Throated 
Hummíngbird 





I "T7- 



I. Itecin with u scjuuic. while side iip. 
Fold the paper in hulf in boih directions 
and linfokL Then turn the paper ovcr. 




4. I old the bollom leí't 
unrner rn the point you 
just mudc and nníold. 




2. FoM tnd unt'old 
along the diagonals. 











S. Fold the coroer up along 
the diagonul; thc crease hits 
Irv mark you just iuudfi 




3. Fold thc bottom leít coi ner lo 
the center and unlold, making a 
small pinch aloinz thc diagonal 




6. Fold tbc comer up 
aiinin on the cicasc 
you made in step 4. 




• • • • 
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7. Turn Ihe paperover Irom 8. Fohl a Prcliminary Fold. Rotatc 

top to bottom. the puper 1/8 lurn clockwise. 




10. Pctal-fold thc edge. 11. Fold Uic 11 up down. 




16. Sink 1/3 of 17. Fold ooe layer to the 

the top point. right in front and one to 

thc left in back. 




9. Squash-fold the 
neai right flap 




12. Sink the point up 

insíde the model. 




15. Repeat steps 9 13 
on both sides hehind. 




1S. I old the near layerofthe lefl edgc 
to the ccntcr hnc and unfold. Do ihe 
samc on thc right. bul don'l inake the 
crease shurp below tht horízootal edge 



Folding Instructions: Ruby Throaied Humminghird • • « 
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19. Reverse-fbkJ the flap oui to 
the side so that its top edge is 
honzontal. Note where the reverse 
told gocs undcr thc toldcd cdpe. 




2«. Swivel fold the edge 
on the existing creases 



— * 




21. Swinji ibc Ebpovei 

to the right. 




V 



22. Swivel -fold the tlap 
to makTi its olher side 




23. Valley fold the edge 
to the center line 



s 



w 



24. Tum tbe model over. 




mm 

1 f 

25. l ; old u ptk of byen 
over to the riuht. 





26. Rc|K.'ul sicps 
18 23 00 this side. 



27. Fold onc laycr to the left in 
front and two layera in back to 
make the niodel svimuetric. 
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30. Tum the model OVei 31. Mountain-told the edges undcnicalh, bul 

from sidc to side. only make thc ercascs slnitp 011 thc uppei part 

of the flap: thc lowcr part should be louncled 
und llucc-dimensional. 




32. 1 orm a pleat in the flap so that thc uppcr 33. MounLain-fold the flap 

part bulges upward: make a smooth valley creasc undct iicalh to lock the pleat 

ui ihc btte of ihc tail. roundíng it slightíy. 



Fokting Instructions. Ruby Throatcd Hummingbird 
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34. Mountam-fold ;i bit of the tip 
undeiiieuih lo further lock the pleal. 
Crease thc holtom poim into siuhs. 




35. Mountain-fold the wings awav ftum you. 
Curvc tht' far layers towurd you ;ind neur layers 
awuy from you, fofmíog two halves of a 
cylimfer. Thc noxt view is from the side. 




3f>. Smk ihe hdlv to round it. 
Ciimp Ihc head downwurd und 

crimp ihe point in tnd <>ui to 
torm a beak. 



37. Sínk Ittofthe beak. 
iising the exislmn creases. 






3K. Round thc leading edire of (he 
wmg. Reverse fold thc vving tips. 
Rcvcrse-fold the corncr of thc head 
ueur the heak. Repeat behind. 



39. Mountain fold the edires of 
Ihc bcak underneath. Ruund thc 
winif tips turther vvith tiny 
revei sc folds. 



4(1. Tuck thc colored region up insidc \hc. 
head, ciiiiipiti>i, if neces.sary; it should 
hook behind the insidc of the beak. Shapc 
■nd round the body. Pleal thc wincs. 




41. Finishcd Rubv -Throated 

Hummingfaird. 
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1. Fold thc pupei in half 
and UflfokL 




2. Fold thc top left corner 
down to louch the honzontal 
crease; m;ikc a pitich alon^ thc 
topedgc and unlold. 




' 5. Squash-foM botfa 

llaps lymmetricaUy. 



3. Fold the papcr in halt' 
on the existing crease. 




6. CnMHMB thc unglc bíscctors, 




4. Fold ihc right <u\c. 
over to the left , making 
the crease hit thc cd>:c al 
the same placc as the 
mark. 




7. Fold thc left flup over ulong I 
vertical crca.sc that runs through the 
iniciscction of the horizonlal cdgc 
with the creasc you just made. 



Hokling histructions: Baby 
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8. Fold it hack to thc lcft ulong a 
vertical crease that lines up with 
the ccntct linc of thc model. 



9. Uní'old to step n. 



10. Reveisc-lold the tlap in 
and baek oul. usinjc the creases 
you made in step^ <>-S. 




14. Fold thc bottom 15. hold the let't tlap over along 16. Fold it back to the left alonf! a 

cdge up and unfold u vertical crease thai lines np vcrtical crcase that lincs up with 

with the cdgc bchind it thc ccnlcr line. The tlap also lincs 

up witli Ihe flap hchind it. 




17. Unfold to step 15, and 18. Fold and untold 19. Make a crease thal 

tepeal steps 15-17 on thc right alon? an unclc biscctor connecüi points A and B. 
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20. líecin to fold ihc lcft edge 
ovcr along thc exKtiny crcase, 
but don't makc the creasc sharp 
M thc bottom. 




21. Squash-fold thc cdoe U\ thc 
right. The tnounüún fokl and thc 
hidden valley fotd (indicated by an 
X-ray line) are on existing creases: 
Lhe viiible valley fold fbrms when 
you flaltcn the modél 



23. folti íhc hottom ed^e up. 



24. Crimp the ílap u in° Ihc 
cxisting creases and iiicoiporutin¿! 
thc imaJI pleal along thc diagooal. 










m 

■ ■ 

















lb. Rold ;i single layer of thc 
boUom edge up. hut don't 
flatten thc pu|>cr. 





27. Squash-íold thc 
exposed corncr. 




2V. Rcvci sc fold thc corncr 
up insiilc the modcl. 




30. Repeal steps 27-29 
On thc ri^ht. 




22. Unfold to step 
I S ;ind rcpeai ^leps 
18-22 on thc neht. 




25. Repeat stcp 24 on thc right. 




2H. Reverse-fold thc corner. 




31. Fold ihc hottom 
edgc back down. 



Folding Injtructions: Baby 
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7^ 



32. Pull Ihc lome edge as far 
down as possiblc on both rhe 
let't and rijíht flap.s. 



5 



5 



33. Mountain-fold die 
edges nndemeath. 



34. Squash-fold each 
COfDCr, DMking the valley 
folds on exisling creases. 




35. I old one tlap fiu,., lefi lo 36. Squush-lold the j 7 . Foid tbe point down 

right in tmnt, and onc from corner. Repeat behind Repeal behind. 

i iglit ki lel'l hehind. 




38. Sink thc |K>inl np into thc 

model. Repeat behind. 




39. Swing onc llap from left 
to rig.ht in tront and OflC 
froin ri.izhl to left in back. 
incorporalin^ ihe reverse 
told sliou n on euch «ode 




40. Revcrsc fold 
Ihc two corners. 
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44. (iose ihc leti sule up and 45. ('nmp the head downward 46. Keverse-told the 

tl-|>ciiI üteps 41—44 on the riiihl. in Ironl anil. symmelrically. m conicrs ol thc hcad lo 

baek; simultaneously push in rourul ii; ncpcat bchilHÍ 

the lop of the head to make it 

three dimensional. 




and told them and squash-fold the feel. mountain folds. Put your 

toward the front fin<ier up inside the model 

and rounít the hody 
slightly. Hosition the arnis. 




NlThefinished Baby, 



Chapter 4: Traditional Bases 
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Traditíonal Bases 



Tho desigu of an origami model may be hroken 
down into tvvo parts, folding the base, and 
fblding the details. A basv is a regular geomet- 
ric shapc that has a Btructure similar to that 
of the subjcct, although it may appcar to bear 
very Httle resemblancc to the subject. The dctail foldí, on 
the other hand, are those folds that transform thc appear- 
ance of the basc into the linal model. Thc design of a base 
must take mto account. the entire shcct of paper. All the 
parts of a base are linked togethcr and cannot be altered 
without aí'i'ecting the rest of the paper. Detail folds ; on the 
othcr hand, usuaJly afTect only a small part. of tfae paper. Thcsc 
arc the folds that turn a flnp into a leg, a wing, or a hcad. 
Converting a base into an animal uaing detail folds requin s 
tactical thinking. Developing t.he base to begin with requires 
strategy. 

The traditionnl Japanese designs wcre, by and large, de- 
rived from a small number of bases that could he uaad to niake 
different types ofhirds. flowers, and vuriou.s ot.her figures. For 
much of the 20th century, most new origami designs werc also 
derived from these samc basic shapes. 

Bases have been both a hlessmg and a cursc to invcntive 
folding: a blessing because t.he different bases can uach serve 
as a ready madc Btarting point for dcsign, a curse becauaa hy 
hlling the budding designer onto thc safo, well-t rodden path 
of using an axistmg base, he or shc starts to feel that there's 
nothing new to do and never explorcs the wilds of base-free 
origami design. 

We will. by the cnd of this book. do both. Ilowcvcr, we 
wiil start with the traditional bases— first, to underatand 
what our origami designer forebears had to work with, and 
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second, because the traditional bases, despite being pickcd 
over by scores of origami designers for decades, still have 
some surprising life in thcm. While t.hey may scem like unique 
const.nurt.iun8, the traditional urigami bascs are actually 
Bpeciñc embodimcnts nf quite broad and general design 
principles. Dy thoroughly understanding the tradit.ional 
bases, wc arc prepared Lo undcrstand the deeper principles 
of origami design. 

4.1. The Classic Bases 

So what, exactly, arc the st.andard bascs of the origami 
repertoire? Now, it muat he admitted that any labeling Bcheme 
Lhat. dubs ccrtain strucLures "the standard buses" is going to 
be somewhat arbitrary. But thcre are four shapes, all 
hundrcds of years uld in Japan, which are the basis of 
several traditional models, and have a particularly elegant 
relationship with one another that Lakes on a special signifi- 
cance in origami design. They are often called the four 
Classic Ruses of origami and are named for thc most farnous 
modell t.hat can be foldcd í'rnm t.hem: thc Kitc, Fish, Bird, 
and Frog Rasc. 

Perhaps not surprisinglv, in many cases, inore nf the 
st.ructure of an origami nrudel is evidcnt in the erease pat 
tern than m thc folded hase. For one thing, in the crease pat 
tern, all parts oi the paper arc visible, while in the folded 
modcl only the outermost laycrs are visihle — perhaps 90% or 
morc of them are hidden. Furthermure, certain structures 
appear uver and over in a crcase pattern, which you can rec- 
ognize a« features of the ñnished mndel. (Do a lot of creases 
come together at a single poinl? That point probably become.s 
Lhe t.ip of a flap of thc model. ) With practicc, you can learn tu 
read the structure of a model in the creasc pattern as if it 
were the entire folding sequencc. The crease pattems, bases, 
and a represcntative mudel from cach of the four Classic Bascs 
are shown in Figurn 4.1. 

We have already encountered t.hree of thcsc in thc 
Elcphant s Head series the Kite, Fieh, and Bird Bases. (Chal- 
lcnge: Can yuu design an elephant that makes ftill use ofthe 
flups of a Frog Basc?) There is nu precisc dcfinitinn uf a base; 
perhaps a good working definition is "a geometric form with 
the same gencral shape and/or number of llaps as the desired 
subject." 

In origami, üflap is a region of paper that can be manipu- 
latcd relatively independently of uther parts of the modcl. In 
origami Hesign, bases supply flaps; major flaps on a base then 
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get turncd into major appendagcs of u final model. The Kite, 
Fish, Bird, and Prog bases havc, reapectively, one, two, four, 
and flvft large flaps and one, two, one, and four smallcr flapa. 
To í'old nn animal, you usually need to start with a base that 
haa the same numbcr offlaps as t.he animal has appundages. 
A simple fish has two large flaps (head and tail) and two small 
nnes 'pectoral tín.s), whk-h is why thc Fish Bast» is so appro- 
priate and so aamed. The average land-dweüing vertebrate 
has five major appendages (four Legs and a head), which 
suggeats t.he use of the Frog Base and niles out a long tail. 




Figure 4. 1 . 

Crease pattcrn, basc. and a 
representative modcl tbr itop u> 
bottom): Kite Rase: Fish Base; 
Bini Base; Frog Base. 
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The Frog Base docs have five ílaps, but the flap 00 the Frog 
Bhkp that is in a position fco form a head is Lhíc:k and difficult 
to work with. One oí' the fonr flaps of a Bird Base would be 
easier. But to use a Rir d Base to fold a four-legged animal, you 
would have to represent two of the legs (usually the rcar legsj 
with a single ílap. ín the 195üs and 1960s, there werc a lot of 
three-legged origami animals hobbling around. 



4.2. Other Standard Bases 

The Classic Bases are not, the only bases in regnlar use. There 
are a few other candidates for standanl bases: the so called 
Preliminary Pold (a precursor to thc Bird and Frog Bascs), the 
Watcrbomb Base (obtainable froxn the Preliminary FoJd by 















\ 




\- j 


/ ./ \l 



n 

A 




Figure4.2. 

Top to bottom: t.he Cupbourd 
Bh.<h, VVindmill Rase. Watcr- 
bomb Base, and Preliminary 
Kold. 
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tuniing it inside-outj, the Cnpboard Base (consisting of only 
two folds), and the Windmill Base talso kiiown as thc Double 
Boat Base in rJapaii>. 

The Preliminary Fold was named Fold rather than Ha.se 
by Harbin since it was a precursor to othcr bases, a some- 
what artificial distinction that has stubbornly persisted in 
the Knglish speaking orígami world. 

Up through the 197üs, origami designers combined thcsc 
base* with other proccdures, known variously as bhntzing, 
stretching, offsettmg, and so Forth — and we will learn somc 
oftfaese as well — resulting in b prolifcration of named bases. 
It was nol. unheard-nf to íind, íbr examplc, a "douhle stretched 

Bird Base I typti UT as the starting form fbr a model. ( Rhoads's 
Bat, Secrets of'Origami). Of all thc poeaibie variants, two are 
suificicntly noteworthy as to deserve attention: the stretched 
Bird Basc and the blintzcd Bird Rase are fairly versatilc trcat- 
nients of thc classic Bird Base that have sccn heavy use in 
tnodern timea. Both are shown in Figure 4.3. 




Figure 4.3. 

Tbp: stretched Bird Base. 
Rot.tom: hlintzed Bird Base. 



The stretched Bird Base is derived from the traditional 
Bird Basc. It is obtained hy pulling two opposite corners ofthe 
Rnd Base as far apart as possiblc and ftattening the result. 
Harbin recognized several variants of the stretched Bird Rase, 
but the version shown in Figurc 4.3 is t.he most common. 

The blintzcd Bird Base ie alao derived from the tradi 
tionaJ Bird Base. It is ofatained by folding the four corncrs 
to the center of a square, fnlding a Bird Basc from thc re- 
duced square, and Lhen unwrapping the extra paper to form 



Chapter 4- Traditional Gases 



new flaps. There are several ways of unwrapping the corner< 
to makc use oí' the extra flaps. The procedure of foldin, 
four corners to the center is called bLintzing, named after th 
bhntz pastry in which thc four corners of a square piece 3 
dough are folded to thc center. For many years bfcntzing I 
base has heen recognized as a straightforward way of increJ 
ing the number of flaps Lo a base. Take a square, fold the fojl 
corners to thc ccnter, fold a basc from the rcsult, therj 
unwrap the comcrs. creating a ncw set. of extra flapa froni 
the loosc paper. 

Yct another named base system had been developeJ 
in Japan by Michio Uchiyama in the 1930s and t.hercaíYorj 
IIis system, carríed on by his son Kosho, recognized two hroaJ 
families of baaes, onc characterized by diagonal or radiatm 4 
folds (type A) and thc other by predominajitly rectilineaií 
folds (type B J. Figures 4.4 and 4.5 show bot.h ramílies of based 
1 have labeled thcm with Uchiyama's original numberinj 
but rearrangcd them to bettcr illustrate the relationshipj 
between bascs. 

Notc that Uchiyama only gives the major crcases for eac j 
hase; to make the shape flat, you will have to add additionaf 
creascs on some of the pattcrns. 

Beginning with thc development of subject-spccifii 
bases in the 1970s (Animal Rase, Flying Rird Basej 
Human Figure Rase), the variety of bases quickly proliferateJ 
to the point that naming every base began to seem a bii 
silly (the Great Crcsted Flycatchcr Base). The nct resull 
was that. most namcs were left by the wayside. Differenffl 
authoritíes rccognize different groupe ofbaaes as thc Btandarfl 
set. but the four Classic Bascs plus the Prcliminary Fold,f 
Waterbomb Base, Cupboard Uase and Windmill Base arej 
c-ommon to most. • 

4.3. Relationships between Bases ] 

The itandard bases arc not wholly índcpendent; some can bej 
derived from others, as whs suggestcd by Uchiyama's classi-3 
fícat.ion system and is illustratcd more explicitly in Figurej 
4.6. Arrows indicate derivation. The square can be folded intoj 
a Cupboard Base, which can be further transformed into aj 
Windmill Base. Similarly, the Kite Rase is but a whv stationj 
on thc poth to a Fish Base. The Prcliminarv Fold andl 
Watc rbomb Rase are thc same thing one is just the iriverse» 
of the other— but while the Prelimmary Fold alone can bef 
turned directly into a Bird Base, eithcr the Waterbomb BaJ 
or the Prehminary FoM can be used to make a Frog Base. 
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Figure 4.4. 

The Uchiyama Bystem oi'A bascs, whieh are baeed prímarily upon 
üiagonal and/or radial folds. Note thut the Kite Base, Pigh Raso, 
Bird Rase, and Frog Base are among them. 
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Figure 4.6. 

Family trcc of tht: St:indanl Rases. 



But the f'our Classic Bascs— Kite, Fish, Bird. and Frog— 
share a deeper similarity that ia only evident when orie ex- 
amines their crease pattcrns. In these four bases, the same 
fundamcntal pattern appears in niull.iples oftwo, four, eight, 
and sixtccn. 

This rcappearmg sshape is an isosceles right trianglc with 
two creases in it; Figure 4.7 shows how it appears in cach 
base in aucceasively smaller sizes. Although the crcase direc 




(b> (c) (d) (e) 

Figure4.7. 

(a) Thc baaic trangle. ib) Kite Base. (c) Fish Basc. (d) Bird Base. 
<*i) Frog Base. 
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tions (mountain versus valleyi rnav vary, t.he loc.at.ions of the 
two creases within each triangle are the same. I have shown 
aJl creases as generic creases in the figure to emphasize this 
commonality, 

Tvvo of these isoscclcs trianglcs can be assembled into a 
square, yielding thc Kitc liasc. Four givc the Fish Base. Eight 
give the Bird Base. Sixtecn give the Frog Base. The pattern is 
clcar. We could easily go to 32, in which case we would end up 
with thc blmtzcd Bird Base. There's no need t>o stop there, and 
origami dcsigners haven't. ín the mid-20 th century Akira 
Yoshizawa devised a Oah hased on the blintzed Frog Base, with 
64 copies of the Lriangle; more recently, thc creasc pattcrn for 
my own Sea Urchin < Figure 4.8), which incorporatcs 128 copies 
of this triangle, creates a basc with 25 cqual-longth flaps. 




The repeating pattern of trianglcs— first observed by 
Kenneway in his column in British Origami magazine, "The 
ABCs of Origami r — is more than a gcomctrical curiosity. As we 
increase the number of triangles, we also increasu Lhe numher 
of long flaps in thc resulting base. Thfl iirst three crease paL- 
tcrns suggcst a simple relationship bet ween triangles and flaps: 

Basc Triangles Plapfl 

Kite 2 1 

Fish 4 2 

Bird 8 4 

These thrcc crcasc patterns suggest that the number of 
flaps is half the number of Lriangles in t.he base. But small 
numbcrs can be deceiving. A sinall number of examplcs can 
masquerade as many possible sequences- for thc vcry ncxt 
base breaks the pat.tern: 
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Base Trian^lfí.M Flaps 



Frog 1G 5 

So the Froghas five, rather than eiglit flaps, as the simple 
patteni would suggest. And the Sea Urchin really messes 
things up: 

Basc Triangle.s Flaps 

Urchm 128 25 

You might find it an iiiteriísl iny f^xperiment to fold the 
crensc pattcrns that lie belween the Frog and Sea Urchin 
ínto bases and count the number of flaps in cach ( Ilint: start 
with i blintzed Bird Rase and blintzed F'rog Base, bul. y«m 
wül have to perfonn somc additional manipulatíons to free 
thc flapsj. 

So, there ísn't a simple relationship between the num 
bcr of triangles and thc oumber of flaps. But there is a rela 
tiunship nonctheless. Let us drnw an arc of a circle in the 
triangnlar unit; then draw each arc in thc unit as it appears 
in the crcase patt.ern of the base. 




'•> <h) ( C ) ,d) («) 

Figure 4.9. 

(a) The triangle unit, with inscribed eirele. ib) Kite Base. (c) Fiwh 
Hase. (á ¡ Binl Rnse. (e) Frog Basc. 



The basic trianglc unit containa 1/8 of a circle. When the 
units are combined, however, Lhc circular arcs combinc with 
each othcr to form quarter-, half-, and whole circles. If we 
count the numher of distinct circular pieccs, wc gct in the 
Kite Base, nne quarter-circle; in the Fish Basc, twu quaiter- 
circlcs; in the Rird Basc, four quarter-cireles; and in t.he Frog 
Basc, four quarter-circles plus one whole eirde, making fíve 
sections in all. One, two, four, and 11 ve. — these are the same 
numbers as the numbcr of long flaps in each of the Classic 
Ba.ses. (If wc do the same to the Urchin pattcrn, wc WÍU frnd 



Chapter4: Tradítional Bases 



25 circles or circular aegmenta — and of coursc there were 25 
flaps as well.) Clearly, t here is some relationship here bet.ween 
circlcs and ílaps. But. why circles? And what about Lhe paper 
that is not. parl of any circle? Circlcs 866X11 rather innocuous, 
but by drawing them onto a crcase pattera, we have touchcd 
on a connertion to the underlying slructure of origami, which 
WH will soon explorc. 

4.4. Designing with Bases 

Thc Japanese designers of thc past— and most of t.heir 
modom succes.sors — did not worry about units and circles, 
of course. For most of the history of folding, the Classic Bascs 
were nothing more than starting pcrints for origami design: 
yox¡ picked the basc that had Lhe right numbcr of flaps. 
For a bird with foided wingB, use the Bird Base. A human 
figure, with two arms, Lwo legs, and a hcad, use the Frog 
Basc. But what about more complex fignrea? Insect.s and 
arthropods, with six, eight, tcn, or more legs, wings. horns, 
pinccrs, and otlier appendagcs, became an enormous 
challcnge. As early as the 1950s, far-sighted origami 
designers made forays into thcse more complex bases. 
Yoshi/.awa. using a multiply blintzed base, produccd his 
remarkable crab with 12 appendages. while thc sculptor 
íieorge Rhoads exploitcd Lhe hlintzed Bird Basc for several 
(iistinctive animals, including his famous Elephant. But Lhese 
were thc cxccptions. 

And so, the early days of origami design saw the use of 
the same bascs over and over, to the point that. they began to 
sccm worn out. There are only so many treatments that can 
bc applied to this small numbcr of basic ahapes. A few dcsign 
crs -notably Neal Elias and Frcd Rohm — developed innova 
tive manipulations of the Classic Bases t.hat opened up rich 
new veins of origami source material. For the most part, how- 
ever, the Classic Bascs are preüy well picked ovcr. 

Still, onc occasionally finds a shiny nugget of onginalily 
among the tailings of the Classic Bascs. Sometimes, a model's 
structure simplv calls for the flaps and proportions of a Clas- 
sic Base, as in the designs shown in Kigures A. 10-4 15, which 
arc folded frorn the Wmdmill, Kite, Bird, and Frog Bascs. Takc, 
for example, t.he SLealth Fightcr shown in Figure 4.10 as crcasc 
pattern and folded model. lt is Iblded from the Windmill Base, 
which can be secn in íts creaKe pattern. 

Or can it? Thc crease pat.Lern, which typically show* the 
major creases of the rnodel. contains morc creases t.han just 
thosc of the base. But if you focus on the Jonger creases, you 
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Figure4.IO. 

CreaM pattern and model of Stealth Fighter. trom a WindfflÍU Basc. 



can probably pick oul r.he creases of a Windmill Baae with 
Bome ofthe Qapa Clopped around; porhaps it will help ta ahow 
just the creaaea of the modificd baae. 

When a model is f'olded from a baae (whether one of the 
Classic Bases. or a ncw special-purpoee hase designed just 




Figurc 4. 1 |. 

Crease patr.ftrn and foldcd fbrm ofthe modifíed Windmill Base from 
which the fifrhter ís constructed. 
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for that model), ífit has a linoar, stcp-by-step folding sequencc 
(as most designs do) 7 the basc creases are made first and usu 
ally persist throughout thc folding oíthe model. By examining 
the crease pattern for a model and identifyingthe base creases, 
you can gain information about Lhe folding scqucnce for the 
model becausc thc carlier steps will be devotcd to construc- 
tion of the basc. The bnse creases tend to bc longcr than later 
folds in thc sequence. Thus, for cxample, in the Snail shown in 
Figurc 4.12, we can pick out sevcral long creases in the pat- 
tern that ident.ify the probable basc, which is shown in Figure 
4.13. 




Rgure4.l2. 

Crcase pattern and model of Snail, írorn a Kite Ba.se. 



In this pat.tern, composed of only six creases. you can al 
rcady aee the basic structure of thc tnail; the tail, the two cor 
ners tliat beoome the antennae, and the longcolored point that 
becomee the shcll. 

The full pattcrn obtained by unfolding thc folded model 
is often too cluttcrcd to clearly discern thc structure. It ie more 
uscful to show just the major creases, typically those when the 
basc is complete but heforc thc ñnal shaping has begun. 
Throughout. this book I will show crease patterns at this inter- 
mcdiate stage of foldmg, along with a drawing of thc shapc 
that correspnnds to the creasc pattem and the folded modcl. 

Tnterestingly, thc more complicated the basc is, the easier 
it often is to recognize in the crease pattern bccause its creases 
ínrm a distinctivc pattern. Tn the Valentinc in Figure 4.14, it 
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Figure4.l3. 

The basc creases (a Kitc Basc plus a aingle raveraa fbld I tbr the Snail. 

in not particularly clcar froiii Lhe fblded model where it came 
rram, but in its creast paLLern, its Rird Base hcritage is un- 
mist.akably present. 

Similarly, the ouLlines of a Frog Base arc clcarly visible 
in the lines of t.he Hummingbird in Figurc 4.15. 




Figure4.l4. 

Crwn pattern, basc, and i'uliied uiodel of Valentine, from a Bird Base. 



Chapler4: Tradilionai Battt 
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Figure4.l5. 

CreH.se pat.l.ern, hase, and folded modcl of Ilummingbird, from a 
Frog Base. 

4.5. Simple Variations on Bases 

lb move out of the conñnes of the standard bases, in what I 
will call the early exploratory period of origanii, the 1950s and 
1960s, many folders expcrimcnted with alterations and com- 
binations of thc bascs. A not-uncommon tactic waa to fold a 
square half as onc base and half as another: thus. a half-Rird, 
half Frog Basc, for example. However, wit.h only a handful of 
bascs around to ttttrt wit.h, <>ne quickly exhausts the possibili- 
tics of the tochnique. 

The 19608 and 1 970s saw another variation that can also 
lead to new slructures: Use thc creasc pattcrn of the orijnnal 
base, but disturt it in some controllablc way. Thc most. com- 
mon application of this second approach is to offset the base, 
that is, shift the nexus of creascs that lypically arises at the 
center of thc papcr away irom Lhe true center, either toward 
an edgc or toward a corner. Since the amount of shift was some- 
thing that could be continuously varied, this techniquc pro- 
vides a greater ranije of possibility than discrete combinations 
of fractional bases. 

As an example, the creasc pattcrn of a Bird Base can bc 
shifted in two distinctly diffcrcnt ways that preserve somc 
symmetry, as shown m Fiffure 4.16. The crease pat.tern can be 
shifted toward a corner or an edge. 
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Fígure 4.16. 

Left: u Bird Butíc. Middle: the crense pat.tern ^hitted toward a cornor. 
Ritfht; thc crcasc pattcrn shiíted toward an edge. 

Neither of the two variations is aesthetically pleasing; 
the creases terminate in rathcr arbitrary locat.ion.s, resulting 
in several points with ragged edges and others with a paral- 
lcl-cdgcd stríp running along one side. These excess bits wül 
usually dctract from the model unless they can bc incorpo 
ratcd into the deaign — th&t is, used to create onc or moro 
additional Features of the model. That this incorporation can 
be done successfnlly is illustratcd by tho Baby ín Figure 4.17. 
which is based on an offsct Watcrbomb Base, and which uaea 
the extra strip to rcalizc thc color-changed diaper. Can you 
identify the creases of thc Waterbomb Baae in the ereaae pat- 
tern? It will bc a bit harder, because portions of the base 
creascs havc changed direction or been smoothed out in thc 
coursc oHolding t.ht j rnodt-l ,vo Lhey are not as evident. NeV 
ertheleas, you should be able to pick out the creascs of a 
Waterbomb Baae shiftcd toward an cdge. 

It is also possiblc to offsct thc ccntral crease clurtter while 
preserving the points whcrc the creases all corne togelher at 
the corners of thc squarc. This elirninat.es t.he ragged points 
of the prcvious offsetting technique, but now the edges of the 
íbur pointa are no lonijer aligried. That may or may not bc a 
drawback; two of the poitits are now longer than thc othcr 
two, making the base perhaps better suited to othcr subjccts. 
Sucii a base is said to bc a distorted base. 



Chapter 4: Traditional Bases 



Figure 4.17. 

Crease pattcrn, base, antl folded modcl of Baby, from an offsct 
Waterbomh Bnsc. 




Rgure4.l8. 

Leít: an ordi nary Hird Basc. 

Kight: a distorted Bird Basc with thc cc-rners prescrvcd at the corners 
nf the square. 
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There are many more disi.orr.ions that can be performed 
on thc Classic Bases and thair mmbinations, but rhey dont 
change the basic structurc. A Rird Basc has four long flaps; a 
distorted Bird Base still has Four longish flnps, even if onc or 
two arc now a bit longer Lhan the othcrs. Oflsetting and other 
disLortions can vary the distribution ofedj»es around a flap, 
but. thcy don t create eritirely ncw flaps. Even if thcy did not 
consiiLute such well-Lrodden turf, the Classic iiascs don'1. have 
enough variety among them to serve as a starting point for 
all origami suhjects. Quitc often, howcver, the orijjami de- 
signer will fí ntl Lhat a Classin Base sufficcs— ahnost. Thc situ- 
ation will arise when you need juat a bit more— an extra flap, 
a single longer flap, a cluster of points where one exists. in 
such cases, wc'll need Ln deviate from the standard baaea, 
which we can do in eevera) ways. VVe can convcrt single poini.s 
tO multiples, we can add extra paper to an cxisting hase, and 
finally, we can design an entirely new cuatom-purpoae base 
starting from the structural form of thc model. Each of these 
three approaches is a stage of origami deaign, each moving 
farther into new dcsign temtory 



Chapter 4 Traditional Bases 



Folding Instructíons 



Pteranodon 



Goatfish 




Chaptcr 5: Folding Imtruction 
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Pteranodon 




I. Bc.nin willi a square, 
coloied sitle up. FoWI and 

uofold along the diagonah, 

Turn the papor ovcr. 




2. Fold tho paper in hall 
from eclge 10 cdge und 
untoltl. Repeal ihc other 
dircctiou. 




3. Bring all four comers 
together ;n the bottom. 
forminu a Prcliiuinaiy 
hold. 
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4. Petal-fold the tront tnd 

hack flaps to l'ortn a Rinl 
Rase 



/ 



/ 




5. Fold one llap 
down ii) froiU und 
one behind. 




6. hokl the upper left edge 
down to ihe honzontal 
ctease aud unlold. Repeal 
with the uppci litihi cdge. 




7. Fold the top point down 
along n crease that passed 
throutih the crease 
intcrsectton along the 

CCtllCt Iiiic. 




8. I'old up the tip of thc 
corner along a uease 
alijmexl wirh the existing 
Itorizontul crcasc. 




w 

9. Unfold to step 6, 



5 




10. Opcn-sink tbc 
point in and out 00 thc 
extsiing creases 




1 Yr 



1 1. Spread-sink the 
two top ncar 
coincrv Rcpcal 
hehind. 




12. Fold one long 
flap up iii frooJ and 
one up hehind. 




13. Fold thc botlotn lcfl llap 
Up to lie along the horizontul 
crea.se; crease ligljtly and 
unfold. 




14. fold the tlap np again so that the 
cicasc luls thc cdgc ul thc same point. 
but iiow thc lcft cdgcs arc aligned. 
Crease firmly and unfold. 



r oldmg Instructions: Pleranodon 



I 17 




15. Ajiain. fold thc flup up with 16. Cnmp using the 
the erease hittinp the left edfie cxisliug crcuscs. 
in the same place. but now the 
richt edges are aligned. Crease 
tirmly and untold. 




17. Pull out the loose 18. Thc ruw cdgcs should hc 
pupcr enmpletely on perfcctly horízontal; if they 
bolh thc ncar and far aren't, adjust Ihe crimp tuid 
sides of thc flup. Ilatten. Then reverse-fold thc 

whitc flap to the lett. 




19. Squash-fold the 20. FoM the corner 21. Pold a rahbit ear 

flap over to the nght. over to the left. 
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25. Pold one hiyer t<> 
thc left 




26. Foltl one llap 
down. 



/ 

— 


\ 






\ 





27. Open the rijíht side 
of the model, whiih 
caoses the hidden edr»e 
to squash downward. 



28. Cloxe the model 
back up. 




2«>. Crimp thr lelt 30. Reverse-fold the cotdct. 31. Mountain íold 

side upwanj Nole that the inountaiii fold an edge behind. 

alijjns wilh a valley eiea>e Repeal behimi 

on the layer beneath. Repe¡it 

behind. 




M. Fokl thc riuhl edge 33. Narrow the flap by 34. Carefully reverse-rold 35. Oulside reveise 

Dvcr and ovlt, dividiuu fonning a rabbit ear. through the thick laycrs. foM the layers. 

the an^le in thirds. Repeat behind. IIh: lop cdge of the reverse 

Repeat hehind. fokl hils ÜK inarked spot. 



Fotding InHructiom: Pteranodon 




M>. Mountuin-fold the 
rear flup to thc Gront 
as fai as pussible. 




40. Fold the wing tip 
down. Rcpetf bcllind 




44. Pull out some 

loosc pilpUl tlOIII the 

leading edge of thc 
wing Repeat behind. 




37. Fold the top cdge 




41. Fold the wing tip 
back up so that thc lcft 
edfce is aligned with 
the layer beneath. 
Repeat hehind. 




r 

45. luck the small 
OOfHOi undci a raw 

edge. Repeal behind. 




3K. Nring the near 
w ing in tront ot thc 
head. 




42. Unfold to step 40. 




46. Sh.ipe the head 
;ind logs 




39. Fold the wiinr 
dowo and unfold. 
Repeat hehind. 




43. Criinp llie wing 
on the cxisling 
creases. Repeut 
behind. 




47. Finished Pteranodon. 
Hold the neck and fect 
and pull to niake him flan 
his wings. 
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Goatfish 




1. Begin wilh a square. colored 2. Fold thc paper in half from 3. Brimi ifl four eorners 

side up l'old and unfold along the edge to edge and unfold. togethei at the bottom, 

diagonaK Tnrn the paper over. Repeat the other ditection. forniiiuj a Pieliminary Fi 



Folding Instructions: Goatfish 



4. Fetal-fold the front 
and hack ll,ips to fonn 
a BircJ Baae. 




8. Pull out Bomc 
loose papei as fur 
as possible. 




12. Mountuin folJ thc 
ed.L'e underneath 



5. 1'old one flup 
down ín Iront 
tnd one behind. 




9. Sqnasb-foU tbc comcr. 

swin«rinp the white flap 
ovcr lo the left along u 
verlicul vullcy fold. 




13. Llsing the cx islin^ 
creascs, hring the two 
boltlOUI corncrs fogether 
while buckling thc 
middle upwuid. 



6. Pold ihe upper lcft 
edge down to the 
horizontai crease and 

unfold. Kcpcar with 
the uppcr right edpe. 




10. Pull out Mme loose 
paper on the right us m 
slcp H. 




14. Keverse-fold thc 
edge inside 



7. Fold onc tlap up t 
the right 90 thal the 
right edge is ali^ned 
wiih the layer 
undenicath 




15. Rcpeat stcps 
7 I4bcbind 
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16. Squash-fold one 




f 

20. Revefse-fold (he 
corner. 




24. Crimp the bottom 
right point upwurd s<> 
thnt its hottom edjv is 
borizontal. 



f 

28. Criinp the point 
using the existing 
creases 




17. Open out the raw 
edges and fold the Rap 
down and to the npht 




21. Fold the two points up 
and ont to fhe sides, one t<> 
the left. one to thc right. 
Repeal behincL 




25. fold and unfold 




29. Pull olu the loose 
paper eompletely. 




¿ 

18. Mountain-told ihc 
corner underneath. 




22. I old and untold 

thC splll |MHIlt. 




26. i.niold Loatep 24. 




31). lold ;md unloltl. 




f 

19. Fold the flap in half. 
lormiin: u small reverse 
fold as you close it. 




23. Revcrsc-fbld the 
pair of points tO the lefi. 
so th.ii the tolded edge 
liivs up wílh thc crease 
you madc in Btcp 21. 




27. Fold and unfold alonji 
a creuse perpendicular to 
the rijiht o<hy. 




31. üutsidc reverse 
fold the flap, then put it 
behmd the left flap. 



FoluW Inttmctíons: Goatfish 






/ppf 



32. ('rimp the left point upvvard: 
note Ifaal ihc lower ereuses arc 
pcrpendiculat to the edjie. 



33. Pold thc flap up 
alonj: thc lolded ed.uc. 




36. Rcv ersc-fold four 
eonicrs upvvard. 




39. Kevetse-fuld thcconict. 



I 




42. Reverse fold tvvo 
eonvrs to align vvith the 
foldcd cdges. 



34. Fold the flap back to 
the left along a crease 
p erp eildiculaj to the edge. 



35. t'nfold to step 33. 




37. Crimp thc lcft flup upvvard on thc 
existing ereases; ul the vamc lime, push 
down some paper from the underside of 
the llap to thc right of the erimp. 




40. Unwnp u sm^lc layer. 

43. Reverse-told tvvo 
comers roalign vvith the 
folded edces. 




38. Moiintain-fold the 
inside flap as far down as 
possiblc. 




41. Ueverse-fold the corner. 




44. Reversc-fold and squash the near 
flap up and over to the left. farmin| 
a long gusset in the layei beliiud Ütc 
flap. Repe;it behind. 
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V 




45. ReveiNc-íold onc edgc. 
Do not icpcal bchirid. 



46. S<]uash-fold the 
flap upward. 



47. Turn the paper over. 



I 



/A 






48. Tuck thc cdirc 

intD the pockeL 



49. I urn the paper 
buck ovcr. 



5(1. Potd thc thick 
cdge upward. 



51. I old one flapdown 
in front and hchind. 






52. Fold and unfold. makirig a 
light pinch through the diagonal 
crease. 



53. Fold the top point down 
along a huiizontal cieu.sc thal 
nuis through the pincli you jusl 
made. 



54. Kevcrse-told thc cd«c, tuckm^i 
llic c.\cess papci uiidcmcadi using a 
verlical tiiountaiii íold. 






55. 1 'old the tlap up. 



56. Unfold to stcp 53. 



57. Refold, makim» thc crease.s 
on thc front sidc maieh thc 
crcascs on thc far sidc. 



Folding Irvstruelions: Goalíish 
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58. Mountain-rold rhe rdges 
inside in ffont and hehind 




5'). Mountain-foM one of the 
two paind llaps inside. 




6«. Ret'old the ciimp 
you undid in step 26. 




61. Outside revcrse-íold 
the right sidc. 




62. Pull i>ul the eorner. 

Repeai bchind. 




63. < 'rimp the point 
downwanl. Repeat beliind. 




64. Crimp the corncr und twist 
it upward to the lcfl. Rcpeat 
hohiníl 




65. Crinip the rieht 
side underneath. 




6<>. Reverse-rbld twi» inside 
coiners crealed by thc criinp. 





67. Reverse-told the middlc 
point fof three) upward 




6K. Mountain-fokl tfac bottom 
cdges <>l rhe jaw and bellv, 




69. Hniühed Goatfish 
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The currency wir.h which the origami dcsigncr tútmí 
ofteo deala ia thc point (or flap). SubjecLs can be 
classified by the numbcr ofsígnifícant|>oinLs Lhat 
they have. A snakc has two (a bead and a tail); a 
standing bird has íour (six, if the wings are 
outstretched). A mammal has slx ( (bur legs, a head, and a tail), 
while a spidcr has cight. A lob.sl.er inay havc twclvc; a ccnti- 
pede, one hundred. The number of points in thc subject dictatcs 
Lhc oumber of tlaps needed in the base from which it is folded. 

The number of pointe assigncd to thc subject dependa oot 
onl> on the Bubject, but also upon what thc deeigner deñnee as 
a "signifícant" point. Quite oftcn. minor featuree such aa eara 
niay be clerived from small amounLs of excess paper in the 
model and may bc safely ignored ín the initial stages of 
deeign. However, thc larger the point is, the more important it 
is t.o includc it in the ground stages of desitfn. 

Most peoples lirsL desirrns are modifications of anoLher 
model. Ones first ytrucLural design might vcry well be a niodi- 
íication of an exisLinu base, eithcr a Classic Hnsc or perhape a 
more recent base from the origami litcraturc. A príme reaeon Lo 
modify a base is to obtain onc or more extra llaps. Short. of rede- 
signing Lhe basc entircly, it is often pos&ible to convert. onc Qap 
into two, three, or morc flaps by fulding alone, a proccss I call 
poült-splitting. Thc abiliLy to split a point — without cutting — is 
a uselul tactic to iiave in the Hesirmers arsenal, and it also pro- 
vides tangihle evidence of thc mutability of ongami bases. 

5.1. The Yoshizawa Split 

01 course, there ís always onc way to gplit <\ point — cut it in 
two. Traditional Japanc&c designs quite oft.cn did spiit points 
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L Told tlu- iop of the flsp down and 
unfold 



in this way (the cuatom of onc-piece, no-cut folding is a rela- 
tavely modern restóction) and many of the dedgnen of khe 
1950s and 1960s had no compunctions about cutting a point 
ínto two or morc pieces to make ears, antlers, wings, or anten- 
nae. Isao Honda— who for many in the West dcfined 1960s 
ongam. dcsign via his English-language publicatirms-uscd 
cuts as a matter of routine. Yoshizawa, the man from whom 
Honda derived many ofhia dcsigns, also on occaaion used cuts 
out even in the 1950s had developed what ifl to my knowledge 
the first techniquc of splitting a point into two hy fblding alone 
This procedure is ülustratcd in Figure 5.1, un a Kite Basc flap 
(I encourage you to fold a Kite Basc and try it out ) 




2. Sink the tip 011 ihc cxi.sting 
crcascs. 



3. Mountain-íold a |xirtion ol thc 
flap behmd. The rxact ainount isn'r 
C riticul. Thcn nirn the papcr over. 





4. Fold the tlaps up and spread-sink 

the r orners. 



5. Finished spln tlap. The dnshcd 
hne ihows thc outhne of ihe 
oripinal flap. 



Figure 5. 1 . 

Sequence for splitting a Kite Bas* flap ínto two smallcr pointo. 

Whcrc once thcre was one flap, now there are two flaps, 
aiheii conaiderably shorter than the one we started with (whkfa 
ia indicatcd hy the dashed line). This maneuver is particularlv 
mce for turning onc long flap into a short pair of ears, whteh is 
preciscly what Yoshizawa used it for. 
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Of course, the resulting points arc smaüer than the one 
wC gtarted with; nothingcomcs for free. Our folding geqnence 
was oot particularly directed at makmg them Long, which 
leadfl to Lhe question: How long couJd they get? 

That question actually raises ;i rnore fundamental one: 
Hovv does one quantitatively detine Lhe length of a flap? Intu- 
ition suggests that we defme the length of a flap as thc dis- 
tance from Lhe bnseline to the farthest pomt of thc tlap, hut 
this only pushea the queatiorj dovvn a level: VVhat would wc 
mean by the baaeline of the flap? Let us define the baaeline of 
a flap as an imaginary iine drawn across the llap, al>ove which 
the flap can freely inove. Whilc this stáll permits some wiggle 
room in the defínition, it allows us Lo deílne a haseline for the 
two flapa in thc split point above as t.he obvious hoñzontal 
crcase; !n this casc, wc can clearly defíne thc lcngth of thc 
two flaps as shown in Pigure 5.2. 




6. 1 hc ncw tlaps arc shorter th.m 
the onginal vve started with 



Thc two new Elaps are less than 1/4 of the length ofthe 
onginal — not a very good tradeoff, ít would seem. That geta 
us back to our question: How long can we make t.he t.wn flaps? 
If you have folded an example to play wit.h, you can answer 
this experimentally, by taking llap A and gently pulling it 
lower down whilc mas.saging the *pread-sunk triangles and 
allowing them to expand toward each other, as shown in Fig- 
ure 5.3. (It is actually easier to do this before having cvcr 
pressed thc two tríangles flat.) 

As Yoshi/awa pointed out in his opus, Origumi Dokuhon 
L the optimum length is attaincd whcn thedistance firom the 
Lop edge down to the valley fold is equal to halfthe width of 
the top edge. 

('learly, thesc arc the Inngest llaps we can make, at least, 
by this techniquc. Note that the baseiine of thc flaps movcd 
downvvard in thc process. Quite often. we have thc baseline 
ofthe flap already deííned and we'd likc to make the longest 



Figure 5 J. 

Comparison of the uriginai antl 
newly created flaps. 



Chapter 5: Splitting Points 
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Figure 5.3. 

Const.ruction of the maximum- 
lenjíth pair. 



Fígure 5.4. 

PÍMt fold for thc optirnum- 
length pair. 




7. Grasp Jlap A. am1 pnll it lower 
wlnlc cxpandinp. ihr spiead-suiik 
comcrs. Hatien when thc two 
sprcad-sunk trianples meet in ihc 
irnddlc of ihe paper 



8. The inuxmium lenpih p.iir of 
poinb. 




points possible extcnding from that baseline. Examination of 
the geometry of the point pair shows that, with a íew 
precreasee, we can go rtraight to the optimum-lcngth FoM, as 
shown in Figure 5.5. 

Even in the oplimum lcngth case, thc two flaps you end 
up with arc inuch shorter than the originai flap you started 
with. Thc ratio of their tengthi ean be workcd out. using a bit 
of trigonometry. 



short flap _ t;nn,33.75 e ) 
lony flap (80(67.5°) 



0.277 



Each of the short flaps is 28% of the length of the long 
flap; in ot.her words, we've given up almost a factor of four in 
lcngth. This seems iinnecessarily wasteñil . One might think 
that Uie length of a long flap could somehow bc divided up 
when we split the flap; onc might think wc should t>e ahle Lo 
divide a lonp tlap of length 1 into two flaps of length 1/2, or 
three of lcngth 1/3, and so forth. 

And in fact, we can do better than thc Yoshizawa split. 
This proeedure is quick and (relatively) *implc, and it's 
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4. Suik th<? pottl Oa Ihc crcasc ynu S. Mouiilum-loUJ thc lar cdtjc 6. l'inishcd pair of flaps. 

-sinkin^ thc 
couieis. Turti Ihc modcl ovcr. 

Fígure 5.5. 

AltoniaLH fohhng sequencc for the opLimum-length pair of points. 



certainly good enougfa to generate a short pair of ear.x, but Lt 
would be oice Lo do hetter — for examplc, to take a three-legged 
Bird Base animal and givc it that eiusive fourth leg. 

5.2. The Ideal Split 

The key to mak ing two longer flaps is to ignorc l.he loreground 
and examine the hackground; that ts, turn our attention away 
írora thc flaps themselvcs and instoad, look at the space 
around the flaps. The thing that. makes two fkips two instcad 
of one íís not the paper making up the flaps; it's the spacc 
we've oreated bctwccn the flape t.hat. defines thc pair. What 
limits Ihe length ofthe flap is the length of thc gap. And tltat 
is significant bccause the gaps as well as thc flaps consume 
paper— and so we must allocate paper for both. 

A small thought experimcnt will hring t his out. Suppose 
you wishcd to travel from thc tip of one flap to the tip of thc 



Chapter 5: Splitting Points 



95 



othcr, but you could only travcl along the paper — you couldn't 
jump acro88 the gap. Imaginc a microscopic bookworm that 
travela within a sheet of papcr that is, he crawls betwecn 
the two sides of thc shcct but never venLures to either surfacc. 
(He is a very shy bookworm. ) How far must hc crawl to get 
from the tip of one flap to the tip of the othcr? Evcn withouL 
knowing anything abouL the folded structurc of the two flaps, 
we can say for cerLain that the bookworm musL travel from 
Lhe tip of onc flap down to its baselinc, thcn back out Lo the tip 
of thc othcr flap (at a minimum) bccause there's no shortcr 
path that doesn't require the bookworm to leave the paper, as 
shown in Figure 5.6. So thc bookworm must travel the sum of 
the lengths of both flaps. (And since it. rnay not bc possible to 
go from the baselinc of one flap directly to thc other flap via 
the interior of the papcr, the joumey could be evcn longer.) 



Figure 5.6. 

PíUh followcd by an nrigami 
bookworm 




Suppose, for Lhe momcnt, that our hookworm were fur- 
thcr rcstricted to traveling only along folded or raw edges. Thcn 
there is only h small number of paths he could travel along. 
The two shortest paths, labelcd A and R, are shown ín Figurc 
5.7 by dashed lincs (in some cases, he is traveling along hid 
den layera of paper). A third path, labeled C, is shown that 
does not follow existing folds. 

Tt hclps to distinguish the diñerent paths hy simulta- 
neously cxamining the crease pattcrn and the model with the 
paths drawn on each. These arc shown together in Figurc 5.7. 

Of course, paths Aand B arc only two of the possiblc paths 
the bookworm cquld take, but these are the two shortcst paths 
that. trnvel along foldcd or raw edges of thc paper. NeiLher, 
however, is the shortcst possible path from the bookworm s 
point of view, which is the same whether thc paper ¡s folded or 
unfolded. That shortest path is easy to draw on the crease pat- 
Lern; it's a straight lme. It's a bit harder to work out what it is 
on the foldcd model, lying as it docs in hidden layers of paper. 
but it is shown as path C in Figurc f>.7. 
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Fígure 5.7. 

Upper row: path in the folded form. 

Bottom: path travcliug along thfi «nrfacc of the papcr. 

Now, what's interestmgifl thatalthough path C ís the short- 
est path from tip to tip in the unfolded paper, it's clearly not the 
shortest. poflsible path in the folded model. As can be seen in 
the Bgure, the bookworm baektracks a bit and acLiially travela 
somewhat below the ba*eline of the Lwo pointa. This meana 
tnat we ve devoted more paper to Lhe gap than we really neaded 
to-paper that coatd hava becn used to make longer pointa 

In the most effidant poeaible Btructure, thc amount of 
paper that üj used to create a gap betwoen two pointa would be 
M closc as possible to thc mmimuni required. In other words 
U we compared the tip-to-tip path m the foldcd model and Lhe 
crease pattern, t.hey would look flomaUung like Figure 5 8 
01 course, we don't know what the reat of the creaee pat- 
, ,ooks hk * or cven what the lolded model looks like But 
weve idcnt.fied scveral salient features of both. VVe know 
^here the tips 0 f the two points are íindicated by the hlack 
aote) and we know how deep the gap is in thc fblded modcl 
^naii the distance between the point tipa on the craaae pat- 
tem .. Knowing the depth ofthe gap, we also kn«,w where the 
oaselme of the two flaps must be, and WG can make corre- 
Bponding creases on the paper. 
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Figure 5.8. 

Thc optimum t.ip-to-tip puth. 
Top: path in thn folded modcl. 
Bottnm: patli through the 
paper. The crcases (and the 
cxacl shape of t.hc f'olded model) 
are not yet tpedfiecL 




Now, we have two points with n gap between thcm, and 
the shortest bookworm path on the crease pattern is also the 
shortest bookworm path on the f'olded modcl. This strikes pre- 
cisely the right balance between paper dcvoted to the flaps 
and paper devoted to the gap. The paper saved from the gap 
can go into making longer flaps. And mdeed, a comparison of 
the f'olded and original flap in Figurc 5.10 shows t.hat thc two 
ílaps are indeed longer fhan in the simpler split. 

The ratio of the lengt.hs of the new and orin^nal flaps is: 

shorl flap tan(45°) 
lungflap "^11(67.5^) " ' 414 ' 

which is almaet 50% longcr than that obtained by siinply sink- 
mg and spread-sinking the corners This is, in facL, t he long- 
cst possible pair of flaps t.hat can be made from n standard 
BinJ Rase corner flap. and so I call it an ide.al splti. 

One quibble you may have: In thifl form, the two flaps 
overlap each ot.her while the Yoshizawa-split flaps have day- 
light betwccn them So the structures are not pcrfectly com- 
parable. It is possible to furthcr sínk and squash the ideal split 
to put a gap between thc two ílaps (at the cost of u flligfat re- 
duction of gap depth). But if you fbld thc two pairs in half (afl 
one might, for examplc, in making a pair of ears), then the two 
arrangements can be compared directly ísee Figure 5.11). 



98 



Origami Design Sccrets 





1. 1 or aii Qpdmilly cthctcnt point split, 
i 10 pomi whcrc ihe base crease hit.s thc 
edgc is scparated from thc dcsirea point 
lip hv J di-.tanrr equal Kl halt lhc 
scparatiun heLwccn thc point tips. 



2. Now well rcíold Ihc hkmIcL Thc 
top poinl ism'l uscd; fold itdown. 




4. Makc creun thai connccl thc 
edpes ot the bav with die pouiLs 
rhai wiil become the tips ol' tfac iwo 

Hapt. Turn ibe roodd uvlt. 



5. Squcczc thc sides in so that ihr 
cxtra paper swinps downwanl. 
u.sin^ thc rrciscs on the fai layeis 
ÚUU you made tn the previous siqj 





kovcrse foki ; .hc cdgc msidc. 
Observe that ihe edge of thc rcverse 
fuld (thc black dot) lines up with thc 
prcviously dcíined base. 



8. The finishcvJ -íplil puint. Now thc 
shorrcst putli un dx ueusc pailcrii is 
ibo tfae shurtcsi patn on thc toldcd 
iuni lcl. 




J. l old the sides ín. 




6. Fuld Ihe exccis puper írom side co 
side. Fbttea finnly. 




9. Crcase piitlcrn 



F¡gure5.9. 

I 4 'oldinrr soquence for thfl ideal split. 
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Figure 5.10. 

The finished point pair 
compared to thc origiiml ílap 
length. 




Figure 5. 1 I . 

Tho idcaJ split is ahout 50% 
lon^er than thcYbahizawa split 




The ideal split takes morc folds to perform if you fold ít 
thc way I showed in Figurc 5.9. But that sequence was de- 
signcd Lo illustrate the conncction bet.ween the paths and crcase 
paLtern. Thats not necessarily the most straightforward way 
t.o fbld. Once youvc worked out Lhe crcasc pattern for a model 
or lechnique, it's worthwhile going back and experímenting 
with different ways of ínlding. Therc arc many ways of per- 
fonning an ídeal split on a st.andard flap. The sequenoe in Fig- 
ure 5.12, whieh waa developed by John MonLroIl, is one of the 
most elcgant. 

There are numerous variations, both in arrangements of 
layers (note Lhat this scqucnce haa a sliyht.Iy different arrange 
ment. of the layers) and ín the folding scqucnce that geLs you 
to t he finish. 

Point-splitting emn he used to brcathc new life into okl 
structurcs. For example, few shapcs arc as picked-over as the 
venerabic Bird Rase, possesscd of four large flaps, corrcspond- 
ing to hcad, tail, and two wings. Hut by aplitting the tail point, 
we can create two legs instcad of a tail; by splitting thc hcad 
point, we can creatc a hcad wiLh an open beak. a head with a 
crost, or quite anothcr flying beast altogcthcr: a Pteranodon. 

You will find folding instructions for this fígnre at the end 
ofthú chapter. It includea both ídeal and Yoahizawa aplite. 
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1. FuM thc lup ofthe flap down. 




2. Fold the rhip up sothat it* tiglu 
cdge ll ;ili>:iicd with ihr. layer 
undonuath. 



x~0 




■ 



5. 1'ull out the !oom edge as far aa 
possiblo. 




4. Stniash-fold the edoe and swing 
thr tlap over lo ihr left on a veiticul 
fold. 




5. 1'uíl np the luose edgc us faras 



possihlc, ivlea 
undcr thr flap 



.n;i ihc trappcd paper 




6. Ontside reveise l'uld :he wlwL- 
poinl 





7. Reverse lold ihc flap through th«? 
inodel Then tum the model over. 



8. Rcverse-lolil thc flap back lo thc 
ccntcr linc. 



Figure5.l2. 

Folding scquence for the ideai split, uftcr Montroll. 

Sphts can be used for more than point multiplicatiun; as an 
auxiliary benefit, by splitting the large ccntral pmr.L with a 
Yushizawa split, we can reduce its hcight whüe preserving 




V. I'mished idr.d split 
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1. Top eieu.se puticm for a cnrncr 
flap Bonom: Uic loldcd tlap 



Hgure 5.13. 

Crcase par.tern, base, und folded model tbr a Ptcranodon. 









2. J'op: crcise paUem for an cdgc 
flap. Bonom: the fokfcd flap 



3. Top: crease pattem foi a middle 
Rap Botiom: ihc foldcd flap 



Figure5.!4. 

Crcasc pattern (upper row » and fobfod flap üowcr row) for three t.vpcs 
of points: (feft) comer fla P> ímiddlc) cd^e flap, (right) middle flap 
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thtf ílapping action. so t.his Pteranodon flaps its wingB whcn 
you poll its hcad and legs like the traditionaJ flapping bird. 



5.3. Splitting Edge and Middle Flaps 

Thfl folding sequcncc I showed in Figure 5.12 works for a 
cor nt>.r flap, 8 flap formcd from a corncr of thc square, which 
describes the main flaps of the four Classic Bases. In addi- 
tion to four corner llaps, the Prog Base possesscs a diffcrcnt 
type of flap: Its central point comes firom the middle of thc 
paper, a so-called fflúddle íl^i». Furthermore, t.he smallor points 
on a FVog Base come from the edge of the paper, an edge Qap. 
You might ask, is it possiblc to split cdge and middle Hap6? 

Indeed it ts. although thc layers gct thicker and less man- 
agcable as you movc from corncr to cdgc to middle flap. The 
proccss is relatively straightforward for an cdgc flap. An edge 
flap still has t.wo raw edgea, and bo it can be treated like a 
corner flap and split ínto Lwo poitits in the sarne way as a 
corner point. In fact, the folding sequence illusLrated in F¡g- 
ure 5.12 may be used as well on an edge flap 

However, a midcilc flap has no raw cdges, which played 
a prominent rolo in thc fblding scqucncc of Figure 5.12. But 




I . \ssemble i'oui eomer split erease 2. . . .to obtain thc LTCtwc pattern for 

patteraa imkkOespliL 



Figure 5. 1 5. 

A middls tlap can bo conslructcd by stitcbing together four corn^r 
flaps íaiid thcir crcasc pattcms) along thoir raw edges. 
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I. Hegin wiüi u 
Frop. R;iv Fold ur»d 
unfold to definc thc 
haseline. 




V 



8. Closc thc 
model back 
up. 




2. Top nl ihe model. 
Fold and unfold. 




5. Wrap one layer 
of papcr to the 
Iront. 




9. Kcpcat strp 1 - 
6-8 on thc next 
iwo lavcrs. 



r 



i 



3. Plcat and fold a rabbit 
car trom thr thirk point 
using thc cxistinp. cieaset, 




6. FoJd onc layer to the 
nght. rclcasinp the trappcd 
papcr at the left th.it links it 
t<> thc next laycr. 




10. Swinr the 
point over to the 
lclt. 




4. Fold and 
untold throuph all 
layerv 




7. In progress. 
Full papcrout 
Irom here 




1 1 . Kcpcat steps 
6-10 on thc 
righi. 




12. Thcrc are four edges un Ihc 
top nght; pull out as miich of 
üie loosc paper hrrween the 
Uiird and fourth edges as 
possible. A hidden pleat 
disappear»; in ?he pnxess 




16. Fold and 
unfold. 




13. Pull oul Üic 
loose papcr 

betweea the 

fnst and 
second laycr. 




17. Opr.n sink tbe 
point You w¡U btve to 
open out llir lop of thc 
modrl somewhut to 
arromplish Üüs. 




14. Svviii£ ihc 
point back to thc 
right. 




18. Rearrange the luyers 
:il ihr top so tliut tbe 
ccntral sijuare forms a 
Preliminary Fuld. 




15. Repeat steps 

12-non(hc 

left 




19. I'old one layer to Üie 

richt in finni ! onc lo 

the left hrhind The 
modrl should be 
symmrtrir u> in stcp I . 
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20. Pc-tül fold 




21. FoM the rliip 
back upward 




22. l-olil ;inil imrold. 




23. Closcd-sink Ihc cdücs 
on thc crca.scs you ju.st 
mftde. 




24. Qotedrsink the next 
pairof edge. 




25. Repeat stcps 20-24 
behind. 




26. hnished íour poinis. 



Figure 5. 16. 

Folding scqucncc to split a midcllc llnp into four smallcr flap.s 



wfi cnn get nn idcn of whnt. is possihle by dXBJTnining thc crcasc 
patterns of corner, middlfi, nnd edge flaps. 

As Ki^uri: 5.14 shows. Lhe creaee pattem for nn odgG llap 
is sirnply l.hal of a pair of cnrner flnps, and that of 8 míddlfi 
ílap is í'our corner flaps; edge and middle flaps themselves 
can be made by sewing together corner flaps along their 
raw edges. 

It thus makcs sensc to sec if the analoKy continucs. For 
examplc, is it possiblc t.o put togethor thc crcasc pattcrns for 
four split corner tlaps to get t.he crease pattern for a split 
middle llap? 

lt k->, and bhe result is shown in Kignre 5.15. Thia can be 
folded up lalthough some of the crease directions will have to 
bo reversed from what is shown). The sequence to fold it di- 
rectly from a middle flap is quite challenging, however, which 
perhaps accounts for its rarity in published origami dcsi^ns. 
One possible sequence is shown in Figiire 5.1f>. You can try 
this scquence on the top of a Frog Rase. 

VVhen you split a middle flap, you obtain four smaller 
flaps. íSimilarly, an edge polnt can be split, intn eit.her two or 
thrce flaps, depending on how you orient the creases with 
reapect to the edge.) The split middle flap ghres rise to an 
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interesting relationship. Each of the four resulting flaps has a 
lengt.h 0.414 times the lcngth of the flap that you started with, 
which means that the lotal ílap length — the sum of thc lengths 
uf the four created flaps— is 1'our times that ratio, or 1.657 time.s 
the length of the starting flap. In othcr words, t.he total length 
of the creatcd ílaps is actually longcr than that. of t.he flap you 
started with. 

Since the result of a split middle ílap is four morc middle 
flaps, these inay be thinned and split agnin by the samc proccss. 
and the proeess repeated ad iníinitum. At each repctition, the 
totál flap length increases by a factor of 1.657. Thc Bomewhat 
surprising implication is that the total flap length increases 
without limit. Of course, the number of layers ¡ncreases ex 
tremely rapidly bb well, setting a practical upper Umit to flap 
multiplication. 

5.4. More Complex Splíts 

One can split multiple ílaps to different depths to achieve dif- 
ferent effccts and further variation. Wc saw in the flapping 
Pteranodon that Bplitting two of its flaps could he ueed to ex 
tend the lifc oi' the Rird Base. A Bird Base, of course, has a 
total of four flaps. All four can be split, yielding structures 
that lct us move away from birds and into other kingdoms. 
Splitting h11 four points of a Bird Base gives enough small flaps 




F¡gurc5.l7. 

Crease pattern, basc, und folded model of thc Goatnnh. 
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to make avariety ol'íísh with dorsal, vcntral, anal, eaudal, 
and pectoMÚ fins, as Lhe example shown in Figure 5.17 illus 
trates. 

By using this structure and varying the depth ofthe splits 
and the shaping and orientation of the resulHng flaps, you 
can create quite a wide vanety of fish, The Goatfish also il- 
lustrates another type of split— Bplitting one flap mto three 
íwhich are used for the lower jaw and barbels). You will find 
a fblding sequcncc for this new Bplit in thc instructions for 
thc (xoatfi.^h at the end of this chapter. 

In fact, r.here are many vvays to split a pOlnt, and a point 
can be split intn two, three, four, five, or more pointe, WeVe 
already seen two ways to split a point into fcwo; herc is an- 
Other way in Figure 5.18, which aleo readily gencralizcs to 
three or four smaller points. 




RgyN5.lt. 

Crease patterns for a kite flap and the tlap split Into two, t.hren, 
and four pointe. To compare scales, the downward diagona] crease 
A ifl in the same place in all four patterruj. 



The .shaded regions in thcse pat.terus go unuscd and 
would typically be folded onderneath. Rather than drawing 
in the creaeea they would incur, IVe BÍmply left them blank 
to empliasize thc common Btructure of the thrcc splits. 

These three pattcms are part of a family that can easily 
be extended to larger numl >ers of points. You can, of murse, 
use Ihese three patterns as recipes to be callod ui>on whenever 
fcwo, thrcc, or four pointa are nccdcd, but it is much more use- 
njj to cxamine t.heir structure, to break them down into com- 
ponents and understand thc contribution of each component. 

The lirst part of this cxainination is to identifv the re- 
gions ol'the creasc patterna that. beoome thc tips of the vari- 
ous pointa, Sincc the fblded flaps comc to shorp points. their 
tips correspond to single pointe on the crcaso pattern. Tliese 
pointe arc identified tn Figure 5.19 by dots. 

Now, as we saw with thc Yoshizawa split, what defines 
two or more pointe is not so much the points themselvcs, 
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Rgure 5.19. 

Split. points with the polnl. tips identrfied. 

but the prcscnce of a gap betwccn them. íf we examinc the 
crease patterns for the two-, thrcc-, and four-point pattcrns, 
we sec a common wedge of crcases that appears in every pat- 
tern. Figure 5.20 shows one inatance shadcd in each of the 
thrcc patt.erns. 





Rgure 5.20. 

Thc three patterns with the coramon wcdgc of crease> 



If we cut out just this wedge from any one of the pattérna 
and fold it. up, we get the sLriicture shown in F\gure 5.21. 



Rgure5.2l. 

T-eft: the crease pattern on Uie 
wedge. 

Right: thc toldeü structure. 





TWo points havc one copy of this wedgc, three points have 
two, four points have three. Crease pattcrns wit.h progressively 
larger numbcrs of points include progressively larger 
numbers of copies of a basic elcmcnt. This is not particularl.v 
surprising. What is interesting, and perhaps just a bit unex- 
pectcd, ís that the basic unit oi replicat.ion is not a singlc flap; 
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instead, the unit that ís replicatcd is two linH'-íl.-ips wir.h a 
,*ap between Lhem. As with the Yoshizawa spliL, Lhe gap con- 
tain.s the secret to thc structure. 

80 two, threc, or four point.s mav be oonstructed by us- 
ing oiu', two, or three wetlgos. It. should also be clear that the 
diagonal creases inside the wedge don't have any particular 
si>mihcance. They're Lhere Lo make the points narrow, and 
thoy dividc the angle into equal divisions ao that in thc folded 
result. thc edges line up. But we could easily have uscd fewer 
or uiore diagonal crcascs and gotten fatter or akinnier pointe, 
as shown in Figurc 5.22. 




Figurc 5.22. 

Tbewedge unit with Lhe two pointe divkled into successively grcatcr 
numbers of divisiona. 

Wc can huild the nuinber of points we need hy assem 
bling the number ofwedges we need: For N points. wo use N 

1 wedges. 




Cut now. we need to overlay this structure on the origi- 
nal flap and somehovv connect the creases so that the whole 
tlüng foldfl Oat. Note that thc wedge assembl.v itaelf folds llat 
no matt.er how many we use, so the only thing we need to do 
und Lhe creases that cnablc the mull.ipoint wedge yroup to 
eonnect to thc rest ofthe Dap. 

Lets use the three-wedge (four-point) modulc as an ex- 
Hmple. Ifl simph overlay this pattern onto the original Kitc 
Base, it is clear that with no other changcs, thc pattcrn will 
'iot fold flat (if it is not clear from the crcase pattern, draw 
the pattcrn and try folding it.) 
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However, since we'll want the mountain folds at the cdgcs 
of the wedgc group to line up with the raw edgcs of the square. 
itfs clear that we'll need a creasc to hring those two lines to- 
gether. Tliat forces the two valley fblds shown in Figure 5.24, 
cach of whieh necessarily bisects t.he angle between the raw 
edgc of the paper and thc boundary of thc wedge group. 




Figure 5.24. 

Lcft; the wedge group, superimposeri on a kitu flap. 

Right: Add two valley foJds to make the raw cdges Iine up with t.hc 

edges of thc wedge group. 



The points where thc valley folds hit thc original kite 
folds— markod A and B in Flgure 5.24 mark the Lransition 
region between the creases ofthe kite flap and the ereases of 
the point gTOUp. The kitc creases don't propagate any farther 
toward the tip of the paper than thcsc two inLersections. Still 
more creases are required to allow thc crease pattern to fold 
flat, however. While it's possible to caJculate the remaming 
crcases necessary, it's far easicr to simply fold the model with 
the creases known so far and forcc it ílat; Lhe necessary creases 
will fall intojust the right placc, giving the final crease pat- 
tern shown in Figure 5.25. 

This can be generalizcd to larger numbers ofpoints, but 
you will find that with five or mure points, you will havc to use 
narrower wedges (with an apex anglc of 30° rather than 45°) 
in order to put thc outermost points on Lhe raw edgc of the 
paper and not cut ofT some of thc nmer points, as shown in 
Figure 5.26. 

Rxtending thcse creases to connect Lo kite flap creases is 
lell as an cxcrcise for t.he readcr. Heres anothcr cxercise: Can 
you use this t.eehnique on a Frog Rasc to creale a frog with 
four toes on the forelegs and flve on the back legs? 
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Figure 5.25. 

Leí't: Thc kitc creases terminate aL pointa A and B. 

Right: The complctcd creíisn pattern. (The curner goes unused and 

should be foldpd down bcfore making thc crcases.) 




F¡gure5J6. 

Left: Pour wetltfes don't lct yuu put the outermost puints on the 
raw cdge ofthc flap. 

R'ght: Using narruwer wedgcs permits this construction tu be 
cxtendcd to five or more |x>ints. 



Another family ofspliU wurks particularly well fnr odd 
numhers urpomts. It's shown in Figurc 5.27 for three, five, 
Hnd seveu points (whaL would you evcr use seven small points 
for?), bui this method, like thc other, generalizes in an obvi- 
oua way. 
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Rgurc 5.27. 

Oftaee pattorns for splitting a point into t.hree, fivc, and sever 
smaller point.s. 

There is alao h variation of this pattern that works for 
even nunibcrs oí'points, which you tnight enjoy trying to dis- 
cover. Which of the two families is bettcr? It dependü on the 
modcl. The two faraihes may be distioguished by the major 
mountain folds: In the previous examplc, they radiate from a 
point; in this family, they are parallel. If the group of points is 
to he spread out (a technique that enhancea thc illusiOD of 
length), the radial family seems to fan more neatly; ít's ulti- 
mately a personal choice riictated by the aest.hetics ofthe modeL 

I would cncourage yon to fold ap a few bases and try out 
the different splitting techniqucs; Lhen unfold them and ex- 
amine the crease [)atterns. Most pointrsplitting sequancee havc 
H distinct pattern of creases in which the converging creases 
that form a flap suddenly stop at an obtusc tríangular pleat 
that then radiates outward with creascs that íbrm two, three, 
or more points. 

5.5. More Applications of Splitting 

Once you becomo himiliar with point-splitting, you can use it 
in many ways to íbrm pairs of features. Thc crease pattern in 
Figurc 5.L>8 is the base for a Walrua. Can you elucidate its 
structurc from the creasc pattern? It is recogni/.ahly a vcrsion 
of a Bird Rase íto be prccise, a stretchcd Bird Base), but two 
opposite ílaps havc been split— to make t.he tusks at one end 
and the tail flippcrs at the othcr. Figure 5.28 shows thfi erease 
pat.tern, thc basc, and the foldcd model, From these clues, you 
should be ablc to reeonstruct the model entircly. (Ifyou can't 
íbld thc model írom the creasc pat tern, base, and folded model, 
full instruction* may be found m hooks cited in the references. ) 

A more sophisticated form of point-splitting is employcd 
in thc model whose crcase pattern is ahown in Figure 5*29. 
The Grasshoppcr is also clearly from a Rird Base, but with 
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Figure 5J8. 

Crease pattern, base, and fblded model of the Walrus 




Figure 5J9. 

Cressc pattcru, ba.se, and folded modeJ ofthe Graaahopper. 



three splits. The central point has bcen sunk and Yoahizawa- 
«plit, then two ofthe four long flaps have also been aplit into 
three pointa each, This, too. is a challenge: Can you figure 
out how to perfonn the sphtting tunctions on a Bird Base to 



omlí 
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yield the Grasshoppcr's base? (And then, shape the resulting 
flaps into the folded model.) 

By using point-splitting, yon can add extra appendages 
and fcatures to models made from cxisting bases. However, 
there is a ooet in layers, and a limit on size. As we have seen, 
even the theoretically optimum two point split results in flaps 
less t.han half the size of thc flap you Btarted with. Point-split 
t ¡ng cannotdouble a flap at the aame size, or increase the length 
of h flap, or add more points to the end of the flap without 
shortening it. For that, one must find a way to add papcr to 
the modcl while preservíng its basic structurc. Wcll find out 
how ín thc ncxt chapter. 



Origami Dcsign Sccrets 



Folding Instructions 



Songbird I 



KNL Dragon 



Lizard 



Tree Frog 



Chapter 6 Fokflqg Instruction 



Songbird I 





l. Bcgin with ;i square. colored side 
up Fold und imfold along thc 
diagonals. tlicn tum the papei ovcr. 



2. Fold ancl Dnfold in halt vertically 
amj horí/ontallv. 



^ ¡ J* 


! 1 * 


K 






3. Fold thc udes in to thc tniddle and 
make pincbea nlong the top and 
bottoin edges. unfold, 
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1 y\ 


\ ' \ 

\ \ 






K — f, 














/ \ 


1 N 



4. Fold the left edge along a Fbld 
connecting the top corner witfa the 
biitli>m pinch niark: mukc u pinch 
where the fold erusscs Üic diugoitul 
and unfold. Repeat on the right. 




7. Mountain-fold Lhc cdges 
behind all ihe vvuy around. 



_____ . 




-1 / 
'/ 1 


x — *~ 

i i X' 



5. Repeal stcp 4, usmy tliu boltoiii 
corncrs and top pinch muiks. 




8. Form a Preliminary Fold. l'hen 
rotate 1/8 nirn clockwise to put the 
tour corners ar the bnttom. 




6. Valley fold twodiagonally oppositc 
corners to the crease tnterseetions in 
front: mountatn-fold thc other Iwo 
corners to thc crcasc inteisections 
behind. 




9. Pelal-fold both ftont and 
rear lo fonn u Bitd Buse. 




10. Release the 11. Release some more 12. Tum thc 13. Rclease some paper 14. Squash- 

loosc layers of paper from thc interior model over. fiotn the interior and fold the flap 

paper on both the and sprcad thc cdgcs as svving all the excess syntiiictiically. 

frunt and rear flups. far apart us possible. Do over to the left. 

not repeat behind. 



"oldiiig InstrtKlions: Songbtrd I 
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15. Retal-fold rhe 
tipof the flap. 



16. Fold thc 
llap dowiL 



17. Tuiti the model 
over from sidc lo side 



18. Fold thc two 
points upward and 
flarten firmly. 



19. Revene4bU 
IWO poinis out H 
the sldes. 





20. W'rap two layers from 
inside to ouiside on each 
leg. 



21. Wiap tvvo laycrs t'rom 
in.side to outsidc ujjuin on 
cach leg, 



22. Pu II thc whiie corners 
as far out to the sidcs as 
possihle. 





23. Opcn cach leg, 
spreadiiij: the luycrs 
symmetrically. 



24. Steps 25-46 will 
focus oii the lett Icü. 
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25. Tum the paper over 
aud rotute so thut uxis of 
the leg is up-und-down. 



26. Squush fold the flup 
symmetrically, 



27. Mountain-fokJ the top 
half of the small square 
hchind und unfold. 




28. Pold a nny 
Picliininary Fold from 
the squaie. 




31, Fold the thrce |x>int.s 
back down. 




34. 1'im-h the flap in half und 
iwing u up to ihe lefr, using thc 
«Mm>! creases. 




29. Pctal fold the near 
point. 




32. Caretullv release 
and pull out thc trappcd 
corner. 




35. Squash-fokl thc llup. 




30. Petal-fold the remaining 
pair of flaps, ineluding the 
rrapped poinr along with them 




33. Squash told the flap. 




36. Pctul-fold thc flup. 



Folding Instructions: Songbirrl I 
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gussets in Ihe interior. 




40. Like this. The 
gonett are indicated by 
Ifae hidden lines. 





41. Squash-fokl ihc 
cornerx. 



42. Kepeat on the ncxt 
layer up. rucking üie 
edges into pockets. 




43. Turn the paper back 

over. 




45. Folrt one layer on 
each side to the center, 
tucking lhc top into the 

pockets. 




44. Fold two points up. 





46. Mounuun-rold rhc 
leg in half (cdges away 
from fhe head; sec the 
nexl step). 



47. Repeat stcps 25 46 on the 
right Then rotatc the model 
1/2 rurn. 



164 



••••••• Origami Dcsign Secrcts 



48. Opcn out the white edges. 
Note the locatton of Ihe angle 
in the valley fold; above the 
fold. the model will not lie tlat. 



49. Mountain-fold the DCai 
layer of each leg inside and 
valley-fold the far laycr. 



50. Crimp Ibc body through 
the angle change and curv e the 
sitles around, sn that the cross 
section is ;in inverted "U." 




51. From here onward, you muy vury 
ihc folds as you like to alter the shape 
of the hird. ('nmp the head downward. 
kccping il nmnded. 



52. Cnmp thc hcak. Plcat 
thc luih rcpcal bchind. 



53. Round the tail. Douhle- 
rahbil-ear the legs. Reverxe- 
fold thc chcck. 



54. Valley fold the near 
edge of the beak upw;ud. 
Repeat hehind. 



55. Opcn thc bcak. Spread 
Ihe toes. Shape thc rcst of 
the body. 



56. I'inished Songbird. 



Folding Instructions: Songbird I 
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KNL Dragon 





1. Begin wiüi u squarc. whire 
sidt' up I old und unfold 
ulom? both dimjonals. 




2. Fold tfie ri¿»ht edge to the 
downward diagonaJ and 
nntold. 




X l old the bottom lett cornei 
to ihe crease you ¡usl rnade so 
that the crease passes through 
the uppcr lett comer; niakc u 
pinch wherc it crosses the 
Hiagonul und unlold 
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y 




\ \ 





4. Fold ilic lel'l edjic ovcr 
to thc crease intersection 
:mcl onfokL Repeat with the 
bottom edge. 



\ 




/ 


0 \ 


w 

• 




/ 

J 


s 

\ 


\\ 



5. Moimtam-fold throuL'h the 
intei >ection of the Ium two creaaes 
(thc conici touchcs the marked 
crease interscction) and unfold. 




\ í / 



sy 



6. Makc all thrcc folds 
ut once. foiining u small 
Picliuiinaiy Fold in the 
lowcr left corner. 






7. Stcps K-lfc will foCUS 
M thc lowcr lcft corncr. 



8. Squash-fold the corner. 



9. Petal-fold the edge 




folding Instructions: KNL Dragon ••••••• 
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13. Open-sink the 
coraera using thc 
cxistiny creases. 



14. Fuld one layer 
upvvard. 



15. Repeat steps K 14 
on the othcr tlap. 




16. Fold onc flup doun 
u> ihe lovver left. 




1¥. Fold and unfold m half hoth 
vertically and hurizoníally. 
Thcn n)tate the paper 1/8 turn 
clockvvise. 




17. Likc this. Novv vve'll go 
back lo «orking on the entirc 
model. 




20. Fcíld a Preliminury Fold 
vvith thc crcase-s you just niadc. 




18. Fold and unlold along (hc 
diagouul. Thcn turn the papei 
over from lop to hottom. 




21. Mountain-fold Ihe corncrs 
undcrncath as far as posMble. 
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22. Petal-fold tront and rear. 




23. 1 old the tvvo 
flaps back down. 




24. Fold Llic lip down 
lo Uic lioii/onlal ciease 
and unfold. 




25. Opcn-sink thc top 
cnrncr. 




26. Fold onc laycr to 
ihc righl m fronL and 
one lo Lhe lefl behind. 




27. Fold one flap up in 
front and behind. 




28. Crimp the two points out 
to thc sidcs. 




29. Fold n rabbit car froin thc 
upright flap and s>winK il over 
to tbc t ight. Repeat behind. 



Folding Instructions: KNL Dragon 
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30. h'old ;i laycr down 111 
froot Repeat behind. 



31. Revcrse-fold each of four cdges down 
to i¡e along the horizonta] edget, 




32. Mountain-fold tlie corncrs to line up 
w ith the edges otthe reversc folds íroni 
the previous steps. 




34. Fold the fronl and back 

flaps back upward. 




36, Pull oul some loose papei. 
Repeai bchind. 




33. Fold ihe left white point as tar to the 
riglu us poasiMe and uoibkL RcpeaJ with 
the left poini and with both puinls bchmd. 




35. lold the froiit flap up so rhat the raw 
corner is directly over the middle of the 
modcl. Rcpeat hehind. 




37. Mountain-fold thecdge 
inside the near podOBi 



3X. Fold thc two points 
front and rear to the left. 




39. Reverse-fold two 
points up. 
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40. Rcvcrsc-fold thc head 
and tail twice each. 



41. Stepí 42 46 wfll 
ÍOCU8 on the he;id. 




42. Crinip the top layer. 




43. Swivcl tbe top flap 
upward sliyhtly. 




44. ( )u t s i de - re v e rsc- U » I d 
lbc bonom jaw. OutsiJc- 

rcvcrsc fold thc nosc. 




45. Outsidc-rcvcrsc-fold 
the bottom jaw in and 
out to niake a tonguc. 




46. Kinished hcad. 




47. FokJ ÍDV nibbit ears 
to make lecs. 






48. Plcat the wiiiiis. 



49. F-inished KNL Drugon. 



Folding Inttfuctiont: KNL Dragon 




Lizard 




1. Begin witli a Nquare, colored 
sidc up. Fold and unfold along 
onc diagonal. 





2. Fold thc top edge down to 
the diagonal and make I piiicli 
along the right ediíe. 






3. Fold the tnp left cumer down 
to ifae bottom; make a pinch 
along thc lcft side and unfold. 



4. Bnng thc two indicated ponÉi 
togetlier and make a pinch along 
the bottum edgc. 



5. Fold the hottom right corner over 
to the lcft so that the edges linc up 
and the creasc goes through üic mark 
you just inade; makc the crease sharp 
up to the diagonal and unfold. 
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6. Fold thc corner up so tliat tlie 
edges line up and rhe crease hits 
the diagonal at the same place; 
make the crease sliurp from the 
diagnnal to the right edgc and 
untnld. 




9. Mountain-fold two cornere 
hehind. Then turn tlie puperover 
and n>tate it so that the colored 
comcrs are on the sides. 



7. Fold thc botloin right eorner 
up along the diagonal so that the 
crease hits the edge at the sarne 
placc a.s Ihc creases you just 
mudc. 




10. Fold and untold along 
creases CfWtnecring thc corners 
to the ciease interseclion in the 
center. 



8. I old the hortom edge up so that 
dbe cnrncr tnuches the white corner 
ut thc diagonal; crease all the way 
across and unfold. Rcpcut with thc 
right edge. 




11. Fold a rubbit ear. bringing 
the two top comers togethei 
along the eenter line. 




Folding Instructions: I \zaró 
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15. Revcrse-told the next 
paii of edges. 




18. lold the ed^c 
over to the vertieal 

CICU.\C. 




22. Open-sink the 
cornei in und out on 
the e.xistiiiíi ereases. 



16. Reverse-fold thc 
remaining peJr of edges. 



17. 1 old two luyers 
to thc right in front 
and one to the left 

behind 




W 




IV. l old the pOÍnl up 
lo the top of the 
model. 



20. Fold the left edge 
over to Ihe crease 
Mld uiifold. 




23. Fold tbe 
pomt down, 





21. hold the leftcvkv 
ovcr to the crease 
you jusl rnacle and 
unfold. 




24. Told one 
flap to the left 
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25. FoM one flap up 

as far vis possible. 




29. Open sink the 
cnmer in and out on 
the exisim^ i reases 




w 

33. Rold tlv tlap 
dowii, 




26. I'old the white 
edirc L4> the eenler 
linc urnJ unfold. 




M\. Sprcad-sink 
thc corncr. 




34. Repeat steps 
is n behind 




27. FolJ Ae fcfl edge 

to thc awisc you just 
made and unlnlil 




35. Fold onc layer io Ihe 
lcft in l'roiii and two lo thc 
rijiht hehind. leavinji thc 
model symmetric. 




28. Fold ihc lcl't edyc 
to the eiease you just 
made and unt'old 




32. Open sink the 
corner nn the 
existino, ereases 




rí 



36. ('rimp rhe Iwo 
pomt.s out to thc 
>ides und shjkdilly 
upwaid. 



Folding Instructíons;: Liznrii 
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40. Narrow ihe tail by 4L Purtially rahhit-ear the tail 42. Keversc fold thc 

folding caeh sidc over and and turn the model ovcr. hmd legs. 

over in thirds. 




43. Revene-fold the hind feet 44. Ciimp ihe hcad slightly and 45. Finished I .i7ard. 

Squash fold Ihe front fect and pull out the layers on the ndes 

mountain fold the focekgS of the head. Cuive Ihc Lail. 
avvay from you. 



Origami Dcsign Seerels 



Tree Frog 




1. Bcgin with u square. white 
side up. Fold und unfold along 
thc diagonuls. Tutn tlie pupcr 
ovcr. 



2. Fold and unlbld vcrtically 
and horizontally. 



X I old the top let't cornei to the 
ivnirr: make B pineh that 
crosses the diagonal crease and 
uofold. 



Folding Instructions: Iree hog 




4. 1 old rhe rop edge to ÚK pinch you 5. Fold ibe bottom npht corner 6. | ¡ke this. Tum tftn 

just madc: make another pínch on Ihc up to the creasc intcrsection. paper over. 

diagooal crease and unfold. 




7. Fold the edge to thc diagoral 
crease. allowine the comer bchind 

lo flip llllt . 




8. Unfold thc plear and 
nim thc paper buck over 



9. Kepcar steps 3-8 on the other 
Üircc corners. Leave the paper 
whilc >ide up when you're dorK. 
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13. Kold tWO edges down. 14. Reverse fold two corners out. 15. Steps 16 28 w ill fi>cus on ihc 

region in the eircle. 




1 Oose up thc flap. 21. Repcut sicps 22. Spiead-sink 23. Fold and iintolrt 

16-20 on the left. the edges. aloni! tngle btsecton 







24. Spiead sink. two 
corners. 



25. Close up the flaps. 26. Turn the paper over. 



27. Fold ihf two 
flups down. 



Folding Instructiorw: Iree Hrog 
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28. Repeal steps 
22 23 on tli¡N side. 




29. Bring the boltorn left and rigljt eorners 
logcthcr, swinging thc cxcess paper tu thc 
left iii l*ront and to the tight behind .Spreud 
the extra luycrs up near the tip cvcnly. front 
to btck. 




30. Squash-lold the lefi llaf 
in front and the oppostM 
llap behind. sprcadinj the 
thick layers up nearfhetif 
synimclnc.tllv. 




31. Rcveroe-fokl in thc 
two rernaininp flaps. 




32. Pclal-fold the 
edgc in fronl. 




33. h'old the side 
corners to the 
ccnter and unfold. 




34. Open sink thc 
corners on the ircuses 
you jusl made. 




35. loldand unfold 
through ull lavers. 




36. Fold the small 
point down as hir as 
possible. 





37. Litt Qp the point and 
t qu e ew ir in half, forming a 
rabbit car from I single laycr 
Of papei and opening oul u 
layer on the lovvcr tlaps. The 
paper will not lic flar. 



3K. I'bld the ia\\ 
edge mside on 
existmg creases. 
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39. Sirctch thc iwo near 40. Tuck the paper 41. Turn the 42. Rcpcat slcps 

points out to thc sidcs. underncaih and close modcl ovcr. 32 38 00 Ihis side. 

thc inodel up. 





43. Su,uash-lold the 
lop and flutten. 




44. Pold a small 
puinl down, 




45. Fold one wide 
layer to rhe right in 
fronl and one to the 
lefl bchind. 




46. Rcpcai •xlcps 
32 40 in front und 

behind 




47. Fold hall'lhc 
lavers to the right 
in front and h.ilf lo 
the left hehind 




4S. Fbld a single 
flap aloni! tliL' 
toldcd ed«e und 
ünfold. 




49. Reverse-fold two 
edi»es and stretch the 
llap ovcr to the np.ht. 
Thc icsult will not lie 
flat. 




50. Make u smull 
crimp across the 
flap and close it up. 




51. Rcvcrsc-fold 
the comci buck to 
the left. 




rnrrr i ■ 



/ 



4K 




52. Rcpcat stcps 
48-51 onlhcolhcr 
three flaps. 



Folding Instructions: Tree Frog 
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flap in thc circle. 




57. Crimp thc tip 
npward so that the 
raw cdgc ends up 
hoi izontal. 



5H. Kcverse fold 
the tip inside. 



59. Reverse-told 
thc edjre. 



60. Reverse fold 
ihrec cdgcs hack 
to thc lcft 



61. Keverse t'old 
thrcc edges bück 
to thc ri.üht. 




54-62 on the right model ovec 65. Steps 66-76 

,lcurlla P- vvill toeusonthe 



flup in the cincle. 
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w>. Dívide !hr Bap 

iiUoquartLTs along 

the botsom edge. 




67. Rcvcne-fold 
nkmg a line thal 
coanects lo ihe 

nghtmost mark. 




Í»S. Reverse-fold 
the flap bnek tO 
ihe lett along 
vertical crenses. 




69. Reverae-fbld the two 
smull corners to the right 
tone in front, one behind). 




70. Reverse-fold ihc 
larger tlap along ercuscs 
ahjrncd wíth the folded 
ctlgcs. 




71. Reverse-fold ihe 
larger tlap to the lefl 
along vcrtieal creases. 




72. Reverse toid 
the point so that 
its righl edgc is 
vertical. 




73. Reveisc-fold two flap?» 
to the right so that a crease 
lines up wuh a foktod edge 
in each rcverse fold. 




77. Rcpeai steps 
66-7fron the nght 
flap. 





74. Reverse fold 
four flaps nlong 
vertical crcascs. 





75. Reverse-fold ihc 
(btlf flaps so ihat the 
raw edges are al I 
vertical. 



l(t. 1 ike this. 





78. Steps 70-8.^ 
will focus on üie 
top of the model. 



71. Reverse fold two 
points oui to the sides. 



KO. Mountain-fokl the 
near laycrs. Valley-fold 
the fai lavers. 



folding Instructions: Tree Froo 
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81. Fold down rwo laycrs 
trom ihe fiont and two layers 
rrom rhe rear of eai.li nf the 
(\vo small points. 




82. Pull out the layers and 
spiead eaeh point into a 
smoolli bulííin<? eye 




83. niunt tfac non 





K-4. I nld and 
unfoltl through 
the near lavers. 





85. i old tbe small 

point npward. 






86. Fold a 
single layer in 
on each ^ide. 



87. Sink the 
corners on the 
CXÍSting creases. 




88. Fold thc 
sniall pomt 

back down. 




89. Foltl the ncar puir 
ot' llaps ont and sliglitly 
upward. 



90. Reverse-fold thc 
Icjís downwaid and 
toward caeh othei. 



91, Mountain-fold the sidesof 
the body aml swivel the lowcr 
edgesof llic lcgs upward Repeat 
on Ihe far side of the legs. 
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92. Mountain fold the 
corners at ihe bottoms 
ot the legs. 



93. Reverse fold the 
knees and narrow the 
lcps on both near and 
far sidcs. 



94. Turn the 
model over 



95. Reverse-fold thc two 
bottom flaps up and dien OUl 
to the sides eusiet to du 
Ixrth reveise folds on each leg 
befoie flattening) Divide the 
lavers asymmetncally, with 
onc laycr on thc neur side and 
Ihrce on Ihc far sidc. 




%. fold Lhe une near edj¿e 
o! c.k h lec tlap dow n .uut 
the three far edges hvhind 




99. Crimp thc forelcgs and 
bcnd thera downward. 
Crimp the feet so that they 
point slighily forward. 




97. Nurrow the body with 
moiintain and valley tolds 
thal líne up vvith thc cdgcs 
bchind. 




I(H). Sprcad Ihc locs. 
Mountain fold the back. 
Shape the body. 




9K. ('nmp the lorclcct, 
sprcadinu thc layers 
syminetrically. Tum the 
inodcl ovei. 




101. Finished 'free I roi'. 



Fclding Instmctions: Tree Fro^ 



185 





he ínitial stagea of origami design are usually 
modiiieations of existing designs. This modiñ- 
cation cau takc two forms. The simplest is that 
which every folder does oonsdously or uncon- 
sciously: simply altering proportions of thc 
fblding sequence while still following the designer s instruc- 
tions. You rould change the proportions of particular creases, 
change the crease firmness from sharp to smooth (or vice versa), 
add or remove creascs, straighten what is curved and cu rl whal 
is straight. It is very easy to change a model in r.he final shap- 
ing folds. In fact, iL is very dirTicult Lo rnake a precise rephca of 
someonc else's fuld, particularly tf t.he design is fairly 
complex. And precise duplicat.ion Ls rarely desirablc; an artist 
must develop his or her own vision of the folded modcl cvcn 
whon following somcone else's design, and thcrefore niu.st noL 
bc afraid to deviatc from the original folding sequence. 

However, changin^ proportions of'an oxisr ing model is very 
limiting to the origami designer. You can nnly work with the 
cxi.sLing structure; you have the same nurnl>er of flaps, the same 
lcnyths, thc same relative pOfiitíonfl. Techniques such as point- 
Sphtting can turn one flap into two, or three, or more, but only, 
as wc have seen, with a suhstantial penalty in flap lcngth. 

QoiLe often, what is needed -or at least desired— in a 
denvative ongami des¡M fl i s not just a rearrangement of' l.he 
f'xisLing paper, but actually a bit morc paper somewhere: a 
lon^er leg, an exLra set of appemla^es. another petal on the 
flower, another horn on the beetle. At such times, you might 
nave a nearly complete dcsign (either your own or someone 
else's) to which you would like to add a bit more structure, but 
there's no more paper from which to makc thc ncw bits. At 
such times— particularly if youvc alrcady put a great deal of 



Graftirig 
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work into thc model— the prospect ofstarting over í 'mm scratch 
can be downright. depressing. 

Now, if it were allowcd, one might bc tempted to simply 
glue on a bit. of extra paper, jtist as in the previous chaptcr the 
obvious solutíon to splitting a point was to cut it in two. Rut 
just as we found ways to aehieve the sarne result as cuLLing 
while preserving one-piece no-cut íblding, it turns out that it 
ifi quite ofben possibJe to achicve the same result us gluing— to 
add a blt of papcr to a particular location without redesigning 
the entire model— while preseiving the square that we started 
from. Thií procese is remarkably versatíle: !t. can transform a 
run-of the-miH design into aomething special or even eztraor- 
dmary and has been utílized by many of the world's top origami 
designers. T call it graftíng. 

6. 1 . Border Grafts 

For a concrete examplc of grafting, let's consider our old 
standby, the Bird Base, which lends itselfvery weU to perch- 
ingbirds. The Bird Base has fnnr long ílaps. which can be uged 
for a hcad, tail, and two legB. The simplest bird I know of that 
can bc Iblded from the Rird Basc is a traditional design, thc 
Crow: Narrow two flaps to makc legs, then revcrse-fold one 
flap and crimp the two narrowed flaps to creatc a head. legs, 
and feet, as shown Ln Figure G.l. 

Now, as origami designcrs have done for deeades, you can 
use thc Bird Base t.o realizc a wide varicty of perching birds, 
so long as you don't need open wings, by using this basic 
design. By adding morc folda— extra reverse folds, crimps. 
rounding íblds— it's possible to makc many distinct and recog- 
nizable species with suggestions of wings, feathcrs. and even 
eycs and other fcatures. 

Bur one thing thal most of these origami birds havc in 
common is that Lhe foot is rcprcsented by a single toe, and rcal 
birds, of course, have four toes. This simplificat.ion is not in- 
trinaically bad; all origami is somewhat abstract, and in the 
overall design of a model, there should be a balance in the 
levcl of abstraction. Asirnple, clean-lined model can succeed 
pcrfectly well with simplified feet. 

Huwever, it must be said that a distinctive feaLure of many 
birds is their splayed feet, whcther standing on Lhe ground or 
grasping a branch or twig. There are occasions when it would 
be quitc desirable to have full, four-tocd feet on a pcrching 
bird design. 

Onc approach, of course, would simply be to turn the fool 
flap into four flaps using the point-splil.ting techniques of the 
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L IWv;iii wiih ■ Bird 
Btie. Rrversc fold ÚSt 
hoitoin fl.ips out to Ihc 

«iidcs». 



2. Nurrow che rtaps wtth 
i iMiriLiin lolds. 



X l-'old one flap down. 



4. Pold thc \\v\[ i.ap down. 





5. Mountain l'old ihc 
mode! in half. 



n> Rcversc-told thc top poínl 
to forni u hcud. (nmp the feet. 



Figure 6. 1 . 

Folding instructions t'or a sinij>lc> Crow. 




7. FinMied (rnw 



previous chapter, This chunge comes at a cost, of coursc: ln 
order to ohtain four flape at thc tip, the main flap gcts 
substantially consumed. It is possible to obtain four toes 
using Lhe sequencc shown in Figure 6.2 (a radial four-point 
split i, but thc legs that are leñ are short, fairly wide, and 
Bufficieutiy thick bo t.hat narrowing them to approximate a 
bird's stick like legs is rather difficult 

For a perching bird, it would be dcsirable to keep thc 
legs long but to replace the single point at the tip of each leg 
with four points without reducing the length of the le*. Tliat 
roquires a uet addition of paper. 

If it weren't for those one piece rulee, we could eimply 
gluc oo an cxtra biL of paper at Lhe feet as in Figure fi.3. We 
couid make a pair of Four toed feet from two tiny bird bases, 
gtue them onto the larger bird, and presto! We're done, 

But firom a single shcot, what can we do? Well, we could 
■ee U it a poesible to Bomehow obtain the íuncüonsütyefthree 
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1. üegin tt iih a flap 
fmm a Bird ÍW Fold 
the fl.ij. up and down. 



2. FoJd ihc ed.p.c io Lh c 

exüttag etem. 



3. MoontaÍB-fokl thc 
flap undcrncath nn thc 
cxistim- rreasc. 



4. Foldtfte groop uf 

layers np on a crease 
íJiui lines up uiLh thc 
hiddtrn ívlgc. 




5. Unfold to stcp 2. 



!>. Crinip inc poini 
dmvnward. 




6. Crimp Uic poini 
npward, usiñg Lhc 
exisiiug creaseft. 





10. Outsidc icvcrse- 
fnlrf 




7. Pull oui some loo.sr 
p;¡per on hnth f.ides. 




11. Rcvcrsc-fold Ütc 
i'dge. 




^RtVq^fold üircc 14. Fmished spl.i pomt. 

'Ihcrc air now four cqnal 
IMnmsatthecud oí ihc flap 



Figure 6 J. 



K. Fold s.o ih.it iJjc raw 
edp,cs are aJigncd. anrf 
unfold. 




12- Kevcrse-fold Uircc 
■dgos 



Folding sequence far splitting on, point into four smallcr pointt. 
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5. Squasfa •'•>'<• the feei 
downward. 



6. huld two tiriv BinJ Buscs irom si|ii:irr>. wh. i.-v 
side Ls twicc ihc length Of ihc squashed point 




7. Ati.u :h rhe Biid Bitses tu thc two K „, u; , u , . 

o. NOW the B inl NH Ii;ik lonr loes 

on each foot 

Figure 6.3. 

AddinK toea to a Rird Hase by gluing. 

-i|nan.'S two small ;ind one big trom a sinsrle sheet. Aiid 
¿ince the feeL folded f'rom the small Bquares are attached to 
the tips of the leg flaps irt the big aquare, it makes sensc to 
try attaching the small squares to the corners of the big square 
that eorrespond to the leg 11: jp.s . 

'lh do this, we'll need to identify the relationship between 
the squarc (and its crease pattern) and the folded modeL You 
cun do thts in praclice by colonng flaps ofthe folded model 
and then iinfoldiilg it to a crease pattern and noting where 
the colored bit.s falL With practice, liovvever, you'll be able to 
keep track of such points as you unfold t.he model without 
coloring. 

Pigure 6. 1 shows the unfolded Crow — which we will tako 
to represent a gcneric bird — and identifíes vvhich parts of the 
square make up which parta of the bird. 
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Bcak 





r l 










K 







Tail 



Tail 



Bcak 



ThíI 



Figure 6.4. 

Left: the crcasc pattcrn i'or the Crow. 

Middle: thc basc 

Right: the complet.od model. 

The two side corners become thc legs. We would Oms add 
the small squares t.hat form Bird Bases to the corners of the 
larger square as in Figure 6.5. 

Now, if wc had three squares actually joincd at their 
corners, wc could ccrtainly fold a four-footed hird from this 
unusiial shape. Thc practice of folding from corncr joined 
squares is not unknown in origami (a 1797 fmblication by 

Beak 



Kwik 




Tail 



y 











x^¿ 


} 

/ 










/y 







Tail 

Figure 6.5. 

Two squarcs attached to another at t.heir corners. 
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Roko-an displayed numeroua examples of joined cranea folded 
from papei cut in such a fashion) buft we will attempt Lo Fold 

oui' design from a single square. Thus, we need l.o oblain 
three shapcs as portions ofa .*mgle siniare. Tlie easiesl way 
tn turn t.hc trio of sqnares back into a single square is to ex- 
tend the sides of the snwiller squares until they join, forming 
a larger squarc as shown in Figure 6.6. 




Figure 6.6. 

Tho threc squarea euibedded within a larjrer square. 



Now, we have embedded all three squares in a larger 
square, which can be used wc hopc— to fold a bird with four- 
tocd feet. Does it work? Lcts try it out. 

The folding scqucncc shown in Figure 6.7 gives a Birrl 
Base w r ith a small square at each of Lhe corners. However, 
thia squarc is attached to Lhe larger Rird Rase along its Eulí 
diagonal. ls it possible t.o fold the small square into another 
Bird Base? Yes, but with a slightly modified sequence to ac- 
commodaLe the fact that the small square is joined to the 
largcr flap, which limits how it can be raanipulated. 

The resulting Bird Baso can be used to make conven- 
tiomil bird feet, although it is desirable to narrow some of the 
ílaps and rcdistribute Lheir layers, as shown in the Songhird 
model at the end of the chapLer. 

What we have done here is to add some morc paper to 
the square while keeping ít square, by grafting on morc pa 
P«r, m this case, a border running all the way around the 
outside of the squarc. Wc call this a border giufl. (Jrailing 
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1. Bepin witli » square wiih the diajzonals 
creasrd Mountain-fold u bil oí thc edgt hchind 
all the wny ¡iHHind 



2. Fold a Prrliminary Foid. 



1 HcuJ-luld tu l'orm a Bird Base 




4.Unwraptbe luose 

p.mrr from the top near 
Rtp 




5. I\>p thc comer msidr- 

out so that u baoonm 
concavr upward. 




d. Hleat the sides 
dowuwurd and squash- 
füld Ihc tup. 




7. The small squarc M 
rhe top fe nnc of thr 
squares we adderi at the 
cnrnrrs. 



Figurc 6.7. 

Folding seqiioncc for a Bird Base vvith Lwo «ímall sqnarns at oppositfl 
cornerH. 



can bo a powerfu] technique for adding both large and small 
fcatures t.o an origami model. 

However, grafting carries with it a risk: ínefiíciency. All 
vve really needed to add to this model were the two small 
BOjuarea in the corncrs. But now, we've added a wide border all 
the way around thc square; most of ihis extra paper will tfo 
unused, adding to the thicknees of the model without adding 
anything to the deeign. 

Thus, there is a bit of an art to using graftmg in design; 
whilc the graft may have been ínspircd by the desire to add a 
smaJl bit. ofpaper in one or two placcs. Lhe challenge is to tiiini- 
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8. Cnntmutng on i.trom 
FigurcóJ). Mountain-rbld 
ÚM tlap bchmd witfa thc 
L -n aif runmng Irom cnrner 
lomrncr and untold. 




A p\ 



9. Form a Prehminary Fold 
wuh :he r.cur lavv.rv 




hj. Peol*fbld thc io|u i-i 




ll. Foui-iuld thc tvmpoims 
togethcr wuh thc trapped 
corner inside. 




12. h'old \hc rwo pOMU Imck 
down. 



13. Pull the camer uul 

complclrly 




14. Likc Lhis. I ho tlap U 
iiow a niid-Basc-creased 
squarc, loldod m hall along 
üic di.i-iMia.. 




15. L'sc chc existing r.npnses 
to collapsc thc oorner into 
I IJird Btse. 



16. I hc rinishwl four 
pomted üird Base ai ihr- 
ol ihc luruer Rittf Jl.isc 



figure 6.8. 

folditiK spquencc for making thc smaller equare ínto a JJird Basc. 
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mize wasted papér. Waste can bc avoided— or at least reduced— 
by figuring out ways of using eome of the otherwise uonessen 
tial added paper. For cxample. when we add fcet by graíting a 
lM>rder all the way around the outside of a liird Base. adding 
paper at two opposite eorners of the square resulta in the addi- 
linn of papcr at the other two corners, which beoome the head 
and taü. We don'1 need to add four toes to either the head or 
tail, obviously, but if we can put thal. additional paper to good 
usc, the rexult. is a further improved model and elimination of 
the waste. As it turns out, the paper at the head end can be 
uaed to rnake a doublc (i.e., open) beak, whilc thc paper at the 
tail end can be used to make tlie tail longer, wider, or a b¡L of 
both. Furthermore, it'a also possible to use some ofthe border 
that runs bctween adjacent corncrs to make a more fxxUy 
rounded body. Thus, Ihe excess papcr goes to gonri use: The 
layers can be eveuly distnbutcd through the model. and the 
rcsult is a songbird considerably more lifelike than thc origl- 
nal Bird Base bird from which we Btarted. The crease pattem, 
base, and Polded modcl are shown in Figure 6.9; you will íínd a 
i'ull folding sequcncc at the end uf the chaptcr. 




Fígure 6.9. 

Crease pat.tern, base, und folded model of thc Songbird. 

As an extra bonus, this configuration allows us to make 
thc lcgs and breast with thc opposite side of thc papcr show- 
ing, ereatíng a nice two toncd efifect 

A border graft nced not run all the way around the square; 
íf you only need to add paper to one end, you can simply add 
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paper to two sides, creating a new aquare at onc corner. The 
risk, aa with all graftcd base.s, ¡.s that the papcr youve added 
to complete the square is essentially wasted unlcss you can 
fnul soTiie othcr usc for it. 

As an example. Aome years ago a composiLe í rnulLisheet) 
origaun modcl had become quite popuJar hy combining the 
head from a dragon hy Kunihíko Kusahara (itself a three 
piece composiLe model) with the body, wingB, legs, and tail of 
a simple one-sheet dragon by Roberl Neale as shown in 
Figure tí.10. The combmation became known as thc Kasnhara- 
Neale Dragon. Kasahara's head was folded from a Bird Rase, 
while Ncalcs Dragon was í'olded from another, larger Bird 
Base. and thc two would bejoined with glue. 1l waa a picture- 

pcrfect >eenario to make the combination firom a single sheet 
using grafting. 




Figure 6.10. 

Assembly of fcwo dñTerenL-sized Hird Base* inLo thc Kasahara-Neale 

Dragon, 



Smce thc smaU square would bejoined to a corner of thc 
larger squarc, we can use thc border grafting techniquc. IIow- 
ever, aa Figure 6.L1 shows, we are adding a fair amount of 
paper just to get that one Little square in the uppcr corner. 

Fortunately, the extra paper becomcs part of the two wing 
Aaps, and bo it can be used Lo givc thc Dragon somewhaL 
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Fígure 6. 1 I . 

Position of the two squareí! 
within a largcr square. 

larger winga than the origiiia] Xeale DragOtt from which it is 
dcrived. In thifl way, effirienry is preserved, and the model 
benefits (Vorn a bit oí" serendipity. As with the Sonpbird, there 
is some fnrthcr work to find a workablc folding sequence. Pul 




Figurc 6. 1 2. 

CreaM pattern, basc, and foldcd modtil of t.ho KNT. Dragon. 
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it all together. aiul Lhe re.sult. is a charming little dragon that 
standson its own. I call t.he new model the Kasahara-Neale 
Lang Dragon— KNT. Dragon, for short. You will find its fold- 
ing sequence at the end of Lhis chaptor. 

Kij^ure 6.12 shows the crease pattern, base. and folded 
model ofthe KNT. Drngon. You ahould be able to pick out Lhe 
two Bird Bases as well as the houndary of thc border graft, 



6.2. Strip Grafting 

Grafting does not always put thc added paper around the 
outside of the model; if that's alJ thnl. i.hero were to graftimf. 
we would quickly exhaust the possibilities of thc technique. 
But we can add grafts in the inLerior of the papcr as well, by 
euttíng patterns apart and reassembling them witli our new 
additions a far more powerful and versatile teclmique. 

If, for example, we wished to add feet without adding 
excesa paper at the head or tail, we could add the additionaJ 
paper in a strip running across the middle of thc square. Imag- 
ine, for example, cuttins thc Bird Base in half horizontally 
and pulling t.he two ends aparr. Then the two "foot" squares 
cnuld bejoraed by a artrip that cuts across the middle of the 
paper, and the rcsult inserted into thc gap, as shown in Fig 
ure 6.13. 





Figure 6.1 3. 

Conatruction of a stnp grafted uiodel; twn squarcs are joined by ■ 
rtrip and inserted alonga cut acrosa the square. 



But a problem arises; when I he crcascs are connected 
across the strip, one ofthe four Rird Base points is no tonger 
frcely accessible. Fortunutely the fifth point in a Bird Base, 
whn-h comes from tlie center of the square, cun be pressed 
into service as thc desíred fourth point. 

The result can he folded into many different typcs of 
birds, but because the extra laycrs in the le«;s arc cvcnly dis- 
tnbuted. I find fchis structure particularly suitable for a long- 



Crease pattern for a Rird Rase 
with a strip graft. Note that the 
creasos around the fourth point 
of t.he tiny Bird Base are no 
longer used and the point is not 
free. 



Figure 6.14. 




legged warling bird, realization of which I shall leave as a ehal- 
lenge for the reader. 

So. as these two models illustratc, one can creatc papcr 
to add features by augmenting a square in onc of two ways; 
you can add paper around the outside, or you can add a stnp 
cutting across the model. Of course, in the second casc, there's 
no nccd to actually cut thc square and paste in a strip. You 
simply dcsign in tho strip from the very beginn'mg. How wide 
a strip? It depends on how much ext.ra paper you need. 

It.'s alsn possihle to add multiple strips. Tf, for example, 
you wanted B bird with four-toed feet and a split beak and 
rnore paper in the tail, tben you could add two strips: one run- 
ning side to side, one running up and down. Can you design 
and fold such a bird using two crossing strips? 

A straightforward application of strip grafting ariscs if 
you wish to add tocs to four limbs that are made from the four 
corners of thc squarc. An cxamplc that is diftíeult to resist is a 
multitoed frog, and the logical model to start from is the fradi- 
tionalJapanese Frog, which is, ofcnurse, fblded from the Frog 
Rase. Kow, as we saw in tbe previous chapter, you can make a 
multitoed frog by sphtting the four leg flaps, but that approach 
unavoidably shortens the flaps. We can also use graftmg to 
add toes to all four limbs of thc traditional Frog to realizc a 
model in w T hich thc tocs arc morc prominent. and the legs rc 
main rclativcly long. 

"Relatively" is the key concept bere. Grafting, like point- 
splitting, shortens the limb ílaps. Iftbe línal size of the square 
is fíxed, we need to shrink the pregraft base to allow roorn 
for t.he graft.ed paper. As the saying goes, there's no such thing 
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ys a í'ree flap. But t.here is a difference between the size rc- 
duct.ion arísing from point-splitting and that from grafting; 
in point splitüng, the split flaps get rcduced in size, but the 
rnst of the model ( the body, in the casc of the Frogj rcmains 
the sarne size. In grafting, on the other hand, the entirc model 
il shrunk in proportion to accommodate the graft, so the ha- 
kíc proportions of th* modcl are unaltercd from their 
pregrafled values. 

There are two ways wevc Been to augmcnt a square at 
iLa corners: We eould add a border graft— a strip running all 
thewayaround t.he outside— or wecould add two strips croas- 
ingin the middle. Roth could be used (and I encouragc you to 
try both yourself), but the crossing Btrips confíguration of- 
fers an cxtra bonus of creating some extra paper in the rniddle 
of thc paper, as shown m Figurc 6.15. Why is that a bonus? 
In the traditional Frog, the middle of the papcr winds up at 
the head. It's always nice to have some cxtra paper at thc 
head ofan animal wherc it can be uscd for íaeial features 
mouth, tongue, teeth nr, in Lhe casc of a Lree frog, promi- 
nent eyes. We raay not have startcd designing a frog with 
eyes, but ifthe opportunil.y presents itself, we'll takc it. 





Kgure 6. 1 5. 

Adding tbur squares to u Frog Rase by cuttinc «long the diagonnl.s. 

Now, in d^signmg a st.rip-grafted model, there is a dcci- 
«»on to bc made: IIow large should the amall squarcs bc, or 
^quivalently, how wide should the strip be? You can, of course, 
•^mply use trial and errur: Try wider and narrowcr strips and 
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see if the feet comc out too big or luo small. But there is an- 
other factor that should be t.aken inlo aceount. T6 keep thc 
lines of the model clean, it. is desirable to make the edges lme 
up as much as possible, which means that fcaturcs wc add bv 
grafting WOuld ideally line up with fcatures that are already 
there in the pregrafted base. In thc casc of' the Frog, íf we 
make t.he added strip the samc width as the ílaps ofthe Frog 
Base, the new laycrs will be exactly halfthe widt.h of t.he Frog 
Base flaps. Narrowing thc flaps by fnlding t.heui in half will 
result in all tfae cdges Lining up, giving a neater appearance. 
Thus. thc resultingcrease pat.tern from which we startwould 
bc somcthmg like Figure 6.16: 



Fígure 6.16. 

An eleganl proportion ariscs if 
the diinensions of the smaller 
squarc arc matched to Himen- 
sions of the Frog Base. 




There are s( ¡11 two problems: IIow do wc fmd these creasi^. 
and how do we actuaHy collapsc thc pattcrn 'i.e., what is the 
Jblding seqnence) 0 The coordinatcs of the reference point.s can 
be numerir.ally calculatcd from their geomet rie relationship; 
you can measure and plot their locatíon, (It is also possible to 
devise folding sequcnccs for any reference point ? but that prob- 
lem, which is quite rich in and of itself, is beyond thc scopc of 
this book. ) 

For fínding t.he folding sequence, a good way to start is to 
makc thfi paper resemble a basc that you already know liow to 
fold— in l.his case, the traditional Frog Base It. often works 
wlien a hase has bccn augmented by slrips simply to fold the 
atrípa ao that thc crcasc pattern look.s líke the ungraftcd base, 
then proceed with thc square fold as if it were all onc shcct of 
papcr as shown in Figure 6.17. 
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1. Plcat thc papt-i vmically. 



2. Flcat ihc paper borizontolly, 



Figure 6.17. 

ínitial folding sequence t„ construrr. the au«mentcd Frog nase. 

This puls all the ereases in the righl place, but you will 
rjftan find that some ofthe layers get fcrapped; thia happens 
mth the Ihick layers formetl hy the crossm* pleats m the 
«mter of the paper. ín SU ch caaes, you will probabiy have to 
parüally imíold Lhe model to disentangle the lavcrs (a pro 
cess dubbed decreeping by origami artist Jerexny Shafer) 
Decreeping accompliahee two thing*; it makes all of the lav 
ers acceasible ao that they can be turned tnto other featurea 




Rgure 6. 1 8. 

Oe*.se pattern, base, and folded model otthe Tree Frog. 



n a Piehminarv 



I i'ld atitl i iiiitiuuc fokliflfi 
thc Prog Bum:. 
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and by reducing or eliminating íblds composcd of many lay- 
ers, it allows the laycrs to stack neatly, giving a cleaner folded 
modcl. 

When you arc designing, it's both reasonable and com- 
mon to fold many laycrs t.ogether in order to put crcascs into 
the right placc. Once yon know where the creases arc, you 
can search íbr alternate folding eequences that permit a more 
sequential assemhly; such a sequence for thc Tree Frog of 
Figurc 6.18 is shown in the folding sequence at the end of Lhe 
chaptcr. 

6.3. More Complicated Grafts 

Thua far weVc used grafting to odd paper to one or more cor- 
ners of a squarc. We can do this in two ways: by adding a hor 
der graft <a strip of paper running all or partway around thc 
square), or by addmg a strip graft ía strip of paper cutting 
across the ereaee pattcrn). The strip graft necessitates that 
wc cut the crease pattcrn int.u two or more pieces to inscrt the 
strip. 1L rnay seem vaguoly disquieting to cul up the origami 
square, but you should get ueed to the idea: more complicated 
cuts, instigated by more cornplicatcd grafta, are shortly to corae 
In any event, all we've lookcd at so far is adding features 
to the comers of a square, but sincc there are only four corners 
on a squarc, ít's pretty easy to enumerate all possible ways of 
usitig bordcr and «Lrip grafts to augment corners. However, 
it's also possible to use grafting to add papcr in the middlc of 
ar cdge. 

Why might we want to do this? Well, for one thing, not all 
modcls derive Lheir flaps from Lhe corners of the papcr. One of 
the mosl Btraightforward appücationa of grafting is to add ex- 
tra paper to the end of a flap, as we've done for tocs, for ex- 
ample. Ifthe tip of the flap in qucstion comes from the edge of 
the paper, rathcr than the middle, then we should add paper 
in the middle of the edge. 

And there is much more variety in adding paper to a spot 
along thc edge ofthc square, since there are an infínitc num- 
ber of locations along thc square whcrc we might pcrform our 
surgerv. And it will bc iurgery of thc strip-grafting sort, as wc 
WÍD see. border grafts are far morc limiting than strip grafts 
whcn it comes to adding paper along edges of preexisLing crease 
patterns. 

As a concrete example and to have something to work 
with, lets take the simple lizard shown in Figure 6.19 (and 
whose folding sequencc is given at the end of the chapter). 
This modcl fíts togethcr quite neatly; it s queatíonable whether 
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0 ne ghould cven try to add feet. What you give up in aesthet- 
ics may very well not be compensatcd by what onc gains in 
adding paper to thc appcndagcs. But for sake of illustration, 
let's assuine that we wantcd to add somc papcr to thc four 
legs to obtain feet. 




Figure 6. 19. 

Crease pattern, base, and folded model for the lizard. 

Now, bcforc wc divc into slicing and dicing this or any 
crcasc pattcrn, lct mc point out that thc simplcr thc crcasc 
pattern is, thc casier it is to visuulize the structure of thc 
resulting base. iL is therefore worthwhile to elimin&te as many 
unnecessary creases as possible from the pattern you Btaft 
with. The pettera tn Figore 6.19 (as is the case with all cre&se 
patterns T show) doesn't show every single crease in the model. 
which would bc far too cluttcred, but only thc crcascs uscd to 
(bld the base (which, in thc casc of thc lizard, is stcp 36 of thc 
lolding sequcncc). 

The basc is obviousiy noL an entire lizard. buL it has all 
of thc essenLial features: the head, t.ail, body, and four legs. 
Even so, the crease pattern is still quite busy with ereases, 
which i.s because by step 36, we have made all the points 
fairly narrow and introduced a lot of creases in the process. 

If we look cvcn carlier in the folding sequence, we scc 
another version of tho basc that still captures all of thc cs- 
sential elemcnts (it. has the same numher and length nf flaps 
as Ihe skinny versionl hut. has a much simpler (Tease pat- 
tern, shovvn in Figure 6.20. 
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Figure 6.20. 

Creasc pattcrn aiid folded examplc of thc BÍmpHfied li/ard base. 

Onc other thing IVe done in simplifying the crease pat 
tern is to ignore t.hose parts of thc square that aren't essential 
to the ba.se, hy coloring them in and not drawing any creascs 
in them. In thís case, three of Üie four cnrners go unused. 

What do we nican by "not eseentia] to thc basc'? A simple 
defínition of noncssential would be íf you can cut the Daoer 
away and don't lose any llaps. Tn the lizard, thc pair of scalene 
triangles at upper leít and lower right 111 Figure 6.20 clearly 
fits this dcfinition (wbich you can vcrify by direct experimen- 
tation: Fold the base, cut off thc corncrs, and refold it). The 
uppcr right corner is questionable, it createe the white under- 
bclly of the lizard, and thc raw corner can be used to make a 
lower jaw arioVor tonguc for the li/.ard (try it). but if we takc 
the rnajor features of thc base to be head, body, legs, and tail, 
we can assuredly cut away t.he corner and still obtain thesc 
íeatures in thc same si/.es and locations. 

Of course, Buch nonessential corners, even if t.hey create 
no new flaps, atüi add to the thickness nf t.he existing flaps. 
This can be either a feature or a bug in the design, depending 
on whether the extra paper adds aeceasary stiffness to the ílap 
(feature) or causes thc flap to Bplit, splay apart, or unfold (bug'. 

In the crease pattcm, IVe also added labels that show which 
parts oftfae crease form which featirres of thc base. We use t.hcse 
to definc whcre we wish to add extra paper to create t.he toes. 



146 



Origami Dcsign Secreti 



Now. an we've seen. there arc soveral different ways to 
add toes to thia lizard. Wc could split Lhe leg points, albeit at 
a cost in length We could do it with a border graft. And vve 
could do it with a strip graft, ín more than onc way, as it 
turns out. Rut lct's first look at. t.rying a border graft, not be- 
cause it works bcst, but becau.se it docsn't work very well at 
all. In origami deaign, underatanding why a design technique 
doesn'L work cari sometimes be morc valuable Ihan folding 
one bhat works. 

Proceediruj as with thc bird'x feet of the prcvious sec- 
l.ion, let's try adcüng a small Rird Base to the tip of each of 
thc four legs as shown in Figure 6.21, which, reasoning by 
analogy, should give us Ibur toes on each foot. 




Figure 6.2 1 . 

Left: adding four small Bird Baaefl tu the feet of the liznrd base 
Right: t.he i>hapc embedded in a largcr squarn. 



The first thing that stands out l'rorn thia construction is 
that wevo added a whopping great quantity of noncssential 
paper to the pattern <in addition to the nonesscntial paper 
that was «Iready thcre at t.hree of the four corners). Raai- 
cauy, aU oftfae colored region on the right in Kigure 6.21 is 
nonessential. The second thing of importance— which doesn't 
stand Out, but can be ascertained from exHrnination of the 
paltcrn— is thaL it. turns out to bc hnposaible to add creases 
to thc colored region in any way Lhat allows the four "toes" 
( the tip* 0 f the bird basc) to corne Logether. 
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IIow, you may ask, can one be so surc Qf impoaftibility? Ry 
a small thought experiment: an imaginary manipulation of 
the base, as if sucfa a base actually cxistod. [fwe had such a 
basc (the same as the lizard basc, but with all four toes to- 
gether at the tip of thc fcct) then we wnulri be ablc to manipu- 
late the flaps the samc way as the flaps of the oriffinal hzard 
base. Tn particular, wc should be able to mampulatc thc flaps 
into the samc arrangement as step 19 of the folding eequence 
fur the Lizard. This arrangement is shown in Figure 6.22. 



Flgure 6.22. 

LhíY: a configuration oi'the fUpi ofthe lizard base. 
Ritfht: a possible partial cruusc pattern. 

Now, the image on thc lcft in Figure 6.22 shows one pos- 
siblc arrangement of the basc, with one of the trianglcs ín thc 
crease pattern indicated by its corners A, B, and C. The basc 
might not look cxactly like this, of course; thc cxtra paper we've 
added might crcate more layers that cover up or conceal t.he 
original lizard base flaps, but somewhcre inside the extended 
base T we'd have the original hzard base. And in this folded 
configuratioii, triangle ABC, which is part of the onginal base, 
is flat. 

Letfs ask a question: How far is it from point C (the tail) 
to point A (tip of the leg/one ofthe l.oes)? Thc answer is evidcnt 
from the figurc; since triangle ABC is flat ia both fche crcuse 
pattern and thc folded base, the distance is equal to the length 
of line segmcnt AC, Call this distances. 
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lf we 've assumed that all thc hind-leg toes are fcogether 
a t point A in thc folded basc, thcn the t.oe inarked A* in the 
crease pattern must be one oí'thcm. So it, too, rnust be sepa- 
rated from the tail point C by the same distance x — in the 
folded form. 

Now let'a li)ok hack at the creaae pattern. It's clcar that 
puint A* is soinewhat. eloser to point C in thc crcasc pattcrn 
than point A. So in the crease patteni, the disturice frorn A* 
to C IB less than x. Tn the foldcd fonn, ít's equal to x. Bú what- 
cver the crcase pattern ín thc colored regíon is, it has to in- 
crease the scparation bctw r een poínts A* arid C. - 

But Üiis is impossiblc. Shorl. of stretching or cutting, 
therc is no way to fold a sheel. of paper that increases thc 
disLance betwoen two points. Folding can only rcducc this 
distance. The goal is impossible to attain; thcrc is no set of 
creases added to the border jrraft that allows áU four bird 
base points to comc togcther at the típ of the le^ flaps 

So, whilc bordcr gratls allow you Lo add a Bird Base to 
the corners of a square, they don't allow one to be addcd to 
the edge in the same way. 

More importantly, we have touchcd on a vcry dcep con- 
ccpt in origami design: the relationship bctwcen distances in 
thc folded and unfolded form. As wc saw in point-splitting, 
where it was key to the design of the LdeaJ splil.. examinin«>: 
distanccs in thc foldcd base and ou Lhe unfblded pattern can 
show what is possible nnd Lmpossible and provides guidance 
for thc location of import.ant. creases And as we will see in 
later chapters, Lhis relat.ionship forms the underpinning of a 
full mathematical theory of efñcicnt origami dcsign. 

In the example described abovc, thc point marked A* 
was t.he one that caused thc problcm. What. if we only wanted 
two toes? Then could we usc a border graft that. incorporated 
the two-flap Fish Basc? The embedded crea.se puLLern is showm 
in Figure 6.23. 

This pattcrn does not incorporate any contradictory as- 
sumptions, unlike Lhe previous example, and if you draw r it 
out, you will find that you can add crcascs to realize a lizard 
basc witli Lwo flaps at the tip of each foot. 

But as noted earlicr, thc border graft is fairly Lneffi- 
cient anyhow, and we havc one other possible way of per- 
forniirig a graft; the strip graí'L. We can graft a strip into a 
model by cutting it apart. and inserting the stripvs ) bctween 
the cut edges. 

In the strip graft that we used in the Trcc Frog, we cut 
each flap down the middle morc spccifically, along an obvi- 
0Ü8 line of symmetry. Whcrc should we cut t.his pHi.tern? The 
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Rgure 6.23. 

Embedded creaae pattern for a 
border graft using fi>ur Fish 
Rase points. 




lizard flaps don't have quiLe thc same lett-ripht symmeíry. hut 
in thc eaaential crease pattern (the central light pentagon), 
cach Hap has the eame generaú structure as the flap of thc 
Trcc Frog, aa shown in Figure 6 24 

Each llap is composed of fonr faccts scparatcd by altcr- 
nating mountain and valley folds. In thc Trcc Frog, wc spht 




Figure6J4. 

Left: crease pat.tern for the lizard base. 

Right: cr«aHf pattern for the Frog Base. Obscrvc that the ilap i" 
each caae is compomd of four wedges. 
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each flnp along its central mountain fold. Tn our lizard 
examplf, wc can do the sanie. If we split a flap along a crease, 
theii therc is a very simple construction of creases to ímpose 
,,n the inscrted strip that is easily generahzable to any num- 
ber of flaps, which is shown in Figure (5.25. Each strip ífl di- 
vided into parallel pleats, one tbr cach gap hetween toes. Thc 
end* of the plcats are thcn rcvorse-folded t.o separate the in- 

dividuaJ t.oes. 




COBttÚ HMIIIWtlÍB fofcl who&e short sitlc i:nnm*i-tt llr pnints. pnints. 



tips ot' thc two halves. 

Rgure 6.25. 

< 'ut. atid inaert a strip of paper tn split. r.he flap inr.o two or three 
Hmallcr point.s. 



So, all we nccd to do \s cut ftlong t.he mountaiu folds in 
eacfa flap and insert rect;-ui^ular slrips. which will he suhdi- 
vided into as. many puitiLs as we want toes. 




Left: tliL' lizard base, out along mountain fnlds. 
Rijfht: with átr ip.s faaertad. 
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The images in Figure 6.26 illustrate the cut-and-insert 
process. However, one problem arises: It's not possible to get 
all of the strips to line up. As you see in the right image, only 
thrcc out of thc four rectangular strips can be aligned to the 
piccos of tho crease pattern. 

Tbifl problcm ifl tixable, however, by making one mnre cut 
und adding a strip down the middle of the tail. We don't need 
t,o divide the t.ail (forked tails being relativcly rare among 
lizards), but ín this case, the strip is necessary to make the 
cntire graft work out. 




Figure 6.21. 

Left: the diflflflCted pattern with an additional strip down the tflil, 
RÍKhL: .sLartirig Ut draw in t.he Kt.rip rreases. 

In the ímage on Üie right in Figure 6.27, 1've added rrva^es 
that crcate only two t.oes for simplieity, but you could havc 
eusily used strip paHerns for three, four, or five toes if you BO 
desired. (And since we dnn't need to split the tail, I have left it 
as a pleaL.) An open question is: \Vhat happcns in thc very 
center of the pattern whcn all thc crcascs come togcther? 
Obviously, all of the pleats that wc'rc making from the stnps 
havc to tcrminate at each other somehow. In thifl cafle, the 
casicst thing to do is to cut OUt the crease pattern, make the 
foJds that. vve know t.he location of, and then extend them 
toward bbe center, forcing the layers to lie flat as you go. Th e 
result is shown in Figure 6.28. 

Finally, to get back to a squarc starting shape, wc embed 
this unusual polygon mto a square, which results in the [ 
pattern on the right in Figure 6.28. I will leave the íblding of 
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Figure 6.28. 

Left: erease pattern with Uie strip creases extended to t.he centcr. 
Right; rcsultiiig pal.tern, embcdded within a square. 



this pattern mto a toed base as an exercise for you. One more 
exercise you might enjoy is working out how the fitrip rrease 
patterns for iarger numbers of points mect where they come 
together. 

As we íound with the Tree Frog, the plare where the 
plcats come togethcr creates several small middle flaps; these 
could easily bc turned into eycs or other facial features. fn 
fact, the middlc flaps don't havc to he just a byproduct; yon 
can ereate middlo llaps intentionally Uy addmg sr.rip grafls 
to a creasc pattern. 

And this isn't the only way to add stnp gralls. A weak- 
ness in this crease pattcrn is that whilc all of the points at thc 
end of tlie forelegs lie on the raw edgc ofthe squarc, somc of 
t he pomts on thc hmd legs are middlc flape— t.hey come from 
the ínterior of thc paper, which mcans they arc twice aa thick 
as the others. if we use a strip graft along an edge to get a 
collection of points, the strip must be perpendicular tothe edge 
(«• it is in the Ibrelegs) to keep all the points on the edge. 

Well, there's nothing that says we have to cut along ex 
istíng creases to insert a strip graft. It's perfectly acceptable 
to cut across creases, form the pleats ofthe strip creascs, and 
khen fold thc original model, as illust.rated m thc crea*e 
pattcrn in Figurc 6.29, 

But this is more wasteful than it needs to be. A pleated 
Btrip, once st.art.ed, has to keep propagating in thfl samc 
dircction until it hits something e lse; you can't change the 
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Fígure 6.29. 

Left: cul lines for strip grafts pcrpendicular Lo the edge at each foot. 
Kight: theembedded pattern, with partial etripcreaMB. 

directíon of an isolated pleat. PleaLs can certainly cross wilh- 
out changíng direction, an is shown in Figurc G.29. But. when 
t.wo plcats collide, that's nn opportunity for them to coalesce 
into a sinple pleat running in a diffcrcnt direction, which rc 
duccs tho total amount of addod paper. Thua, we can create a 




Fígure 6.30. 

Left: cut lincs for « eimplified strip graft. 
Right: grafts ináerted. 
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nmch Himpler set of strip grafta by propagating plcats Inward 
ft'oiii the edgcs of thc square and noting that whon they meet, 
we can send off a single nevv pleat that connects both pleat 
íntersections. The resulting pattern, which is much more 
eflícient with paper, ie illustrated in Kigure 6.30. 

I should point out that the crease lines in the origina] 
base actually propagate into the pleats; I have left those out 
of Figure 6.30 tn the iniereat of clarity. Again, I would en- 
courage you to draw up this pattern and fold ít into a lizard 
and/or to cxtcnd thc pattem to larger numbers of toes. 

6.4. More Applications of Grafts 

One ofthe mors enjoyable uses of border and strip grafts is to 
brcathe new life into an old model. There is a shrimp design 
in the traditional Japanp.se repertoirc, foldecl froin a Bird 
Base, that is elegant but Bpare. Simply adding a border graft 
on two sides aliowa one to add the largertail and split claws 
khat make a respectable crawfish, as shown in Figure 6.31. 1 
encourage you to fold it and try it. out yourself. The structure 
ÍS BÜnple enough that you should be able to makc it from t.he 
crease pattern alone. The folded model shown in Figure 6.81 
is still quite minimal; b.y narrowing thc claws and adding 
further shapmg folds, you should bc ablc to produce quite a 
realistic modcl. 




Figure 6.3 I. 

Crease pattem, hase. and folded modol of t.he Crawfieh. 



Strip grafts can get iairiv complicated and can actually 
comprisc most of the paper in the model. Thc crcasc pattern 
in Figurc 6.32 shows the base for a trechoppcr, a type of 
inscct; this strip grafr is osed Lo create thrcc points from one 
flap at each end (oote t.he resemblancc of the crease pat.tern to 
that of an ideal Bplit). í have highlighted the atrip graft in t.he 
pattern. Ifyou cut out the strip nnd butl the two halves of thc 
remainder together, you will ohserve t.he underlying base: a 
simple mndification of the Btretched Rird Rase. 




Figure 6.32. 

Crcasc pattern, base, and foldod modcl of Lhe Treehupper. 

Figure 6.3J incorporat.es two stnp grafts into n shnpc 
othcrwisc composed ofhalfof a blintzed Waterbonib Base and 
half of a bhntzed Frog Baae, The transformation from hase to 
foldcd modd is more complex than most. but you should have 
no trouble in goinp from the crcase pat.tern to the base. The 
extra paper in the split gets used to form the spHt in the wingz, 
Uie inesocentrum (thc triangle in l.he middlc of thc back), anrl 
both the pair of horns on the thorax and four horns on the 
head (yes, they rcally look llke that. Thcsc bcctles are popuiar 
as pcts in Japan i. 

Now if you have workcd your way through this chapter 
so far, you may quite likely fccl that t.he concept of toes has 
been thoroughly pummeled ínto submission, And it is tmc, 
there is only a finite numbcr £>f designa that can benefit froni 
t.he addiLion of clustcrs of small points to preexisting flaps. 
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Figure 6.33. 

Crcase pattern, basc, aml fohled model ot' the JupuneNe Horned 
Beetle. 

T^^es, claws, hands, feathers, and homs all have a place, but 
leavt; the great majority of origanri snbject material un 
bouched, But by working through these specific cxamples, 
youve now seen the basic coneepts behind tho much larger 
world of grafted base.s. 

Graftmg effeetively allows both cutting and gluinfj in an 
orígami -acceptable way. But it does more: Ib make use of graft- 
ing, one needs l.f > 8tart looking at crea.se patterns and pieces 
of crease patterns as distinct entities that bring a particular 
function to the origami model: a ílap, a set of flaps, an open 
space. Ry cutting and assembling pieces of existing bases into 
new bases, you can broak out of the rigid hierarchy of thé 
ti aditional bases and realize entirely new custom bases; in 
ad.lition, you can seleetively add patterns and textums to all 
or part of a model. We will learn technique.s for hoth of these 
in the next .seetion. 



Folding Instructions 



Turtle 



Western Pond Turtlc 



Koi 
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Turtle 




I. Llegin with a squarc. white 
side up l-old the papci iri halr', 
iiiakini! a pinch jÜOflf tbc lop 
and bottoni edges. UnfbkL 



2. Fold the left side in lo the 
cenier line. inakin.i» a erease 
ihat extends about hulfway up 




5. Told the bottoni lefl cornei 
over ro line up wiih the right 
eoroer. 





/ j 




/ 




/ 


















X l'old thc lower right corner 


over ro touch thc erease vou 


ju.st made 




6. 1 old tfae corner haek to thc 
lclt 




4. Fold thc edge of the flap 
ovei to lic along the right edtfe 




7. Fold thc two cornei s down 
to lie alonji the center line. 
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8. Fold the two top corners 
down to lie ulonjí the raw 
edges. 



9. Fold the top edge down 
ulong a crcasc ih:it nins from 
carnej 10 eorncr. 



10. Untold íhr rwo flaps. 




to Ihe side corncrs; crease all áam n to the right side cornei. comerin hoth directions. Turn 

tne way uuoss und unfold. crcase, und unfcM Repeat ihe papcr hack ovcr. 

with tlic u>[> right corner. 'llirn 

the papct ovcr. 




U.Collapse the modd 
on thc existing ueases. 




15. Squash fold llic 
tWO edgesjlike half' 
of a petal rold). 




16. Sijii.ish fold the 
two remainine edges, 
includíng the two 
loose flups. 




17. Fold thc near layers 
ovei und ovcr in thinls 



holitíng Instructions: Turtlc 



209 




i 




18. Fold two flaps 
downward. Note the 
corners marked A and R 



19. Revene-ftld four flaps 
oul lo thc sides. Do not 
include corncrs A and K in 
the revcrsc tblds. 




20. ( )bscrve that 
corners A and U remain 
flat. Revei*c-fold thc 
tips of the le>:s 




21. Re.verse-fold the 
tips of the hmd lees. 



22. Reverse fold the 
lips ot' all four legs. 
Turn thc model over 
from sidc to sidc. 



23. Divide the 
bottom point into 
thirds witli crcuscs 
that line up with 
folded edges behind. 





24. Pleat thc lop and 
bottoin and curve the shcll 
to make it rounded. The 
tail pleats are on existing 
creascs; the head pleats 
have vertical vallcy folds. 




25. Plcat ihc hcad and tail: 
these pleats lock thc plcais 
madc in thc picvious slcp. 



26. Puffoui the bead Piach 

the tail to make it three 
dimensional. Kound the shell 
und shapc Ltic leg& 



27. hinishedTurtlc. 
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Western Pond 
Turtle 




Thcrc arc rhree ways to get the reference pointi and g.udelines fo. this modcl. depending on vuur desire for toldinji 
puruy and tolerance of leftover creases on tbc paper: 

1 hildiiig only— follow all steps a> instnicted. 

2 Marking and folding- follow steps 1-13: draw lines inslcad of making creases in steps 14-20; continue foldina 
from siep 21. * 

3 Measunng, maiking. and fold.ng dividc thc top edge into 39(hi und thc hottom edge into 78ths; jump to s.ep 1 4 
flnw hnes .nstead of creascs in stcps 14 20; continue folding írom step 21 . 




1. Degin willi a square, white 
Éfe np Makc u pinch along the 
boitom edge extending ahont 
1/10 of the way up. 




2. Fold thc bottom corncr ovei 
to the mark, pinch a( Lop nnd 
hoitom. and unfold. 




3. lold the . ight edge ovcr to 
the iwo pinches you just niudc; 
makc a pinch along the bottom 
and unfold. 



roldnifj Inslrtjctions: Western Pond lurtle 



4. Pold the right edge ovei so that thc 
corner hits the mark you just made; 
pinch at lop and bottom and unfold. 











ór 





5. I old the let't i\\ o corners over to 
the mark yon just mude; pioch ul lop 
and boitom and untold. This divides 
■vi hull the distancc hetween the comei 
and maik. 



6. Mukc pinches between tbe pairs 
ot marks at top und botlom. dividine 

mto qotnefi, 




7. Makc pinches between the paiis 
OÍ marks al top and botrom, dividing 
into eijjhths. 



8. Dividc igain. eelting sixteenlhs. 



i i : : : ; 

! ! : í Í ! 


i - 




f i f 


n 


;::::: 
j i \ I 1 ' 
















; | i i 









9. OlW more time. gettinjt; thirty- 
scconds. 



1 1 1 ii 1 1 — r 



Trrrr 



tt 



...II n i ii.ii i 



10. F-old the rumt rorners to the last- 
bul-onc murk, pinch, and untold. 



IHIIll 'llll l — | || | — ITT 



II I II iliinu ii ii i. 1 1 1 uj — — I 
II. Divide the distance into quarlcrs. 



1 1 1 1 II II II III 



II 1 1 1 M' 



ÜJ 



U ' ' "' 



1 2. Divide each of thc Ihree gaps in 
half. When you are done. you will 
liave divided thc top and lx>iu>m cdpes 
inlo 39 cqual divisíons. 
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M. Oivide each of ihe gaps along ihc bottom edge 
in halt. 



WIWNAWI III I I I 1 1 I T i ,1 I 1 1 I l| 

wwwwww 
wwwwww 

\WW\W\W\ 
WWWWWW 

wwwwww 
wwwwww 
wwwwww 
wwwwww 
wwwwww 
wwwwww 
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14. The lop is divided into 39th*¡ the bottom is dividod 
intu /Nths. Number the divisions from the left. Makc 12 
cieases that connect top-0 with bottom-4.\ top-l with 
bottom-47. uiid so forth. up to top-1 1 \\ j(h bottom-67. 
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15. Du ihe samc thing goins thc other direction. 
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16. Fold cach (op corncr down so thal i(s cdge lics 
akmg one of the crcase* and unfold. 



Fokling ImtructíonK Westem Pond [urtte 
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17. Add a creasc COOBBCtÍQg bottom di vi.sions 35 and 
43 with rhe poinis where the cicuncs you just made 
hit the side edpes. 




1K. Make acrease thul runs horizontally thiougli 
thc middle ot the "X" formcd by the creases 
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19. Aild tive creases ubove and iivc hclow \hc crease 
you just made, all poing through iiilerscctions of 
the £i id. 



«f\ M///M) 

v\\\\ 




//////mfát^ añT 



20. Add two more short creases above an<l below 
the beugoml grid; also make two lion/ontal creases 
at the tup oí the model. 
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21. If you huvc bwn drawing tlie relcrence lines 
rather rhan íoldin*! them, now is tlie timc to starr 
lolding. Pleat the u.p oftfv papcr on thc c\islin_ 



i'rcusex. 
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22. I'orm mounluiri lolds whcro indicated 
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23. l orm valley folds where indicated. 




24. Mafae all thc pfcflta togclhcr on the crettes shown 
und llattcn thc paper completely. 



Folding Instructions: Western Pond lurile 



215 





\ V , 

\\ 


\ // 


/ 
/ / 
1 ■ 

// 
// 

/ ■■ 
/ ! 

' / 
/ 




\ / , 






•' \ 




/ 

4--+- 


/ / \N 


\ 

\ 



25. I old the botlom edge of the lcít and right 
sides upward so thaf it runs straight across 




26. Fold thc lop edge down to the indicatcd 
points: cicasc all thc way acro.ss and untold Tnrn 
thc paper over. 
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29. K)ld und untolti. 



3ti FokJ thc coroen to the existing omtea. Note 
that the creases go untlrmenth the pleats at theii 
upper ends. 




33. Revene-fold two edges 34. Rok) two eorners ínward so thut 35. Fold ooe lnyer to thc right. 

üi to the eenter hne. llicir edgei align vvith existine tolded 

edges. 



Kiiding Instructions: Western Fbod Turtl 
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36. Fold one comer iu l<> ihe 
OeOtef liric and unfold. 




37. Sink the cunier. 




38. Fold thc layer back lo rhe let't. 




39. Kcpeat steps 35-38 on the right. 





40. Fold two flaps up. 




41. Squash-fold rwo edges, swmging 
Ihe two flaps upward likc a petal tnld. 




W 



42. Folcl two COfBCfl 
in to llic center. 




43. Fold iwo flaps 
back down. 



44. Mountairi-fold the top pair 
of flaps out to thc sides. 
Vullcy-fold the hollom pair. 
You sliouldn t makc cilher 
told sharp bccause y ou wíll 
adjust thesc folds latei. 



45. Turn ihe model over 
firom side to side. 
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46. Plcat the shell and cui \e it 
around. I'he mnuntain foldsare 
vertieal: the valley folds are 
made so that the mountain tolds 
line up vviüi ihc exisliru: cdycs. 




4M. Mountain fold tbe 

edges ot the head and 
tail IhfOUgH all layers. 




Mountain fold the sides 

underneath 48. Valley-toid all the way 

uround ihc botffMn of Ihc 
shcll to crculc a rim (aad 
also fuithei lock the pleats 
made in step 46). 




51. Steps 52-74 will 
focusoa IÍK lc>:s aud feet, 
smning with ítoe fare-Jeg.s. 



Folriing In.siruclions: Weslem Rpnd /urlle 
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52. Dctail ot forelet¡. Fold and 
uníold. 




SX Revcrse-fokl the point. Tlicn 
mrn the model over. 



54. Open out the point. makinjt 
pleat ékmg the foldcd cdge, 




55. Fold and unfold 
alon^i Ihe cdee hehiiid 
the flap. 




56. I okl aiid unfold 
alonn the anplc 
bisecror. 




57. Valley fold thc near 
laycrand mountain-fold 
the far laver. 





58. Form a mouaiain fbkj 
ihat runs to the corner and 
open out the whitc layer. 
Thc papcr vvill not lie flal. 



59. Turn ihe papei over. 



220 



Origami Design Secreis 




60. Form valley tolds 
betweeen thecxiatmg 
mountain crcascs and plcat 
the corners all tOgether. Tlicri 
turn thi' paper back over. 




61. Squash-fold the extra 
papei ovei lo the righl atul 
flatten. 



62. Keverse-fold three 
corncrs. 




63. Vullev-fold thc comer. 





64. Spread thc loes; 
simultaneously sink the edge 
of the "heel." The paper will 
lic almosl ll:il. cxcepr tor the 
plcats Ibnninx thc toes, which 
vvill be vertical. 



65. Iimshed front foot. 




66. Derail of hind tbot. Fold 
atui untold. 





67. Squash told thc tlap. 
openme. out the pleat 



68. Closu up Ihc ílap. 



Folding Instructions: Western Rond lurile 
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69. Fold and unfold uloru' 
llic angle hisecior. 





70. Mounlam fold the ncar 
layer Ivliind: valley-fold thc 
tar lavci. 



71. ( 'nmp Ihc white laycrx 
downward. 





11. Keverse fold fourcdjícs 
upward so that thcy stand 
alnive thc white edges. 




73. Revcrsc-fold the edges 
to lie flush with all thc othci 

edges. 




74. Fhrished hind toot. 
Repeul stcps 32-73 on ihe 
other two fcct. 






75. Plcal Ihc hind legs and sprcad thc 
toes. Crimp and curve the forelejís. 
Pull out the uiiddlc edges of the head 
and make it thrcc-dimensional 



76. I inished Wcstcrn l'ond Tuiilc. 
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Koi 





L Begin with a square. white side up. 
Fold and untold along the diagonals. 
but on thc downwanl diagonal. only 
make tfae crease sharp about 1/3 of 
the wa> in Iroin each corncr. 




2. Hold the lett side over to the right. 
makiní! pinches along the top and 
hottoiu cdgcs. 




3. Fold the top left corncr ovcr Iti Ihe 
pinch you jusl madc; píncfa ulong thc 
top edge and unfold. Repeat w ith tlie 
bottom riiiht corner. 



foldin^ Instructions: Koí 





4. Fold the tqp lett corner over along 
a crease eonnccting the pinch you 
jnst made with ihc botton left cornei ; 
make ;i pinch vvhere it crosses the 
di:aM»n;il and untbld. Repeaf with the 
botlom riphi cornei. 




5. Fold thc bottom edge up along a 
horizontal fold ihat passes thioueh a 
crea.se inteisection; make the ctease 
sharp only f'rom the right edgc ubout 
hall'of the way ncross. then unfold. 
Repeut with the lcft edge. 




6. Fold the right edge ovcr along a 
creasc ihat passes thiuugh the creaj 
interseetion and unfold. Repeal wn 
the top edgc. Turn thc paper ovcr. 




7. Told up u bit of Ihe lowcr righl 
corner. Tlie corncr ^oes halfway to 
thc imaginary crease irilerseetion 
shown. but the exact uinount isn'l 

crítícal. 



N. I 'old tlic corner up along the 
dingonal. The fold hiis the bottom 
edge at an existing crease. 




Tum the paper ovcr and rouito s< 
that it is lymmetríc with acorncr 
poinring dovvn. 




10. Pold a rabbit ear with ihc lower 
two ed^es using existing creases. 



II.Reverse-foldthe sidc 
COrncrs and fold the 
edges dosvn inside. 




12. Fold Ihe cornei al ihe 
bottom from side to .side. 



224 



Origami Design Seerets 




13. h'old íind nníokl akinjj; 
two ingle hi.sectors. 




16. h'old the sidc flaps down 
.triil Up, 




\*t. \ o\ú tluough all laycrs; 
only nvike the crease sharp 
between the iwo dots. 





22. Repeat stcps 
on the right. 



14. 1'old md unfold along a 
crea.sc lha( p:isscs through the 
cieasc inlcrscclion. 




15. Crimp thc corncr on thc 
two existing creases. 





17. l*'old the sidc eotners up, 
ítimso .'iiul iuifold. 



18. Lightly crease the hottom 
point up and down. I'ry not to 
make auy cicasc mark ori Ihc 
far side. 




T 



/ 



2». I old and unfold all tht 
way up along a crease alígned 
with the folded edge: unfold 



to step 1 9 



V 

21. Swing the cnmped 
flap to ihe left. 




2J. Tiirn the model over. 



24. Fold thc side corners in to 
lie along the ciea.se line. 



Folding Instructions. Koí 
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25. Swivel-fold the 
oornen upward whilc 
foMiqg thc sules in. 




26. l-nld the sides 
underneath on tlie existinr* 
cieases. allowing the ncar 
llaps td sv\ in.L' otirward. 



27. Rold the modcl m half, 
inonporatíng a reverse told ut thc 
bottom and keepínj? ihc top gently 
rounded. Rotate ihc mixJcl l'? turn 




28. Pold two corners up u.s 
tar as possible. 




29. Ciimp the tail upwaid, 




30. Mountain-fold the white 
coiner. Kcpeat behind. 




31. Crimp Ibe head down. 
keeping it and llie hody rtninded 
and rhree dimensionul. 




32. Mouiiiuin-fold rhc eorners 
just rothe right of Ihe tins. 
Plcat the edge of ihe nose. 
pinchina at ihe ooraen. 




33. Revcrsc-told the tips of 
Ihe fins. 




34. Plcut thc face. As you do 
so. make a siuull circular 
dimplc M the lop of thc pleat 
to lonn an eye. Repeut bdñnd. 




35. Pleut Ihc lins and fold 
them up cUkJ out to the sides. 
Curve thc tail slu/hily 




36. I inished Koi. 
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Pattern Grafting 





imple grafting can take the form of borders 
< whole or partial) around the paper or strips that 
propagate inward from the edges of the papcr. 
The strip grafts you've seen thus far use pleuts 
to add paper along the edges of the square in 
order to expand appeudages. But its also possible to US€ the 
pleats themselves as the additional feature of the model, for 
example, to create a pattem in an expanse of paper. In the 
bcst of all possiblc worlds, one can add pleats that both create 
cxtra papcr in appcndagcs and create a useful pattcrn in the 
rcst of thc modcl. In this way, all of the addcd papcr makcs a 
contribution to the ovcrail inodel. 



7.1. Pleated Ratterns 

An ideal candidate for this sort of two-for-the-price-of-one de- 
sign is a turtle. There arc many origami turtlcs not as many 
as therc arc clcphants, but still quite a few — ncarly all of which 
have smooth shclls. liut the pattern ofplates on a turtlc's shcll 
is a distinctive feature of the animal (heyond the presence of 
thc shell itself, of C0UT86), aod in recentyears, several design- 
ers have taken it as a challenge to fold the plate pattern as 
part of the shell, with varying results. Using strip grafting, it 
is a relatively straightforward process to add pleats to the shell 
of an othcrwise smooth shcll turtlc dcsign in order to create 
the natural pattern of platcs. As a bonus, we can use the pleats 
to add dctail to other parts of the modcl. 

Here's how we do it: Figure 7.1 shows the structure of a 
simple turtie. lt's easy to fold and has a vcry simple structure. 
As we have dune before, it is useful to examinc the base and the 
crease pattern as well as the folded model in order to establish 
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Figure 7.1. 

Ottase pattom, boac, aiui fold<»d model ol'thc T:u i ¡ 



L'orreHpondcnccs botween fij&tlura$ofthe chm. • 

tures of thc modrl, ii*¡rig iho bane as an intvi i i 

In this cas«, Lh« hase isn't onc of Lhc i'l i 
onc can applv gnifting tíi uny preexi¿atti|» li-i 
obscrvation Ih •(•(.• is that trV undcrlyin^ slrurhu 
i¿ actuutly n rectangk rather than n *quare l 
ahjnjL' i.ho Inpofthecrcaso puttarn really isn m 
busr. tfomething you can eaaily wrify by euiti; 
ánd ro-foldíng thc basc, wlmh still has all oí il 

lí we examino 1 1 u ■ hase uí thc Turtic :mil 
tern, wc sce tlial the fla1 dianiond shape in 1 1- 
crcasc pattern pivos ri.se to the shell ías wcfl .» 
toil). Jt wuulil be a fatriy aimple. lask Lo deennii 
to uulline t.hc platos of a rcal tuHle's shell. 



Figure 7.2. 

Thc Turik shell witli a shell 
pattetn overlairi. 
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We can use grafts to replieate the pattcrn of lines, by run- 
uin£ pleats composed of strips of papcr along each of the lines; 
t he folded edgcs of thc pleats will thcn produce thc shell pat 
tern. Uut wherc should the pleats go in the creasc pattern? A 
reasonable way to proceed with the design is to fold the simple 
turtle, dra w the plate pMÜern on the back, and then unfnld the 
shell to see whcrc the pattern winds up on thc unfolded squarc. 
The result is shown in Figure 7.3. 



toielcg 



hind Ica 




íorclcg 



liind lcg 



Now, we could rcplicaLe this directly with pleats, hut in 
■triking a balance bctween exact reproduction and elegance of 
üne, its usually desirable to simpliry the pattern, focusing at 
tention on a smaller number of distinctive lincs rather than 
overwhehning the viewer with a clutter of lines. ít is visually 
pleasmg and gives cleaner folding pattcrns to make thc pat- 
tern lairly symmetric. Since the creasc pattern itself has a 
strong 60° angle symmetry throughout, it is not unrcasonable 
to adupt that sy mmetry for Lhe pattcrn of plates as well. 1 there- 
fore chosc a simphficd pleat pattcrn as shown in Figure 7.4. 

The simplifications are twofold: First, I forcc all lines to 
üe at multiples of (50°, which makcs Lhem match up with the 
lines in the rest of the rnodel; I also eliininate thc oval of ünes 
going all the way around, figuring that I can crcatc this üne 
hy folding up thc cdge of the shcll in the íinished shape. That 
leaves just three wide hexagons, plus Len pleats radiating away 
from Lhem. The decision to force lines to run at mulLiples of 
60° is aesthetic; it movcs the lines away from the more evenly 



Rgure7.3. 

The unfolded square with thc 
shcll paLtern placed on the 
region that beoomes the shell 
Note that the colored wedgea 
are amcealed b> pleata in thc 
folded model. 



ChapierT: Pattcrn Grafting 
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Fígure 7.4. 

The desired pattern of plcnt 
lines un the shell. 

distributed lines of nature, but by kceping to the natural >sym- 
mctry of the underlying creasc pattcrn, we creat.e the possibil- 
ity offortuitous alignments of thc crcases, leading (we hope) 
to a relatively elegant folding method. 

The pleats arc only needed on the shell, but plcats have 
to propagate all thc way to an edge íor terminate at a junction 
of other pleats), so 1 extend the pleat lines all the way to thc 
edge of thc paper as shown in Figure 7.5. 



Figure7.5. 

Thc shell pattern, with pleats 
extended to the edge.s of Ihe 
paper. 
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To form the pleat lines, wc need to give the pleats íinite 
,vidth, which we do by (cffcctively ) cutting the crcase pattern 
r apart on thc crease lines and inserting ñnitc-width strips of 
paper as shown in Figurc 7.G. 



JunHcg 



hind Urg 




tuideg 



nci leg 



i of the pleats hit the cdgc of the paper at an 
angle, when we inscrt finite-width pleats, the paper becomes 
no longer square. Wc'll fix that up in a minute. But first, lett 
see if we can do anytliing more with these pleats. Obscrve that 
one pleat already hits the edge of tlie paper at onc of the ap- 
pendages (the hind legs). This will allow us to use the paper in 
the pleat to make a fancier hind foot (with tocs, for examplc); 
this paper comes for free. lf weVe going to add paper to thc 
hmd feet, we might as well do the same for the front feet, and 
so I add another pleat near the top of the square that comes out 
at the front feet, as shown in Figurc 7.7. 

Having added pleats to decorate the shell and produce 
more complex fcet, the paper's overall dimensions have be- 
comc roughly rcctangular. To get it back to a square, we could 
add more paper along the sidcs, or we could cut aome offthe 
top or bottom. Looking back at Lhe original crcase pattern, re- 
call that the small strip running along the top of the square 
wasn't uscd for anything in the original base. So we otHlld cut 
it offwithout losing anything from thc base; we could have 
folded the original turtle from a rectangle that is shorter in 
height than width. 



Figure7.6. 

The crease puttcrn with paper 
insnrted for plcats. 



Chapter 7: Pattern Graíting 
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Figure 7.7. 

'l'he creasc paLLern wit.h pleat.s 
for both front and hind feet. 



lorclcf! 



hind leg 




fblMef 



ind leg 



On the other hand, thc pleats we've added have increased 
the heiglit of the squarc much more than they havc increased 
its width. If we select the pleal width carefully, wc can ar- 
range matters so that the added heitfht (from thc pleats) and 
the lost heifcht (from taking off thc top strip) preeisely cancel 
each other out, result.ing in a perfect square once again. as 
shown in Figure 7.8. 



Figurc 7.8. 

The final creasc pattcrn, back 
to square and wit.h strip grafts 
for shell aml f«et. 



hind lep 




hind leg 
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Now, we can form the pleats to crcate the shell and use 
the cxcess paper where the plcats hit the edges to make more 
detailed fcct; the result takcs a simple model to a new lcvcl. 




Figure7.9. 

Crease pattern, buse, anri folded modcl of the Wentern Pond Turtlc. 



I call this usc of aiuiLiple intersecting pleated strips pleat 
grafting. While you can use pleat grafts on any model to add 
more detail here und there, there is always an aestheLic bal- 
ancing act to such surgery: Are the added complexity and ex- 
tra layers of paper justifíed by the appearance of the finished 
result? Thia balance is, ultimately, a matter of personal taste. 
However, as you become morc aecustumed to folding complex 
structures and/or finc detail, the perceived burden of adderi 
complexity diminishes over Liine with the folders experience. 
And if you can usc the added pleats for multiple purposes (as 
we did to creatc both shell pattern and more detailed feet) or 
to eliminatc an ineliíciency in the originul base (which we also 
did in this example), Lhen thc balance will, more and more 
ollen, tip in the direction of detail. 

MosL applications of grafting serve to create distinct flaps 
or appendages, but thc turtle shell is a bit different. Here we 
are not creating flaps; wc are creaLing a patterned surface. 
This opens up a large rangc of possibilities: incorporation of 
patterns into ongami modcls to represent subjects that havc a 
strong textural visual impact. As we did with the Turtle, we 
can create a texture and overlay it onto the paper bcfore fold- 



Chapter 7: Pattem ürjliiny 
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íng the flgure, or (better yet) íncorporate the folds that create 
the texture into the folds that create Lhe rest of the model. 

7 J. Pleated Textures 

The conccpt of origami texture as art in itself was wídely ex- 
plorcd by French artist and foldcr Jean-Claude Correia in the 
1980s. Correia adopted the techniquc of creat ing crossinggrids 
of pleats, Lhen manipulated the excess paper created at the 
pleat intersections. While Correia's work was primarily ab- 
st.ract, the techniquc has been adopted by scvcral artists to 
combine texturcs wíih representational origami; an early 
hcdgchog by John Kichardson used crossed pleats to make a 
grid of short spines on a thrcc dimensional body. The tech- 
niquc pcrhaps reached its zenith in Kric Joisel's Pangolin, in 
which crossed pleats of varying sizes created the scalcd body 
of a priinitive anteater. 

The basic conccpt of a pattern graft, is to crcatc a regular 
patt.ern of creases that emulates some regular pattem present 
in the subject. The simplest. possible pattern is formcd by mak- 
ing a row of parallel pleaLs in one direction, thcn ugain at 90° to 
the first; this creates a grid of squares (or, depending on your 
orientation, diamonds). The resultingpattern resembles scalcs, 
which ía perhaps why most pattcrned subjecLs have tendcd to 
be scaly: snakes, dragons, scaled anteaters, and the like. 





Figure 7.10. 

Left: crofifiod plcats. 
Middle: thfl folded strucLure. 

Right: crossed pleats at 45° create a grid nf diamonds. 

There is nothing that says one can't usc other patterns, 
however; it is possible to take many regular tiling patLerns 
and create pleated orígamí reprcscntations ol'them. Origaini 
artist Chris K. Palmer has singlc handedly created an entire 
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genre of origami by doing cxactly that. For represcntational 
origami, however, the patterns one can create are restricted to 
those that resemble some subject, which tends to favor fairly 
sünple patterns. Grids of squares or diamonds are straightíbr- 
ward: Make crossing sets of pleats. It's also possible t¿> make 
gnds of triangles and/or hexagons (you saw a small piece of 
the latter in the turtle shell ), but these are somewhat harder 
to fold aa they require three different directions of pleats to 
interact. 

The pattern, or texture, graftod into a model is generally 
going to he dictated by thc pattern in the subject. One subject 
that seems natural for texturi/.ing i» a fish: Likc the previ- 
ously done snakes and dragons, a fish has prominent scales. 
We'll use a particular fish model— a Koi, or Japanese carp— to 
illustratc the process of adding tcxture to a model and some of 
the dcsign considerations that cnsue. 

The simplest way to creatc tcxture in a model is to select 
a siniple version of the model foldable from a square, then add 
texture to the square in such a way that it remains square and 
the pattern ends up in thc appropriate part of thc square ex- 
posed in the folded modcl. VVe did this in the Turtle; we can 
apply the same approach to a Koi. The process bcgins witfa a 
model, of coursc: We'll u«e the Koi illustrated in Figure 7.11, 
which is foldcd from a square. (This Koi was created by put- 
ting a bordcr graft onto a modificd Kite Base t.o create longer 
fins and tail; can you identify the original base and graft?). 




Figurc 7.11. 

Crcase paLtern, base, and folried model ot 'the Koi. 



Chapter 7: Pattern Graítmg 



So now, let's look at what type of pattern we'd put on this 
design. Fish have a distinctive pattern of ovcrlapping scales 
that is very close to a pattern of overlapping half-circles, simi- 
lar to the pattern shown in Figurc 7.12. 




Rgure 7.12. 

Leíl: a single fish scale, represented as a halí'-circle. 
Middlc: an arra.y of half-circle« npproximat.ing fish scales. 
Right: an array of crossed pleats at 45 B approximating the lines of 
t.he array of' scales. 

If we ovcrlay lines on top of the circles as shown in Figure 
7.12, we can clucidate the underlying grid ofthe pattern; it is 
the samc as thc grid of crossed pleats rotated by 45°, which 
suggcsts that h grid of crossed pleats is a good place to start. 

However, crossed pleats alone givcs scales that are dia- 
monds, not semicircles. Abettcr approximation of circles can 
be had by blunting thc tips of the squares, for example, with 
sink folds. But if you fold up an array of crossed pleats to work 
on, you will find that the tips of all squnres are entangled with 
othcr layers of the pleats and need to be freed bcforc thcy can 
bc sunk. So a bit more folding is going to be necessary. In order 
to bc ellicient. aboutit, let's make a single crossed plcat to work 
un. as shown in Figure 7.13. 

Tlie tip of the scale is marked A in the folding sequence 
in Figure 7.13. If we wish to blunt the tip, we must ñrst free 
it from the entangled layers, which we can do by stretehing 
thc two pleats apart on either side of the tip as shown in 
Figure 7.14. 
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1. Begin wiLh a square. Fold and 
untold from sidc to side and top to 
boUom. Tvim the paper over. 




2. Use thc cxisting mntmtain fold to 
make a pleat in the paper. 



4. Rotate the paper 3/8 tuin 
counterclockwi.se. 



Figure 7.13. 

Folding sequence for a singlc plcat. 



® 




3. Use ilic otlicr mountain fold to 
makc a vcrtical pleat of the s;imc 
wtdth. 




5. Here is a síjikIc pleat ín thc 
Oám mk m Of lüe fish scaJe. 




(t. .Stretch tlic two cdgcs away from 
the plt-üi so that thc trapped paper is 
released. Ihc resull will not lic flat. 



7. Squash-fold thc 
symmetncally. 



Figure 7.14. 

Stretching and releasing the trapped corner. 




8. Thc flap is now releastril 
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When the square has been rcleased, there is a tiny Pre- 
lnninary Fold in the layers underneath. We then can sink the 
tip of the square, but only to the depth allowed by the edgcs of 
the Preliminary Fold. 




9. Sink ihc üp. 10. i hc tip is now sunk. 



Rgure7.l5. 

Now that. t.he tip has bccn frccd, it can be snnk 

Now this was just a single plcat. W r e can make an array of 
scales from an array of thcse pleats. An array of pleats is de- 
fined bv three quantitics: the direction of t.he pleats, thc width 
of each pleat, and thc spacing from one pleat to thc ncxt. W r e 
have chosen the direction to he 45°. For a given plcat width, 
t.here is onc degree of í'reedom left. to choose: the spacing ofthe 
pleats rclative to the pleat width. To make this choice, we 
should cxtract the structure of the plcat crossing, and use that 
as a basic element to be replicatcd. That structural element 
consisLs of the visiblc fold lines of the pleats (and, if you like, 
the hidden edgcs of the pleats), as shown in Figurc 7.16. 



Figure 7. 1 6. 

Lcft: a single pleat. 

Right: the atructural element.s 

nf the pleat crossing. 
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A single pleat crossing can bc thought of as an individ- 
tilc To devclop an approximation oí' the pattcrn of 
lemicircles, we should array tiles containing the lines of the 
¡eat. crossings ín such a way that they create a similar 
■¿ttern. Figure 7.17 shows such an array, filling in over Lhe 
Bmicircular array. 






Figure7.l7. 

Left: two tiles uf crease pattern. 
Right: the tUes arruyed over thfl 
pattern of semicirclcs. 



One can think of Lhis operation as cutting out small tiles 
of pleats, thcn taping Lhem togethcr edge-to-edge to rcalize 
the larger array. We can do this to boLh the foldcd and un- 
folded form of the paper. The foided forin gives thc folded ar- 
ray; the unfolded forra gives the crease pattern necessary to 
realize thc array. 



F¡gure7.l8. 

Left: the folded tile. 
RighL: Lhe creaM pattern. 

A concern with all pattern grafts is cfficiency: How much 
paper is consumed by thc pattern? This concern can be quan- 
tified as Lhe ratio bctween the area of the pleated structure 
and the original paper. Tliis ratio can be calculated from the 
entire area or, equivalently, from a single tile. 

Thifl comparison shows that thc unfolded Lile is about 60% 
larger in linear size (hence about 2.5 times the area) of Lhe 
folded tilc. That means that on average, there arc two to Lhree 
layers of paper everywhere ín thc pattern— quitc a bit ofthick- 
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Figure7.l9. 

Leffc un array of folded tiles f'orming the «cale pattern. 
Uight: the ñtant array of creasc patterna. 



Figure7.20. 

Left: the foldcd array of scales. 
Right: thc array of crnases. 
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ness for folding. But that's the average; individual regions of 
the pattern can be considerably thicker, as shown in Figure 
7.22, which lists the numher of layers in each region of the 
basic tile. 




This shows that there are as many as 13 layers in the 
paLLern, which means that any subsequent folding that goes 
on will require folding through quite thick layers. 

But thcre's nothing particularly special about this pat- 
tern tile. Thcre is much variety possible in crcating sinks and 
rearrangements of layers around two crosscd pleats. Abit of 
experimentation revcals a somewhat more eftlcionL tile, shown 
in Figure 7.23 in both folded form and crease pattern. 





In this second tile, the crcase pattern is 38% larger (1.9 
in area), so is more efficicnt in its use of paper. In facL, 
the maximum number of layers in any region (seven) is roughly 
half of the maximum for the sunken-tip pattern, as shown in 



Figure 7.21. 

Comparison of thc tile aizes for 
the fbldud and unfolded tile.s. 



Figure7.22. 

The numbcr of layers of papcr 
in each rcgion of Lhe tile. 



Figure 7.23. 

Another tile unit for fish scales 
Lhat is more efficient. 
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Figure 7.24. Its efficiency comes fruin the fact that, relatively 
sp^aking, thc plcata are half the width of the pleats in the 
previous pattcrn. 



An intereatiny side note: Did you notice that all regions 
havc an odd number of laycrs? lt's not. hard to show that this 
must always be the case for a tilfl whose raw edges arc alignerl 
along the boundary of the tile. There is an enormous body of 
work concerning the mat.hematics of origarni pleat tilings— 
far too much to go into here. For our purposes, it is suíTicient 
that the tiles can bo comhined into arbitrariJy large areas of 
pattcrncd regions with pleats cmanating ñrom their edges. 



Now, we can turn our attention back to the original ohject 
of study: thc Koi. For this figure, it would be nice to add scalcs 
to the body, hut not the head, tail, or pectoral fíns. So the flrst 
thing to do is to identify which part.s of the paper will be ex- 
posed in the folded model. Wc should divide the squarc up into 
thrcc categories: (a) those parts of the paper that become the 



Fígure 7.24. 

Number oflayers in fiach rcgion 
Of the efficicnl tile. 




Figure 7.25. 

A patch of t.he new scale tiling. 
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body (thtfsc should have the paLtem expnsed); (b) those parts 
of the paper that become the head and fins (these should not 
have the pattern exposed); anrl (c) those parts of the paper 
that are hidden by other layers (these may or may not get the 
pattern, depending on how we are constrained by the pattern 
we choose). Obviously, it's fairly wasteful to put a lot of effort 
(and tblding) into creating a pattern that will never see the 
light of exterior view, but since pattcrns may not be created in 
isolaLion but are part of a connected whole, it may be neces- 
sary Lo extcnd the pattcrn into subsequently hidden regions 
in order to tbrm thc cntire structure. Figure 7.26 shows these 
regions. The body is colored. We would not like the pattern to 
extend onto the íins or the head, so those are colored gray; 
thcn the lightesL regions are thosc wc don't care about. Note 
that any region covered by another ( the way the front of the 
body ís covered by the head) falls into the "don't care" categoiy 




Figun?7.26. 

Lftft: color-cüded crease pattern. 

Right: corrcspondinj? color-coded ragionH of the Koi. 

llie task now is to fill in the colored regions with a scale 
pattern while avoiding the gray regions. This is not as easy as 
it sounds, because pleated scales don't exist in isolation: They 
are terminated by pleats on four sides. If we represent a plcat 
schematically by a single line, then an array of crossing pleats 
can be rcprcsented by two arrays of crossing parallel lines, as 
in Figurc 7.27. 
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Figure 7.27. 

Two sets of crossintf pleats. 
Earh pl«at is represcntcd by a 
single line. 



We can form scales only where the pleats actually cross- 
conversely, anywhere thc pleats cross, we will have scalc pat- 
tems (or at lcast the busyness of crossing plcats), whether in- 
tentional or inadvertent. 

So, wc can overlay arrays of pleats represent.ed hy lines 
on the crease pattern and see what's possible. 




This is close, but not ideal. There are a few regions of the 
body that don't get both sets of plcats: near t.he t.ail fln and 
near the pecloral lina. So those regions will not have enough 
scales. However, if we added morc pleals to fíll in those areas 
with scales, the pleats will start encroaching on the head and 
tail, respectively. We can reduoe the uncovered region just a 
bit if we allow somc pleats on the tail and altcr thc propor- 
tions of thc head, to something like Figure 7.29. 

In Fi^ure 7.29, the head has bcen slightly reduced in size 
and thc pleats have been allowcd to creep into the edges of thc 
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head and the tail. This secms like an acceptable tradeotYto get 
the body nearly fully covemi. 

ni leavc the construction of the full folding pattern as an 
exercise to closc this section. Here are a few ffuidelines. First, 
as we did with the Turtle, replace each of thc pleat 1 ines w ith a 
strip of paper for the pleat, IIow wide? 

Look back at the individual scale tile. The width of the 
tilc must he equal to the distance between pleat*; the width of 
thc iüMrted strip is equal to the wirlth ofthfl pale colored strip 



Figure7.29. 

Modificd crease and pleat 
pattern. 




Figure 730. 

Determinalion of the width of 
the inserted plcats and erea.ses. 
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in the unfolded tile. At every plcat crossing, you must overlay 
the pattern of the creases that lie within the strip. 

So, the fblding sequence is: (a) insert the pleats into the 
crease pattern; (b) form all of the pleats (and the scales from 
t.he sniall structure in between); (c) continue with the regular 
rolding sequence of thc Koi. If'you workyour way through fuld- 
ing the entirc model, you can congratulate yourself both on 
your undcrstanding of the design process and, because there 
are somc 900 individual scales to bc shaped, your fortitudc. 



Figure 7.3 I. 

Thc completed Koi with scales. 
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Folding Instructions 



Pegasus 
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Pegasus 





1. Bcjiin with ihc vvhite side up. 
Fold the puper in liull uloriL' Ihe 
di;i*',on;il und uiifold. 




2. Fold the ed>?es in to lic 
along the diagonal, bul don't 
make rhe civuses shaip. 





3. Tum the 
model over. 



4. hold the bottom 
point up tO the top; 
make u pirK.fi m 
the middlc und 
unfold. 
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S. Tuni the paper 6. Unfold to step 2. 7. Fold ihc paper in half. 

back over. 8 - Fl ' ld a,ld 

unfold. 




Ifí. lolit :ind unlold 



9. Reverse fold the 
point on the creasc you 
just madc. 



11. Fokl and unfold 
[hfOllgh a sinulr 
layer. repe.it hehind. 




/ 



12. Hold and unfold 
throujíh Ihe interseetion 
of tWO creascs. 




13. Reverec-fold ihe 14. Fold and unfold. 15. Fbld and unfold. 16. Turn the paper over 

top point on the crease Repeat behind Rcpcat behind. and rotate it 1 /4 lurn 

you just made. ciockwite. 
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17. Fold und unfold 
along angle 
bisecrors. 




20. IJnfold Co step 
18. 




23. Plill some paper oui of 
tlic pockei.s (unelosed sink). 




26. Squash tbld the 
ed.i?e. Kepeat hehind. 




18. Fold the hortom cdge upwud 
Note thal Ihe crease connect.s luo 
nease inlersections. 




21. Sink thc bottom edge in and 
out on the cxistinn crcases. 




24. Fold the tlap 
back dovvn. 




27. Fold one flap up in 
tront and ooe up behind, 




19. Fold ihe edgc down su 
thut thc ncvv crease lincs up 
with an exiatiiM ereasc. 




22. Spread-sink ihe rorncrs. 




25. Repeat stcps 
22-2<J behind. 




28. Squash-lold the 
comer. Rcpcat behunl 
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29. I old the neui llup 
baek to the liglu 
Repeal hehind. 



30. I old íhc bottom 
corner np so rhat the 
crcuse lincs up with an 
existinji edye and 
unrold. Repeat Ivhind. 



33. Fold and untold. 



37. Fold down along 
ati aníile hisector. 



34. Unlold lostep 32. 




38. Pold the white 
cdge down ulon.u 
the raw edge. 





31. Sink thc conicr on 
rhe creasc you just 
made. Kepeat behind. 



é 



32. hold rhe white 
llap down along the 
anglc hisector. 




35. Keverse-fold in 
md out on the creases 
you just niade. 



36. Fold and 
imfok). Repeat 
behind. 



^7 





39. Fold the white 
c.iivy haek up to the 
lop. 



40. Unfold to su p 
37. 





41. Reveise-I'old ihc 

llap on the existiiui 
oease. 



42. Fold one flap to llie 
left Kepeat behind. 



43. Sink thc corner. 
HepetJ behind. 
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44. Pitvh the two right points in 
halt and swing them downward; at 
the samc timc. thc top tlap pivots 
ovei to the lixlu. slij¿litlv beyond 
vertical. Flatten the model Qrmly. 




47. Keverse-told the 
hidden edge upward. 




50. Swing both wingsovei u> 

ibc riuhr 




53. Swing thc lct't flap hehind to 
thc n^ht and bring the two richt 
ílaps <one \ony. one short) around 
lo ihc lcft. FhUtcn finnlv. 




45. Slide Ihe \vin>is 
upward ftlightly and 
llatten 




r 



4S. Fokl the right edge of Ibe 

llap ovef tO the let't. Repcat 
hchind. 




w 



51. Fold onc l'lap over to 
the right 





54. Swing thc leí't llap back to 
thc right Flutten ñnnly. 




46. Sink thc long edge on 
the extsting crease. 




49. Bnni? one laycr ot papei lo 
thc front Repeal behind 




52. Fuld the layers 
down. 




55. Fold thc tWO lc^is 

downward, Flatten 
tinnly. 
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56. Keshuttle rhe layers of 
the IhkJv aiul Ilu"» so thar they 
alteniale. 




59. Pull out somc loosc 
papei. Repeat behind 




62. Mountain-fold another 
layerot paper underneath. 
Repeat hehind. 




57. Reverse fold the 
centermost layertwhich was 
frccd in rhe previous stept 




60. Reverse fold the 
corner. Kepear hehind. 




r w 

63. Swing ho(h wings 
hack lo thc lcft. 




58. Swivel the lail 

downward, 




r w 

61. Mountain-fold a double 
lnyer of paper underneath. 
Repett behind 




64. Fold the poini down. 
i'here's no exact referenoe 
potnl. 
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68. Y'ulley-fold onc 
conicr down in lYont and 
hohind 




71. híeverse f'okl thc 
point untlerneath 




66. Moontain-fold the 

edgca inside. 




69. Sink Ihe white corner; at 
the sainc limc. sink the Inng 
edge upward to Une up with 
the top of the head. 




72. Pleat lo form 

ears. 




67. Double-rcvcrse-fold thc 
point downward on the 
creases you made iu stcp 69. 




70. Outside reverse-fold the tip 
of the head 




73. Double-ruhbit-ear the foreleg. 
Note that you are spreading the Ityefl 
on ihe right side of the point. For the 
eleanest results. you shouldn't tlatten 
ihe papcr bcfore doing step 74. 
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74. Reverse-fold the rhinned 
pomt downward and tlatten 
ímulv- 



75. Kepeat steps 73-7-1 
hehind. Note thal the model is 
mtalcd slightly from step 74. 




7h. Doubfe-rabbit-ear hoih 
liind lcgs. As with thc front 
lcgs, sprcad thc lavets on the 
ri>»lil side of tlic point. 




77. Rcvcrsc-fold ihc 

le^s downwud. 




1 



78. Rcverae-fokl the 
tips of the wings. 




I 



I 



P 



1*). Plcul ihc vvings and curve 
lliern oul froiii thc uody. 





80. Hlcat thc tail. 



Xl. Fínifthed l'ceastis. 



fclding Instructions: Pegasus 
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Whilc there are many different approaches 
to origami design, the oncs that I've 
shown thus far can be arranged in a 
rough hierarchy of complexity. We 
Btarted with somc simple structures — 
the traditional bases. Then. we moditicd these bases bv vari- 
ous distortions— ofbettíng the creasc paLtern from the center 
of the square or distorting thc entire pattern. Both types of 
modification leave the numbcr of flape unchanged; thcy only 
alter the lengths and widths of the flape. 

Then we increased the number of flaps by subdividing 
some ílaps into smaller flaps u.sing the various point-splitting 
techniqoes. Whilc in prínciple any numbcr of flaps can be at- 
Lained, point splitting is inherently a proccss of reduction; Lhe 
Qapfl you cnd up wiÜi are always smaller than whaL you started 
with. Thus, there are defínite limits on what you can accom- 
plish by point-splittiiig. 

Wia can escape those limitations by using grafting, by 
cffectively adding paper to an existing crease pattern in such 
a way that the papcr remains square after the graft. Graft- 
ing allows you to add features to an origami base without 
taking anything away from feat.ures LhaL are already prcscnt. 
The simplest grafts are border grafts, which consist of add- 
ing papcr around one or more edgcs of thc square, but thifl 
method, too, has its limits. You can only add paper — and thua 
features— to flapa that are madc from a raw edge, ¡.e., corner 
and edge flaps. Another limitation is that when you are bor- 
dcr grafting, edge flaps don t offer quite the same freedom of 
poinL creation that corner flape did; a border graft that can 
create four points at a corner flap only creates two points of 
the samc size at an edge ílap. 
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Yet more variety in addcd features comes vvhen we 
realize UiaL the existing crcase pattern.s are not indivisible; 
we can cut them up and inscrt strip grafta throughout their 
structure. Strip grafts create points and flaps along edges juflt 
as border grafi.s do, but they also creaLe extra points in the 
interior of the paper without diminishing Üie size of adjacent 
tlaps. As an expansion of strip grafts, we can graít in pleats to 
creatc exLra edges running across a face, and weave crossing 
Rroups of pleats to create scales, bristles, Hnd ot.her textural 
elements. Although they all start with an existing crcase 
pattcrn, strip and pleat grafts are much rnore versatile than 
point-splittíng and border ^rafts and come in many more varia- 
tions. Strip and pleat grafting possess Lhis great versatility 
bccause they are based on dissected crease patterna, and there 
arc usually many different ways to dissect a given pattcrn. 

Once weVe taken the step to ineorporHt.e grafting into dis- 
sected crease patterns, an cnormously richer vnriety of origami 
structures becomes accessiblc. Whcn graftirig in strips of pa- 
per, wc can vary the width, length, direction, and location of 
thc strips; we ean insert multiple strips; and we can create 
branching net.works of strips, all to place additional points and/ 
or tcxtural elementa into the basic design. 

In the modelfl to which weve applied graft.ing — the Song 
bird, the Lizard, the Turtlc our ffrafts have t.aken the fomi of 
fairly narrow st.rips. These are still relatively small perturba 
tions to a preexist.ing model. The prccursor to the songbird was 
still a bird; the li/.ard with toes began life as h lizard without 
tocs; and the turtié with a pattcmed shell waa st.ill recogniz- 
ably a turtlc when ¡ts shell was smooth. But grafts can be made 
much largor and rnore complex and can be used to ereate uew 
bascs so different í'rom their prcdccessors thaL Lhey hardly seem 
relatcd at all. We will expand our palette ol design techniques 
by exploring furt.her tlie eoncept of dissection and reassembly. 
Thus far, we have treated bases and graíls as two distinctly 
diffcrcnt types of ohjects; wc start with a base, then we add a 
graft. In this chapter we will lcarn to decompose both bases and 
grafts into the same underlying structures, vvhieh ean be reas- 
sembled in an inlinite variety of ways. We will also learn Lo 
distill origami bases down to simple stick ligures; we will then 
use thcsc stick figures as tools for the design of new bases. 

8.1. Uniaxial Bases 

Lct's look at sevcral of the bases that Fvc shown so far. First, 
we have Üie Classic Bases: Klte, Fish, Bird and Frog Bascs; to 
theae, we add two ncw bases, Lhose used for thc Lizard and 
the Türtle. All six are shown in Figure 8.1. 
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Figun? 8.1. 

Six bases. Top: creasc paUerns. 
Middle: bases. 

Bottom: rcpresent.at.ive desigiis. 



Chapter 8: Tiling 



All six of these bases share two properties: First, all flaps 
either lie along or straddlc a single vertical line; sccond: the 
hinge at the basc of any flap (i.e., the l¡ne bctween two 
adjarenl flaps) is pcrpcndicular to this line When all flaps lie 
along a line, that line is called an axis of the hase. And any 
base that possesses a singlc axis is called a uniaxiul base. Thc 
axcs of the six bases are shown by dashed lines in Figure 8.2. 



Figure 8.2. 

The axes of six uniaxial hases. 




Uniaxial bases are vcry common ín origami. and they have 
several propert.ies that make thcm relatively easy to consLruct. 
disscct, graft, and manipulate. We wifl study them intently 
for thc ncxt several chapLers. 

Not all origami bases are uniaxial. howcvcr, and beforc 
casting Hsidc all other origami bases, it's worth taking a few 
mornenLs to look at somc cxceptions. 

Among the t.raditional bascs, the Windmill Ba¡se is not 
uniaxial because its four flaps do not lie along a single line: 
instead, it has two erossed axcs and the hinge creases are not 
perpendicular to the axis. 

A base of a more recent vintage — John Montroll's Dog 
Base, variations of which he has used for a scorc of diverse 
figurea — is alao not a uniaxial base, having t.wo distinct paral- 
lel axes. MnnLroll's base is remarkable for its efficiency in use 
of paper (and ibr my money, stands as thc most elegant. base m 
all of origami). So while uniaxial bascs will prove to bc 
rcmarkably versatile, they are not. the magic solution íbr all 
origami problcms. 
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Figure 8.3. 

Left: The Windnnll Rnse has 
two crossed axes. 
Kight; Montroll'a Dok Base has 
two parallel axes. 



Montroll's Dog Basc, in particular, highhghts a limita- 
tion of uniaxial bases; for a givcn model, they may not provide 
the most efficient structurc. However, uniaxial bnses are 
readily constructed and quiLe versatile, and we will explore 
them thoroughly. 

lt should also he noted that whether or not a base is 
uniaxial rmiy depend on the orientation of the base. In the six 
example bases I've shown. the axis lics along a linc of mirror 
syiuiiietry. This is usually. but not always, thc casc. For cx- 
arnple, in the Waterbomb Basc, if wc attempt to draw the axis 
along the line of symmetry, we ñnd that thc raw edges ol'the 
flaps don't lic along the axis and the liiuges aren'L perpendicu- 







7 







Figure 8.4. 

Top. crcasc pattcrn for thc 
Waterbomb Base. 
Lower left: the Waterbomfa 
Rasft ia not uniaxiul with 
respect to an axis along thc 
tívaimetry iine. 

Lower right: it is, however, 
uniaxial if we draw the axis 
along thc raw cdgcs of the base. 
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lar, so it's not a uniaxial base. However, if wc rotate t.he base 
by 90°, we can re-draw tbe axis along the raw edges, the hinges 
are perpendicular to the axis, and ít is thereby revealed bo be a 
uniazia] ba.se in this new oricntation, as shown in Figure 8.4. 

Uniaxial bases lend thcmsclves to strip grafting because 
tbe alignment of many folded edges along tbe axis of an exist- 
ing base makcs thc creases along those edges natural candi- 
dates for cutting to insert Btrip grafts into thc crcasc pattern. 
The creascs that lie along the axis in the basc form a speeial 
set; they are called the axial ereases in the crease pattern. In 
the crea«e paLterns for thc six bases, I have highlighred the 
axial creases in Figure 8.5. 1 have also similarly marked those 
portions of the raw edgc of Lhe paper that lie along thc axis. 
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Figure 8.5. 

The axial creasea in the six uniaxinl basc crease patterns. 



Axiai creases arc natural candidat.es for cutting and in- 
scrting Btrip grafts, in part because every flap has at lcast one 
axial crease (or a raw edge) running to its tip. Consequcntly 
we c:an always split any flap along its axial crcase to inscrt a 
strip graft. 
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Obeerve that the network of axial creases dividcs the crease 
jattern into a collcction ofdistinct polygons whose boundaries 
ire entirely composed of either axial creases <>r the raw edge of 
he paper. We will call these polygons axial polygona. 

8.2. Splitting Along Axes 

Thc axial polygons of the crcase pattern have an interesting 
property in their own right: In the folded base, thc entire pc- 
rimeter of each polygon comes togethcr to lie along a COmmon 
Line -the axis of thc model. You can observe Lhis property by 
taking a base and cutting it along its axis. If you givc the cut a 
slight kerf, so that it severs folded edgcs that lie along Lhe 
axis both the base and thc crcase pattern wül fall apart into 
disLinct pieces, as shown in Figure 8.6 fbr the Fish, Bird, and 
Frog Bases. 
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One or more strips can bc inserted along any oí'Üik gaps 
to split or multiply tlaps Let s look at an exampíe. 

Figure 8.7 illustrat.es the process of inscrting a strip into 
the miiJdle of a Bird Base, We cut the base down the middle, 
then insert a strip ¡ nto the gap. The resultin* shape has paired 







3. Mountain-fold the 
corner iindemeaih. 



4. Dem the top ot rhr modd 

lad jmsh ihe sides togeti» 
10 thut the cdpc.s of the stup 
align. 



5. Rfvcrse-fold 
thr bottom eomcr 
Repeul bchmd. 



6. Finished 
prafrrd shape. 



Fígureg.7. 

Folding fiequence and crease 
pattern to form a «trip graíl 
within a Bird Baee 
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7. Ciease pattcrn 



234 



Origaitll Design Secrets 



pOÍntfl a ^ the top and bottom middle where the original base 
hfld only single points. 

Now, lets look at what we've accomplished The Rird Ra.se 
that we startcd from had five flaps: four long ones pointing 
down and one short onc pointing upward. Two of the long flaps 
at the bottom and the shorter ílap at the top have now been 
split into a pair partway along their length. This is not cn- 
tirely obvious froin t.he í'nial ¡step in Figure 8.7, hut if wc rotatc 
the layers so that the inserted strip stands out from thc rcst of 
the base. the gap becomes visible as shown in Figure 8.8. 



Figure 8.8. 

Strip-graftcd üird Base with 
tlaps oricnted so th.it the gap is 
visible. 



The interestiiig thing here is that after the inserted strip, 
we still have a uniaxial base. And it is instructive to highlight 
the axial creases of the new base. 




heft; the erease pattern of thc origmal Bird Base. 

Right: the crease pattcrn of thc ttrip grnfted versiou. The axiai 

creases arc highlighted in both . 

Note that in the process of adding a vcrtical strip, we also 
created new horizontal axial creaaes. Thc Bird Base was com- 
posed of four axial polygons, which are four identical trianglcs. 
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But our inserted strip graft is similarly composed of polygons 
whose boundaries arc axial rreases íor the raw ed^e of the 
paper): In addition to the lour triangles ofthe Rird Base, we 
have added two rectangles and two triangiew. 

We can now view grafls in a ncw hght While wc have pre- 
viously distinguiahed l>etween thc original base and thc stríp or 
bordcr graft thal we've addcd to the pattem, they arc really not 
so diñerent. Both tfie basc and the graft arc composed of the 
samc ñindamental elementa, which are thc axiaJ polygons. 

This uniñcation allows ub t.o approach design in a ncw 
way. In the past, we have almost always started with a base 
and then wrou^ht variationa upon it. But since bascs are all 
composed of axiul pulygons, wc can diapenae with the idea of 
starting from a base and adding grafta; instead, wc can actu- 
ally build a base from scratch— mayhe graftcd, mayhe not— 
simply by aaaemblizig axial polygons into a crease pattern. If 
wc tliink of each axial polygon as a tile of creasea, then thc 
problein of design bccomes a problem in fitting tiles togethcr 
in such a way that we obtain all thc desired llaps in our base, 
and t.lie tiles fit together to makc a square 

8.3. Tíles of Crease Páttern 

Wc have already encountcred several possiblc tiles in t.he Classic 
Bases and t.he graftcd variants seen so far. Lct s enumerate them. 

Pirst of all, thcre is the triangular tilc that makes up the 
tbur Classic Bascs. It comes in thrcc distinct forms, dependim? 
on the orientation of t.he flaps íscc Figure 8.10). 




Figure 8.10. 

The three orientatíoni of the triangular tilc that makes up the cla««¡c 
bases. 



These threc forms are only distinguished from <>nc 
another by thc locat.ion of the mountam fold in thc creasc 
pattern and the poaitíons of the flaps in the folded form. In thc 
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crcasc pattern witliin each triaugle there are four folds — one 
niountain fold and three valley folds — extending from the 
crease interscction to the corners and cdgcs. 

The I iizard and Turtle bases arc also composcd of triangles, 
but different oncs: an isosccles trianglc from thc Lizard, and 
an equilateral triangle from the Turtle. 




Figure8.l I. 

Left: thc triangle tilc from thc Lizard base and its í'oldcd form. 
Right: the eqmlateral triangte tile from the Turtle base. 

Every such triangular tile has thrcc possible folded forms, 
just like the isosceles right triangle tilc shown in Figure 
The creases within each tile are the three angle bisectors from 
each corncr (which alwaya meet at a common point) as valley 
Iblds, and a mountain fold that ext.ends from the interHeetion 
point perpendicularly to one of íhe three edges. Since there 
are three edgcs, there are three possible choices for the moun- 
taln fold. When we enumerate tiles, it's not necessarv to show 
all three forms for every triangle; you should keep in mind 
that for any trianglc, all thrcc arc possiblc. Thc thrcc tilcs 
shown hcrc arc not thc only possiblc triangular tilcs, cithcr. 
Tn fact, it can bc shown that cvcry triangic can bc turncd into 
such a tilc by constructing the three angle biseetors as vailey 
folds and dropping a perpendicular mountain fbld from their 
intersection to an adjacent edge. 

Are the only such tiles triangles? Clearly not: look again 
at the grafted crease pattern in Figure 8.9. The strip graft is 
composed of rcctanglcs and trianglcs. Thc trianglcs arc famil- 
iar; the rectangles arc ncw. Rcctanglcs, too, can be used as 
tiles from which crcasc pattcrns may bc asscmbled. Figure 
8. 12 shows thc rectangular tilc from thc strip graft; it, too, can 
be folded so that its perimeter lies along a common linc. Thus. 
a rcctangle can alao serve as an axial polygon. 

fíust as we saw t.hat creasefl can be constructcd inside of 
any triangle to make an axial polygon, so too can creases be 
constructed within any rectangle, no matter what its aspcct 
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< a > (b) ( C ) 



Figure 8.12. 

(u) The rectangle tile trom thc strip graft. 

(b) A wider rectangle. 

(c) The Hrnitm g case ofan eqnilateral rectangle, i.e. f a aquare. 

ratio. Kigure 8.12 shows creases For t.hree different aspect 
ratios, including thc limiüng cane of a square — which gives 
rise to the uniaxial orientation of the Watcrbomb Baae as its 
folded form. 

As we saw for the triangle, it is possiblc to orient t.he flaps 
of a tile in severaJ different ways. Figure 8.13 shows several 
possible orientations for thc flaps for one of the rectangular 
tiles. The varíatíon arises in thc creases that run perpendicu 
lar Lo an edge. We can recognizo nnd t.reat the essential simi- 
larit.y among all such variations by simply drawing the tiles in 
tígenericfifrm, with undift'erentiated creases pcrpcndicular to 
all edges as in Figure 8.14. When the tiles arc assemhled into 
full crcasc patterns, sorne of those creases will get turned into 
mountain and/or valley fblds, but wc can — and will — tiefer t.hat 
assignmcnt until a later timc. 




Fígure8.l3. 

Three difTerent c.rease patterns and arrangements of* flaps fr>r u 
rectangular tile. 
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Fígure 8. 14. 



Generíc form of the rectangular 
Lile uiicl one pa^ihle arrangement 
of flaps. 



Arc there morc possible tiles t.han thcsc? Uncount.ably 
m ore, as it tums out. In addition to tríanglea and rectangles 
there arc tiles from pentagons, hcxagons, and octagons, both 
rcgular and irregular. In later chapters, we will learn how to 
construct. ncw special-purpose tilcs from arbilrary shapcs; but 
even these fcw shapes— triangles and rectangles— allow onc 
to construct ncw, custom-tailored bases. 

8.4. Tile Assembly 

Now, if a base can he constructcd from tiles, we nccd some 
niles for thcir assembly. Tile asscmbly is not as easy as it might 
seeni, becausc cach tile contrihutcs to several difTercnt flaps. 
When une is dcsigning a figure, onc naturally thinks in terms 
of flaps, and it would be very siinpie if any given tile coitc 
sponded to a single flap; but instead, each tilc contains pieces 
of scveral flaps. So, whcn we assemble tilcs, we need to makc 
sure that they go togcther in such a way as to create entire 
flaps -in the right sizes, and with the right conncctions. 

Kecping track of the corrcspondence betwccn tiles anu 1 
flaps is aidcd by decorat.i ng thc tücs with cireular arcs as shown 
in Figurc 8.15 for triangular, rcctangular, and square tücs. 

Compare the four tile crease pattcrns with the folded form 
of each tile. Each circular arc defines a region uf paper that 
belongs to a singlc flap. 

The value of thc circles is that when two tiles mate so 
that the circles line up, then the folded ibrms of cach tile also 
matc so that the t>oundaries of adjacenL flaps linc up with eacb 
othcr. An cxample is shown in Figure 8.16. 

In Figure 8.16, each Lriangular tile cont.ains Lwo long flaps 
and one short flap. Tf we uiate thc two triangles along their 
long edges, Lhe long flaps merge, t.op and bottom, into two long 
ttaps; but Lhe two side flaps remain scparate, so thaL Ltie re- 
sulting crease paLtcrn contains two long flaps and two short 

flaps: a Fish Rase. 

Altcrnatively, as shown in Figure 8.1 7, by mating the t.wo 
tiles along their short cdgcs, instead of long flaps merging, 
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Fígurc 8.16. 

Mating two tiles so that the 
cirHes align injíure« that tho 
íblded forms align us well 
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Figure 8.17. 

The «u» two tiics can be mated along their short edges to rreatc q 
diílerent configuration of flaps. 

one long and one short ílap mergu, and thc resulting base has 
three long tlaps and one «hort flap íand its crease pattcrn is a 
nght tnangle. rathcr r.han a sqnare). 

Observe that in each mating, distinct segraents oíurcles 
corrcspond to distincl. flaps. Thus, a simple way of detennining 
thc number of llaps creatcd bv t.he crcase pattern is to count thc 
number of distinct portions ofcirclcs in the crcase pat.tern 

At this point, you mighl wish to explorc fitting togcther 
tiles in diffcrenL ways and examining the resulting creasc pat - 
tcrns i and fbr a challcnge, r.ry folding the corrcsponding bases i 
rhe circlcs serve two purposcs. First, they creatc matching 
rules that enforce foldability of the resulting creasc patterns 
II you makh up two tiles with misaligncd e.rcles, you will not 
•n general, be able to collapse Lhe crcase pattern without add' 
•ng ncw creascs. For example, thc right triangle Lile and thc 
Uzard tüc cannot be mated because the circlcs don't linc up If 
you try to fold Lhe shape in Figure 8. 18, you cannot form e¡- 



misulignmcni . 
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Figure 8.13. 

Two tiles cannot bc mated if 
thcir cireles do not line up. 
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ther of the two creases incident perpendicularly upon the mat- 
ing linc without adding new crcases inaide the ot.her tile. 

Thcrcfore it is absolutely nccessary that all circlcs line 
up with Uih eirnles of mating tiles along tile boundarics. ThÍ8 
is a substantial restriction on the ways that tiles can be as- 
sembled into crease pattcrns. 

Oii the other hand, however, there is oftcn more than onc 
way that the circlcs can be drawn within a given tile. Lets 
look at thc rcctangular tile. It differs from the tríangular and 
Waterbomb tiles in two ways: 

• A gap in the middle of thc crease pattern 
separatcs the upper pair of circlcs from the lower pair 
of circlcs. 

• A segment in thc folded form separatcs the upper 
pair of flaps from the lower pair of flaps. 



Figure 8.19. 

Lcft. creaKe pattern for the 

rcctangular tile. 

Right: foldcd form of the tile. 




It is clcar frorn examination of the erease pattern and thc 
folded fbrm that the papcr in the gap in the creasc pattcrn 
gives rise to the paper separating the two pairs of points in thc 
folded form. This papcr is, in its own way, a kind of ílap as 
well; but it*a not a loose, isolated flap; it's a flap that coimects 
other flaps. We can allow for such a fcature in a erease pattern 
i and modcl) by inserting a stripe into the crease pattern that 
cuts across the rectangle, as shown in Figure 8.20. 



Figure 8.20. 

The complcted rectangular tile 
cuntain? a river running Mcross 
its middle. 



— — — 













stnpc 



W T c will give this stripc that aeparates groups of circles a 
special naine: we will call it a river, for a reason that will shortly 
bccome apparent. 
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Whal about triangular tilcs? Arc thcrc analogous struc- 
o 



The roctangular tiles give risc to two pairs of flaps sepa- 
rated by segments — like the body between the iront and hind 
legs of an animal. We can BÍmilarly t.hink of a triangular tilc 
as giving rise Lo a pair uf flaps sepMrafed frnin ;i third flap by a 
hody, as shown in Figure 8.21. 




> body < ' 




We can decorat.e the triangular lile with its own river cor 
responding to the body, so that. the river is difltinct from thc 
circle reprcscnting thc flap. It's not hard to see ihat while the 
river in thc rectangular tile is a rectangle, for the tríangular 
flap, the appropriate decoration is a scgmcnt of an annulus, 
i.e., a rectangle bent along a circle, as in Figurc 8.22. 



\ 


y 










body 




Figure 

A body can \w. inserted into a tñangular tilc by representing it. as a 
partial annulus. 



Figure 8.2 1 . 

Roth a rectangle and a triangic 
can folded into a shape with 
a body seuarating onc or more 
flaps. 



stnpe. 



This division is not unique to the isosceles triangle tilc; for 
any corner of any tile, the circle at that flap can be subdividcd 
into a circlc plus an annular river, thereby allowing it to bc 
mated to a rectangular tile or to any other tile similarly divided. 

So, for examplc, thc rcctangular tile and twn divided isos- 
celes triangle tiles can now bc matcd, one on either side, as 
shown in Figure 8.23. Wc cnforcc thc mating of the circles on 
both sides, which constrains thc aspect ratio of the rectangle 
relativc to that of the two Lriangles. 

Wc must enforce mating of both the circlcs and the nvers, 
as shown in Figure 8.23. And now, perhaps, you see the reason 
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Figure 8.23. 

Mating of two ixosceles triangle 
tilos with a rectangular tile. 



for the namc river: in a large crease pattcni, rivers are regions 
of constant widtb that meander among the circle* like a river 
meandering among hills. 

Now, before we even try folding this crease pattcrn, we 
can detennine what thc resulting ahape will be simply by ex- 
amining the circles and nvers. There are six distinct segments 
ofcircles; each circle wil] create a distinct flap. Thc four circlea 
at the top are separatcd firoin the two at thc bottom by a river 
running across the pat.tern; conscquently, the folded shape 
should havc six flaps with four at onc cnd separated from two 
at the othcr by a hody. 

And indeed, if we fold this creaae pattern, assigning crcase 
dircctions as ahown in Figurc 8.24, that. is exactly the shape 
wc obtain, 



Rgure 8.24. 

Left: creuse pattern . 

Right: folded fnrm of thc 

result.ing shapc. 



This crcasc pattern isn't a squarc, of course. But we can 
make a square pattern by packing these tiles into a square, a.s 
shown in Figure 8.25. There arc two poeaible orientations; the 
axis ofsymmetry can be orientcd along the edge of thc square 
or along the diagonal. Packing the l.iles in along thc diagonal 
is a bit. rnore efficient, but still leaves somc unused paper at 
the top and bottom of thc square. 

No problcm: we can simply add morc tiles (snitably deco 
rated by circlcs and/or rivers) to crcate more flaps and consume 
the rest of thc paper in the squarc, as shown in Figure 8.2f>. 

By enforcing circle matching, we ensure that the crease 
pattern can be folded flat (wc will have to add somc creases to 
the two sliver trianglcs along the upjier edges and assign creasc 
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Figure 8.25. 

í^ft: the shape fit into n squarc. 

Right; add a fesv more tilefl to add morc flaps and conatUM th« 
rcmaining paper in Lhe square. 

directions to the gencric creases). Furthermore, by counting 
circles and rivers, we cun eluddate the structure of the result 
ing base beforc we have even begun to fold There are five circles 
at the top ol'the patt.em, all touching; thcsc will givc rise to 
five flaps. The topmost circle is larger than thc other four; that 
flap will bc longer thnn the others. Therc arc two circles at the 
bottom, Beparatad by a river that runs across the pattern. Tho.se 
two cirdes will give rise to two more flaps, tlie saine length as 
thc upper four, but separatcd from them by a body; and fi- 
nally, the tiny circle at the very bottom will turn into a small 
flap, joined to the other two Lhat it t.ouches. 

And indccd. with suitable crease assignmcnt, this pat- 
Lern can bc folded into Uie shape shown ín Figurc 8.2b\ which 
matches every element of the structural description. 

Thia atructure ís notjust a contnved example; 1 have used 
it to reallze a Pegasus. Thc foldcd model and iLs crease pat- 
tern is shown in Figure 8.27. Folding inst.ruct.ions are given at 
the end of the chapter. 

If you compare the erease patterns in Figures 8.26 and 
8.27, you will scc that although the overall structurc is thc 
same, the sccond crease pattern has many more creascs within 
Lhe individual Liles. Tt is useful, in fact, to examinc the various 
tiles because Lhey are illustrative of some of the variaLions 
you can Rnd within tiles. 
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Figune 8.26. 

Letl: the finished crease pattem. 
Kight: thc fohlwl hase. 





Rgure 8.27. 

Left: Pegasus f I ■■■■ pat.tprn 
Middlc: foldcd base. 
Right: finished Pegasus. 

First, leffl look at. the rectangular tile that. forrns the body 
and four legs of Lhe animal. The two forms — t.he basic crease 
pattern, and Lhe form in the folded model — are shown in Fig- 

ure 8.28. 

In the two tile crcasc pattérns, the circles and rivers have 
Lhe same radü and width, respectively, and thc tlaps have tbe 
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Figurc 8.28. 

Lcft: the basic rectangle tilc. 

Right: the tile with ndditional creases. 



same lcngths in the folded forms. The only diílerenee lies in 
the widths of the folded flaps and the number oflayers in each 
flap. The narrower flaps neccssanly have more layers. 

Similaiiy, the triangular tiles also have somewhat more 
complex crease patterns than wc suw previously. 





Figure8.29. 

Lcft: thc basic isosceles triangle 
tilc crcasc pattcrn. 
Right: the same tile with 
additional creases. 



If yoLi fold these two patterns, you will see that the diffcr 
ence again lies ín thc width of the flap and the number of lay 
ers, rather than thc lcngth or connectivity of the flaps. 

As a third example, recall that the Lizard base came in 
two forms: one with wide flaps, one with narrow flaps. First, 
let's look at the wide-flap (simpler) version of the erease pat- 
tern and base. I have highlighted the axial polygons and drawn 
in the circles and river on the tiles. 

Observe that the rivcr is meandering through the pat 
tern in a way that clearly illustrates its name. 

Now, look at the actual crease pattern for the Lizard and 
its base. I have used the same outlines for thc axial polygons. 

The narrow form of the Lizard basc uses the same tile 
outlines, circles, and rivers, but there are many more creases 
within each tile. 
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Figure 8.30. 

LcfL crense pat.tern witfa axial polygona highlighted and circles and 
rivers drawn. 

Kight: basc for Llie Li/ard with axis highlighted. 




Figure 8.31. 

Left: Lizard crease pattern with tile outlines, circles. and rivers. 

Middle: base. 

Rifíht: fínished Lizard. 
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8.5. A Multiplicity of Tiles 

\)o we need to kccp track of all possible creasc pattcrns for 
every poesible tilc? Fortunately not. The morc complicated 
crease pattems can oilen he derived from simplcr patterns by 
narrowing Lhe ilaps of t.he folded form of the Lile in one of 
several different ways. The most common Lechniques for 
narrowmg take the form of sink folds (whicfa accounts, in part, 
for the prevalence of sink folds in complex origami designs). A 
simple tilc with widc flaps can have it.s flaps narrowed by sink- 
ing one or more timcs. This sinking can give a much more 
complex crcasc pattern, but it should not distract you from 
understanding the essential simplicity of thc underlying tile. 

For exainple, let/s take the isosceles triangle Lile. There 
arc several ways of narrowing the ilaps. Two of the more 
common are shown in Figures 8.32 and 8.33. One keeps the 
flaps triangular while making them more acute; Lhe other turns 
thcm into quadrilaterals. 






inmple tilc cre&se 



I. Oiien-suik thc 
two flapg ulong 



bisodora. 



2. Open-smk thc 
rvmuinin^ cdge. 



Figure 8.32. 

Procedure to narrow a r.ile using angled sink folds. 



3. Nanmvrd lolilfil lil«' 
an<l its orcase patlern. 




Simple lilc 
patleni 



1. Opcn-sink the 
side corncr ot thc 
toldcd shapc. 




2. Norrowcd folded tile 
and its crease pattem 



Figure 8.33. 

Procedure Lo narrow h tile usin^ 
sink f'ülda parullel to Lhe uxis of 
the folded tile. 
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Rgure 8.34. 

Left: the narrowcd isosc*le.« 
tile w¡t.h all axial creaaes 
highliKhted. 

Right: the uuna tile composcd 
of three triangular tiles and 
their circles. 



Which of the two you use is primarily a matter of taste. 
The sequcnce Ln Figure 8.32 gives flaps that taper cvenly, but 
it is difficult to form the closcly spaced creases as they con- 
verge on the tip of the flap. The sequence in Figure 8.33 dis 
tributes the layers more evenly hut doesn't taper smoot.hly to 
its tip. And there arc many more possibilitics than these: You 
can sink some flaps and not others, and perform double, triple, 
and more complcx sinks. The important thing is, this narrow- 
ing can bc performed after the base is folded, so you can do all 
your dcsign using the simplcst possible tiles, thcn go back and 
narrow theni if desired. 

You might have noticcd that when we narrow a tile as in 
Figures fi.32 and 8.33, some of the creases created within thc 
tiles end up lying along the axis in the folded form; that is, 
they are also axial creases. For example, the isosceles triangle 
tile narrowed with angular sinks has several new creases thal 
lie along the axis in the folded form, as shown in Figurc 8.34. 




This example illustrat.es that a tile can sometimes be sub- 
divided into smaller tiles; the isosceles triangle tilc in Figurc 
8.34 can bc decomposed as on the right into three morc tri 
angle tilcs, each with threc drcular arcs; and as the flgure 
shows, the point whcre the tliree tiles come together can give 
rise to a tiny fourth flap. If you í'old an exaraple and careftilly 
cxamine the folded form, you will find that fourth ílap buried 
within the layers in the interior of thc shape. 

Rectangular tiles can also be narrowed. A long, skinny 
rectangular tile can be narrowed with angled sinks as shown 
in Figure BJ85. 

As with the narrowed triangle tile, somc of the creases in 
the narrowed tile will lie along the axis of thc foided form. But 
rather than dissccting the tile into smaller tiles, it's better to 
think of it as a simple tíle with a fcw extra creases. 

In a rectangle of high aspcct ratio, the two anglcd sinks 
don't interact. But if the rectangle is shortened relativc to its 
length, the sink folds connect and introducc some new horizon- 
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Figure 8.35. 

A simple rectangular tile, 
narrowed with sinks, becomes 
a more complex r.ile. 



tal creases. For the so-called silver rectangle, whose width-to- 
length ratio is 1 x n'2 (this is the same proportion as European 
A4 leLLer paper, 210 x 297 mm), the narrowed tbrm of the tile 
has a particularly clcgant crease pattern, shown in Fígure 8.36. 
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Rgure 8.36. 

Left: simple tile for a silver 
rect.angle. 

Ri^hL: tiarrowed forin of Lhe 
sume tíle. 



The square, too, has a narrowed form. The simple tile for 
a squarc is, as we saw, the VVaterbomb Base. The narrowed 
form is — surprise! — the same crease pattern as a Rird Rase 
(see Figrurc 8.37). 
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Figure8.37. 

I<eft: simplc tilc for a square. 

Right: narrowcd form of the same tilc. 





So, we could treat this tile as the narrow forni of a square 
tile, or we could decompose it into four of the triangular tiles 
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that we've already seen (in whieh case, we'd add a fifth circle to 
thc center of the squarc, representing the fifth accessible flap). 

So, it, appcars that a given tile can have several difFerent 
crease patterns inside it with the same number and lenpth of 
flaps; only thc widtha of the flaps ditter. The simplest tiles 
have the widest flapa, Ry sinking thc tiles in various ways, we 
can make the flapa narrower; in fact, by sinking over and over, 
wc can make each of thc flaps arbitrarily thin. 

8.6. Stick Figures and Tíles 

At this point, it is helpfti] to introduce a pictorial notation for 
the arrangoment of flaps in thc folded form of a tilc: the atíeh 
figure. Wc represent each flap in the folded form by a line seg- 
ment whose length is equal to the length of the flap, with line 
segments joined to cach other in the samc way that the flaps 
are joined to each othcr. 

Tf two circles touch within the tile, thcn their correspond- 
íng flaps touch, and we will represent that connection by draw- 
ing the sticks as touching at thcir corresponding end. Thus, 
for examplc, the folded form of a triangular tile — thrcc flaps— 
can be represented schematically by three lines coming together 
at a point. 

Figure 8.38 illustrates thia sc-hematic form for two of the 
triangle tiles. A triangular t.ile can be foldcd into a shape with 
three flaps; we will represent t.he tile by a three-branched stick 
ligure, in which the sticks are the samc iength as the flaps in 
the tile. 




Figure 8.38. 

Schematic reprcscntation of two t.nangular tiles. The lengt.h of each 
stick is equal to thc lcnjfth i>f i.h^ flap 

Thc stick flgure can also be viewed as t.he limiting casc as 
the flaps of the folded form arc made narrower and narrowcr. 
Howcver, there is an important difTerence betwcen the stick 
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figurc and the base. Although we often draw the branches of 
the stick ligurc ín thc same orientation as the flaps of a base 
(as in Figure 8.38), thcre is no significance to the order of sticks 
around their common cndpoint. Thc flaps of the base may be 
superimposed, one atop the other, but in order to distinguish 
adjacent flapS, 1 will always draw the stick figurc schcmatic 
with thc segments separated by some angle. So in thc stick 
figure, it is not the angles between segments that are signifi 
cant; only the lengths of the segments and their connections to 
each oLher mattcr, bccausc the length of each segment indi- 
catcs the length of thc corresponding flap. This length is also 
equal to the radius of thc inscribcd circular arc for flaps repre- 
sented by circles. 

For a tile with a river running through it, we will reprc- 
sent both the flaps and the connection between them by lines as 
well. Thus, a rectangular tile with a river is represented sche- 
matically by four hnes joined in pairs with a connection between 
the pairSi whilc a squarc tile composcd of four circles would be 
represented by fbur lincs all coming togcther at a point. 
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Figure 8.39. 

Schematic rcprcscntation of a rectangular tile with a river and a 
square tile. 



The stick figure schematic is a useful tool because it doesn t 
dcpend on the specifics of thc crcascs within a tile, only upon 
thc circles and rivcrs within thc tile. But its utility extends 
beyonrl individual tilcs; wc can also use the stick figure to 
represent the structure ofao entire base. 

We can use the stick iigure to sketch thc structure of 
entire crease patterns by treating the entire pattcrn as one 
large collection of circles and rivers, using a few simple rules: 

• Each ci rcle is representcd by a linc scgment whose 
length is the radius ol'the circle. One endpoint of thc 
segment corresponds to the center of the circle; thc 
othcr corresponds tu the boundary ofthe eircle. 
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Rgure 8.40. 

Six t>H8**R. with inscribed circlcs and rivers; Lhe bascs, nnd 
curresponding stick ngiirefi. 
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• Each river is represented by a linc segment whose 
length is the width of the rivcr. One endpoinl of the 
scgment corresponds to onc bank of the river; the 
other corresponds to thc othcr hank ofthe river. 

■ IfLwo feuLures (circles or rivers) touch anywhcrc, 
their correspondinglines are connectcd at corrospond- 
íng endpoints. 

Tb see how this works, let's construct thc stick fiffurcs for 
the six bases we've been working with in this section. 

The circle/river patterns within thc crease patterns of'the 
fbur Classic Rases consist only of circles, and so Lheir stick fig- 
ures consist only of lincs cmanating from a common point. Thus, 
iii thc folded bascs, all of the flaps emanate from a common 
location. The Lizard base (fift.h in the row) is a bit different, 
however; its circle patLern contains a river. The river gives risc 
to a segment that separates the two ffroups of points m the base. 

Thus, the sLick figure serves as a quick, shorthand de- 
scription of both the lengths of thc tlaps and the way t.hey arn 
connected to each othcr. You can design a crease pat.tern using 
just tiles with circlcs and rivers, and hy drawing t.he stick fig 
ure, quickly asccrtain whether the pattern gives rise to the 
necessary combination of flaps. Only after you've found a tile 
pattcrn that gives Lhe ri ght number of flaps with suitable 
lengths do you need Lo fill in the tilcs with crcase patterns. 

Let's look at an example. A squarc can be dissected into 
two rccLangles plus two dissimilar squarcs, as shown in Fig- 
ure 8.41. What would bc thc properties of a base consLructed 
froin these four tilcs? 




Figure 8.4 1 . 

Left: two rectangular tilea plus 
two square tiles fit together to 
make a square. 
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If we plug in four tiles- two squares containing four 
circles, plus two rectaugles containing four circles and two riv 
ers, we see that the cirvles in the upper square inate propcrly 
with the short sides of the rectangles, but the ones in the larger 
square dont mate properly with the circles and river ui the 
rectangle. We can fix that. Recall that any circle can be subdi- 
vided mto a smaller circle and an annular river; similarly, the 
rivcr in each rectangle cun be bisected into two rivcrs to rnate 
with the newly crcated rivers. The rcsult is a pattcrn of eircles 
and rivers in which all rnatchingconditions are satisfied along 
the edges of the tiles, as shown in Figure 8.42. 



Figure 8.41 

Tiles with rircles and rivers that 
satisfy ruatching conditions 
across tile boundaries. 




And now, without addmg any more crcases, we can iden- 
tify the numbcr of flaps in the hase folded from this structure. 
In the crcase pattern, we label each circle and river with a 
letter from a to 1, as in Figure 8.43. 

The f'our circles a-d at the top are í'our equal-length flaps. 
Since a touches b and c, its corrcsponding hnc must be joined 
to lines h and c at the same point. Since b and c also touch 
circle d, that meaus line segment d must also be connected at 
Uie same point as well. 

There is a subtlety here I don't want to speed by; even 
though circle d doesn't touch circle a, since d touches b and b 
tuuchcs a, t.he two corresponding flaps are connected at their 
base. The way you can keep this straight is to use thc rule that 
two segments arc eonnected at a point íf in the circle pattern, 
you can travel from one to the other without cutting across a 
circle or rivcr. 
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Fígure 8.43. 

Left: the circle/river pattern 
with all fcatures labeled. 
Kight: the schematic stick 
fig^iire, ilhintratin^ the lengthfl 
and connections amoiiK flups. 



Continuíng downward, flaps a-d «re cunnected t.o a short 
segment (e), which, in turn, ís connected to two more short 
segments (f and g) and a longer point. L Both f and g are ter- 
minated in pairs of flaps — h and i, and j and k, respectively. 

So this base will have eight longish flaps, two paired alon^ 
a segment, and a single flap longer than any of them. Now, if 
this base meets the needs of the desired subject, we can fill it 
•11 with tile CF68868, as shown in Figure 8.44 wit.h simple and 
narrowed tiles. 




Figure 8.44. 

Left: thc crease pnt.tem filled with simple tiles. 
Kijfht: the aame pattftrn filled with narrow tiles. 
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1. Begin with thc white side up 2. Fold thc top edges duwn ¿ilong 

Fold and imfold rioag hoth the dtafHM] ond unfold. 

diagonals. 




3. Fold üic top edgcs down aliuig ■ 4. The cieaseK you jusi m:«le fwm 

crcasc üiai liiis the intcrscction of thc boundarics of the tiles. 
rhe urvd the crrav you just 
made 



Rgure 8.46. 

Folding setiuencc to divide Ihe square into square and rectangular tile*. 
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And if we folri either pattern into a basc, wo will obtain a 
base with the same number, lcngth, and conííguration of flaps 
is prcdicted by the circle pattcrn. 

You might enjoy folding the ba.se for yourself and seeing 
if you c:an identify the flaps. The fblding sequence in Figure 
8.46 gives thc appropriate proportions for thc division into 
squares aod rectangles; from there, the othcr folds can be con- 
structed by bisecting various angles. 

I have useri a dissection vcry similar to Lhis Ibr a model of 
Shiva as Nataraja, but using rectangles rf p ropoitfoa 2 x ( 1+V2), 
rather than the silver rectangle (1 x \2). The erease pattern, 
base, and folded modcl are shown in Figure 8.47. Canyou iden- 
tify the individual tiles? 




Figure 8.47. 

Crease pattern, Whsh, and folded form of Shiva. 

The same base may be used in several diñerent orienta- 
tions to create distinctly different models; it is oftcn not at all 
obvious from tlie folded form that thc undcrlying basc is thc 
sanie. But if you examine the pattern of flaps— whcrc arc thc 
long ílaps, where arc thc short, how are they joined— you can 
pcrceive the csscntial sinúlarity. The same structural base as 
was used ín Shiva can also bc used to realize a Hercules Beetle, 
as shown in Figurc 8.48. 

One can also combine techniques: construct a base by til- 
ing, thcn split one or more flaps using pomt-split.t.ing. The Pray- 
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Rgure 8.48. 

Crcase paM.«rn, base, and folded rnodel of the Hercules Bcctle. 



ing Mantis shown in Figure 8.49 employs nuarly the same basej 
as the Hercules Reetle, but splits the midrlle flap into fovM 
points to furm antennac. 





Rgure 8.49. 

Crease pattern, basc. and folded model of thc Praying Mantis. 
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8.7. Dimensional Relationships Within Tiles 

In any tile, every circle or rivcr encounters two sides nf the 
tile; this estabhshcs a relationship between the twn sides. The 
uüion ofall such rclationships can constrain the possible sizes 
of circles and rivcrs within the tile. In a triangle tile coraposed 
of three circlea, it is clenr from Figure 8.50 that each side of 
the triangle haa a length equal to thc sum of thc radii of the 
two adjacent circles (which, you recall. arc cqual to thc lcngths 
of thcir associated flaps). 




Figure 8.50. 



A triangle tile composed of three 

differtjnt circtea. 

It is clear from the figure ihat if the sides of the triangle 
are X, Y, and Z and we are starting from flaps of length a, b, 
and c, then 

X-a+b. (8-1) 

Y*b+C, (8 2) 

Z = a + c. (8-3) 

Wc can also invert the relationship to find the lengths of 
flaps that can he obt.ained from a given triangle: 

a-\x+Z-Y), (8-4, 
bm L X +Y-Z) t (*-5) 

C«i(K+Z-X) (8 6) 

In the rectangle tile, becausc of symmetry, there are fewer 
variables: The circles all havc thc same radius, as shown in 
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Figure 8.51. If the circles have radius a and the river has width 
6, then the sides of the rectangle are givcn by 

X = 2a + o, (8-7) 

Y=2a. (8-8) 



Figure 8.5 1. 

A rectangular tile with a river. 




a 



Consequcntly, for a given rectanglc, the dimensions of thc 
circles and river ar* simply 

1 v 

a = 2 '»-») 
b = X-Y (8-10) 

For rectangles or trianglcs to which we havc added riv- 
ers, the radius of the circle is quite obviously rcduced by thc 
width ofthe added rivcr. 

These rclationships can be used to construct 
combinations of tiles that give risc to new bases with new 
combinations of flaps beyond those in the standard reper- 
toire. While fchis approach can bc used for many origanii 
subjccts, it is particularly effective wit.h insects, whosc many 
appcndages, often of varying lengths, have historically 
provided great challcnge to the origami designer. By 
building up bases from tiles, it is possiblc to aehieve quite 
complex combinations of long and short flaps. In the 
Periodical Cicada shown in Figure 8.52, six isosceles right 
trianglc tilcs, four ísosceles triangles and four scalene 
triangles come together to produce bís legs, two long wings, a 
hcad, thorax, and ahdomen. 
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Figure 8.52. 

Crcase pattern, base, and l'olded model of Lhe Penodical Cicada with 
a tilcd crcaae paLLern. 



8.8. From New Tile to New Base 

Thcre are inany possiblc tiles. You can search through thc 
origami literature and catalog them, then combinc cxisting 
tilcs in new ways to rcalize new bases. Or, you can scck to 
con.struct new tilcs directly. A new type of tile can inspirc u 
new design. Squares, rectangles, and triangles are not tlie Qtúy 
possible tilcs. It's possible to construct circles and rivers in- 
side a parallclogrcim as well, as shown in Figure 8.53. 




Figure 8.53. 

Top left: a parallelogram Lile. 

Bottom left: schcmatic oi'ita fulded form. 

Right: Hame for a longer parallclogram. 
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Like a rectangle, a parallelogram can be Btretcbed arbi 
trarily; in this tile, stretching along the long dirertion can be 
taken up by increasing the width of the river running vertically. 

Also like a rectangle, a purullelogram can be tiled to tíll 
the plane. Look at what happens when we stack two of these 
tiles vertically or horizontally. The circles and rivers line 
up, so the combination can fold flat. But thc tilt of the paral- 
lelograms creates un ofTset between ao\jaccnt points, so that 
thc net result ík a series of points cvenly strung out along a 
commnn line. 



Figure 8.54. 

Tiling of two and four par- 
allelogrHm tiles and thcir 
schematics. 




This is quite a nioe trir.k; the circles in the creuse pHttern 
arc arranged in rows and columns, while in the sLick fígnre 
corrcsponding t.o the base, thc flaps are distributed along a 
single line. Thus, the tile allows us to build an essentially one- 
dimensional chain of flaps while efliciently using a two-dimen- 
sional region of papcr. A combination of rectanglcs and paral- 
lelograras gives thc 14 logs and body segments of a pill bug, as 
shown in Figurc 8.55. By varying the length and tilt angle of 
the parallelograin, you can vary the circle radii und river width. 
corrcsponding to Lhe lengths of thc legs and of the segnients 
bctween them. 

It's also possible to add circles and rivers to a trapczoid in 
the same way as a parallelogram. A combination of rcctangle, 
parallelogram, and trapezoidal tiles givcs a twenty-legged ccn- 
tipede, whose crease pattern and folded form is shown in Fig- 
ure 8.56. 

While any parallelogram can bc turned into a circle/river 
tile that covers the planc, only particular proportions and tilt 
anglcs give evenly spaced lcgs. You might find it an interest- 
ing challenge to work out the relationship betwcen parallelo- 
gram dimensions, leg lengi.h, body segment length, und the 
numuerof rows and columns nf parallelograms and trapezoids. 
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Rgure8.55. 

Creasc pattern wit;h circles and ríven, base. and t'oided rnod«l of the 
PiU Bug. 




Figure8.56. 

Creasc pattern with circles and rivers, hax*, and folded modcl of'Llie 
Cent.ipcde. 

After you'vc done fhat, you mif?ht try your haiid at working 
OUt how to make mulLilegged ccntipede.s uaing only rectanglc 
and triangle Liles. 
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Whether you use triangles, parallelograms, or trape/.oid 
tiles, by using more rows and columns, you can increase the 
number of legs arbitrarily; in fact, its possible to make a 
hundred-legged centipede from a squarc. The use of tiles givcs 
a rcmarkably ellicient centipede. The length oftfae folded model 
is about two-thirds of'the side of the square, and surprisingly, 
for a constant ralio between lcg length and body segment, the 
lengtli turns out to be about the same no matter how many 
legs it has. 

Origami dcsign by tiling can be a powerful technique for 
discovering ncw bases from which to fold new designs. 
However, thcrc is still a bit of trial and-crror t.o it, in that the 
way weVe approached it has becn to assemble tiles into a 
pattern and see what kind of base arises. Tf you have built. up 
a collection of many diñercnt types of tile, then for a particu- 
lar subject, you can try fitting together different tilcs cornpris- 
ing the required number of circles and rivers. But it's still an 
indirect way of dcsigning a model. Thc concepts within the 
t Ming method. however — circles, rivers, and most importantly, 
the uniaxial base— are fundamental. We can build off thcse 
concepts to construct. several algorithms for a directed design: 
"I nced this many flaps; heres how to get them: In thc next 
chapter, well encounter the firtt of these algorithms. 
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Circle Packing 



n the last chapter, we saw how new bases can 
1 bc constructed by assembling tiles composed of 

1 crease patterns in ways thnt allow the indiviriual 

I liles to fold flat. By decorating the individual 

JL, tiles with circlcs and rivers. we created match- 
ing rules for the tiles; if'two tiics mate so that f heir circles and 
rivers line up, then the union oi'thc two tiles can folri flat with- 
out crcating any new creases. 

r urthermore, we are able to use thc pattern of circles and 
rivers to divinc the structure of the resulting base: how many 
flaps there arc, how long they are, how liiey are connected Lo 
one another. While a given polygon may give nsc to tiles witb 
diflerent crease pattcrns that have diíTerent widths of flaps, 
any two tiles with the samc pattern of circles anri rivers neces- 
sanly gives rise to the sanie flap configuration. VVe can rcpre- 
sent this common configuration by a stick figure, in which cach 
segmcnt corrcsponds to a distinct flap. 

When wc have built a valiri tiled crcase pattem, Lhc cir- 
cular arcs oí'mating tües align, creaLing partial or ftill circles. 
A contiguous segment of a circle in the tiled pattem corresponds 
to a distinct tlap ín thc foldcd base. Why* you might wonder. is 
this so? Whv use circlcs? The choice of circles to crcate match- 
ing rules is not arbitrary; thcrc is a deep geometric conncction 
l)etween flaps anri circles. The usc of circles to represent flaps 
ís a powcrful tool within origami, and so we shall invcstigate 
it a bit furthcr. 

9.1. ThreeTypes of Flap 

A¿ we have alrcady seen, in origami there are three difFerent 
types of flaps: corner flaps, edge flap», and middlc flaps. These 
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typcs of fl&pfi are named for the point whcrc the tip of the ílap 
falls on the square. A corrier flap has its tip come from a corner 
of Lhe square, an edge flap has its tip lic sornewhere along an 
edge, and a middlc flap, as you would expeeL, comes from the 
middle of the papcr. For cxample, t.he four large flaps on a 
Frog Base are corncr flaps; the four stubby flaps are edge flaps; 
and the thick flap at the top ifl a middle flap. All thrcc are 
illustratcd in Figure 9.1. 



Figure 9.1. 

Flaps in the hase have their tips 
at unique poinLn in the crease 
pattern. Middle, edge, and 
oorner flaps havc their tip.s on 
the middle, edge, and corncr, 
rcspectively, of the square. 



iniddle ilap 




ounet riap 



Paper, likc pcoplc, can onlv be in one place at a timc. Pa- 
pcr that goes into one ílap can't be used for another. Therefore, 
cvcry time you creaLe a flap from thc square, a portion ofthe 
papcr gets consuined by that flap. Thc rcason t.o make a dis- 
tinction between the three different typcs of flaps— corner, edge, 
middle — i.s that. for the same length llup, each of the t.hree types 
of flape consumes a difícrcnt amount oí'paper. 

One way to scc this diflerence is to fold corner, edge, and 
middle flaps of cxactly the sarne size from three difíerent 
squarcs. Figure 9.2 shows the folding of a corner flap. If you 
imagine (or fold) a houndary across the base of the ílap, then 
that boundary divides the papcr ínto two regions: The paper 
above t.he boundary is part of thc llnp, and Uie paper below thc 
boundary is everything clsc. The paper that goes into the flap 
is for all intents and purposes consumed by t.he flap; any other 
flaps must come from the rest of the square. 

So, as Figure 9.2 shows, if you fold a flap of length L from 
a square so that Lhe Lip of the flap comes from thc corner of the 
square, when you unfold thc papcr to the original square, you 
scc tfaat the region of thc square that went into the flap is 
roughly a quarter of a circlc; precisely, ¡t's a quarter of an octa- 
gon. .Suppose we madc Lhc llap half the width, as shown in 
Figure 9.3, before we unfolded it; then thc flap becomes o quar- 
ter of a hcxadecagon. Tf we kept making thc flap thinner and 
thinncr (using infinitely thin papcr!), thc boundary of the flap 
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would approach a quartcr-cirde. In all cases, the polygonal 
Hegmcnt is inscribed by a drcular segment, which represents 
the limiting casc of an infínitely narrow flap. Thus, a circle is 
the minimum potBÍble boundary of the region of'the paper con- 
sumed by the ílap. A comer flap of length L, Üierefore, requires 
a quartcr-cirde of paper, and thc radius of the cirrle is L, the 
length of the flap. 




Figure9.2. 

Folding a corner flap of length L from a squarc. 




Figure9.3. 

Left: making a narrowcr flap makes Lhe boundary a quarter of a 
hexadncagon. 

Right: the limit of the boundary as thc flap bccomcs infmitcly thin 
approaches a quarter-circle. 

Therefore, all of the paper that lies within thc quarter 
circle is consumed by the flap, and the paper remaining ís ours 
to use to fold the rest of the model. 

Now, supposc wc arc making a tlap from an edge. For 
example, if we fold thc squarc in half, then the points where 
the «rreasc hits thc edgc bccomo corners, and we can fold a 
corner flap out ofone of Lhese new corners, as shown in Figure 
9-4. If we fold and unlbld acroas Üie flap to define a flap of 
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Figure 9.4. 

Folding an edgc flap of length L frnm a squarc. 

length L and then nnfold to the originaJ square, you see that 
an edge flap of length L consumes a half-circle of papcr, and 
again, the radius of thc circle is the length of thc flap. 

Similarly, we can make h flap from some rcgion in the 
interior of thc paper (it doesn't. have to be the vcry middle, of 
coursej. Figure y.5 shows how such a flap is made. When you 
unfold thc paper, you see that a middle flap requim a full 
circle of paper, and once again, the radius of the circle is the 
length of the ílap. 





Figure 9.5. 

Folding a middle flap of lengrh L from a square. 



The amount of paper consumed docsn't depend on the 
angle of the tip ofthe flap, only its length and locat ion. So any 
flap in any model consumcs a quarter, half, or full circle of 
papcr, depending upon whcther it is a corner flap, edge ílap, 
or middle flap. 

This relationship doesn'l depend on whether the base was 
conatructed from tiles; it doesn't. depend on whether the basc 
is a uniaxial base. T< ¡s a property of any flap that comcs to a 
point in any origam ¡ model whatsocvcr. This relat.ionship gives 
ns a new r sct of tools for designing origami bases that pcrmits 
a more direct approach than the assemhly of preexisting tiles; 
we can represent cach ílap by a circle and work from the pat- 
tern of circles directly. 
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One ofthe goals of all scientific endeavors ís thc conccpt 
of uiúfication: descrihing several disparate phenomena aa dif- 
ferent aspects ofa single cnncept. Rather than thinking in terms 
ofquarter-circles, half-eirdes, and fnll-circles for diíTerenl. kinds 
of flaps, we can unify our description of these different types 
of flaps by realizing that the quarter-circles, half-circles, and 
full circles are all formed by the overlap of a full circle with the 
square, Bfl shown in Figure 9.6. The common property of all 
three types of flaps is that the paper for each can be repre- 
sentcd by a eircle wil.h the center of Üie circle lying somewherc 
within the square. With middle ílyps, Ihe circle lies wholly 
within the square. However, with comer and edge (laps, part 
ofthe circlc laps over thc cdge of the square. The center of Lhe 
circle still has to lic within thc square, though. Thus, any type 
of flap can bc rcprcscnted by a full circle whose center, which 
corresponds to the tip of thc tlap, lies somewhere within the 
square. 




/ 



Wj/ 



\ 



i -\ \ 




Figurc 9.6. 

All three types of tlaps can be represented by a circle if we allow the 
circle to overlap the edges of the square. 



9.2. Overlaps 



You might have noticed an interesting feature of Lhe circle 
pattern for any basc; the circles corresponding to individual 
flaps touch, but do not overlap. In tiled crease patterns, this 
is, of coursc, by dcsign; no circlcs overlapped within the tiles 
we startcd with, so no circlcs will overlap in the assembled 
crcase pattern. 

However, in any base, if we represent distinct tlaps by 
circles, they can never overlap, whether the crease pattcrn was 
const.ructed from a tiling or not. A moment.'s reílection will re- 
veal why this must bc so. Eaeh circle encloses the paper used in 
a singlc tlap. lf two circlcs overlapped, the paper shared be- 
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tween the circles would be included in each of the two difTerent 
flaps, which is obviously impossible. Thus, we can generalize: 

In any valid circle pattern corrcsponding to an 
origami basc, thc circles corresponding to two distinct 
flaps may not ovcrlap. 

This condition rnust hold for any origami base— not just 
for the Classic Kases and not.just for Liled bases. No matter 
how many flaps the base may have, the circles in the circle 
pattern for t.he base cannot overiap. Although this property 
seems pretty innocuous, it is in fact both restrictive and use- 
fiil. Put one way, it is an interesting property of existing bases: 
Take any origami base, unfold it, and draw a circle for each 
ílap of the basc, each circle centcrcd on the point that maps 
bo the tip of the ílap. No two circles will overlap. This rela- 
tionship can become a uscful tool for origami dcsign, for the 
converse is also true: If you draw N nonovcrlapping circles 
on a square, it is guaranteed that the squarc can be íblded 
into a base with N flaps whose tips come from the centers of 
the circles. 

Tfyou havc a pattern of N circlcs on a square, its quite 
evident that it's ncccssary that they not overlap to fold into a 
hase with N flaps. ít's not at all obvious that this condition is 
sufficicnt; but it is, and wc will see why in latcr chapters. This 
is an incredihly powerful result. No matter how many flapfl 
you want to achieve in your base, all you need to do is draw a 
sct of nonoverlapping circles, and the centers of Üie circles map 
out the tips of each and every flap in the base. 

Using this fact, we can replace a somewhat abstract prob- 
iem (design an origumi base with N flaps of a given length) by 
a simplcr, geometric, more easily visualized and morc casily 
solved problem ( draw N nonover!a¡)ping circles whose centers 
he inside a square). By rcpresenting each flap in the model by 
a circle and placing all oí the circles on the square, we ensure 
that we have allocated sufücient paper to constmct each flap. 
The problem of placing circles so that tliey don't overlap re- \ 
sembles the packing of cylindrical cans into a box; wc call such 
a pattern a circle packing. 

The circles need not be the same size. If we use different- 
sized circles, well get difTcrent-length flaps (recall that the length 
of the resulting flap is the radius of thc corres]K)nding circle). I 
So merely by shufíling circles around on a square, you can con- 
struí^. an arrangement of points that can he folded into a base 
with the same number of flaps, no matter how complcx. For 
that mattcr, hy choosing diflcrent arrangements of circles, you 
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can dovisr [it;iny (Jií'ftwnt, f'nlding sesuenees giviny n:-my dit- 
terunt base». even Lhcugh they havc the aarne rmniber of flaps, 
While such a circle pattern is guarmiteed lo be foldable 
into a base, a guarantce ]s not the sHme a bhieprint, But 
hers is where we can apply the tiltsH frurii the prcvious chapLer. 
lf the circle pattcrn can be intu Liles so that the cirdew 
^ithin each tüe nniLch up with known tiles, thíin we e¿m as- 
serúblei the compiete ercnse pattem from the&e hüjti« tilñs. 

9.3. Connections to Tiles 

Consíder, íbr the momcnt, those tiles wtí have. seen that con- 
Lain only cirdes íno riversx The.y are uf two types: trianglcs 
and square íthe Watcrbomb Rs.se tile). In both typcs of tilc, 
t.he mscribed ctrcles touehexJ mch other along the tile cdge^, 
wiuch, youll recall, werb axial creases. In fact, the onJy plaees 
tliat circics touchex] each othev were aiong axial creases. Thiü 
is more than coincidence; it can bc shown inrtá we will do so 
later) that. Lhere existaxial creases in any circle paeking wher- 
ever auy twu circles touch. The newiy cr*íated axial creascs 
divide ihe aquare into axiaJ poiygnns; if we are furtunate enough 
that the axial polygons nre rect>gn¡zable as known tilcs, wc 
can £111 thcm in with Lhe crtfaNtís associated with each tilc and 
use thc rcsulting creases Lo f 'o I < J the shapc ñat, 

Thus, the six HÍmple baset; we used to illustrate tilingcould 
have been deriyed direetly from circle packmgs hfiseH on t.hel r 
dcsrred iiLiiiiber «f flaps. We represent each desire.d Jlap by a 
circle; (m$k Üiv circles into thc square, and Lhtjn cunsLmct axial 
crcüñep. tlial uuthne the tilcs. 

Th« circle diagrams also aJJow uh Uí address the problem 
of fblriing cfftciency, By representíng H^ch flap of a model by 
the appropriatcly sized circUá nmi drawing the circlcs on a 
^(iuare, you can easily fmd Üm cUTingement of points on the 
üiiuare that give.s the most efficient base containing thosñ flfip.s 
ajid p as ollan íw not, itwíll bc an elegant base w«ll. 

Ajnfl shice the length of a fiap is equal to Lhti nadSus of t.he 
corrcaponding circle, if wc dcsign the base. by layiny cmtpoints 
on a square and represent cach ilnp by a circle, the most effi- 
cicnt bH&e wiil conic from that laynut in which the circles rep- 
reñeuLÍng the flaps are as large as poüsibíe, In accordancc with 
what we'vc shown ahove, the circles are to bc pJaced accordi ng 
to the following rultiH: 

• Each ílap in the model is rcpitíyented by a circle, 

■ Tlie radiuw <>f e^ich drcíe is equal to thc lcngth of 
che correspontliny ílap. 



Cliapter 9: Orclc P^cLiag 



283 



* The t^iií^r uf each circle hes within the square. 

• Thc circlcs may nverlap the edges of the squarc, 
but not cflch nth&r. 

We have now asscmbicd Lh^ neeeHsary building blocks Lo 
carry out origami design íWiri] tfif groimd up, Throughout t.he 
history of origfinri, mnst desimTtí were modífications, and Lhe 
techniqucs we've lea rned 60 far — ofísetting, distortion^ point- 
splitting, grftfting, tiling— have implicitly assumed thst wc 
started wii.h snmething reasonably close toour íinal nhjectivc. 
But proximity ts no iongcr needed; we can prnmttri dircctly 
from the desired subjcct to a haae that contains all tbe stnic- 
ture necessary to realize our xubject. Here, therefore, ia ari 
algorithm for origami design, callod thc circle method: 

• Count up thc number of appendages in the subject 
and note thcir lcngtha. 

* Represent each flap of thc dc&ired baae by a circle 
whose radius is the lenjsrth of the Jlsp. 

* Po.sition the circles on a squarc such that no two 
overlap and the center of each circle lics wít.hin the 
wqtiare 

• Connect the cHiitHrs of tonching cirdes to one an~ 
other with a¡dal creases, díviding thc square into axiai 
polygnns. 

■ Identify tiJes whose cirdt?» match up with thc 
circles in tlii* axinl polygons, 

■ Fill in the axial polygons with tile creases. 

The resuJting pattern can bc folded íntu h base with thc 
riLimher snd dimcnsion of flaps wiLh which yon st.arted. 

9,4, Scale of a Circte Rattem 

One aspeci of the circle metfwl of d^sign that we have already 
seen ia that corncr flaps consume less paper than edpe flaps, 
which consume less paper than middle flaps. Tum this prop- 
erty around, and yrn> fiiul that for a givcn size square, you can 
fold a larger modol (with fewer laycrs ofpaper) if you use cor- 
ner flnps rather than edge flaps, and e4ge ílaps rather ihar 
tniíldle flaps Sccn in the light of the tfrtle method, the tradi- 
tionaj Crane — and the Rird Base from which it comcs — U ai1 
extremely efíicicnt design n avnoe all four flaps are corner üaps. 
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d abüO'^t all ol'the paper goes into one of thc four flnps. How- 
add i>nc ür twí1 mH >ní Haps, and you are forced to use edge 
flaps. Oti^e you at.art. rnixiug edge fíaps and miridl* flaps, you 
t- gin to rnn xn to r.rfljieofís in efñcicncy^ Sfinwt.liu^, it is even 
telter ftf"! to use the corncrs for flapa it ' Lhere are additional 
Eapa to he placed on the squarc. 

Sü, for exampLe, suppi>ñe we warit Lo fuld a basc with tlve 
tiqviü length flaps. A tittle doodling with a pencil and pnper 
\ (alternatively, you can cul. out. some cardboard circles nnd 
shultlc theni aroimd) wílj reveal two particularly eíTident. ar- 
rangements ofcircle», ¿hown ín Fignrfc 9.7. 




Figure 9.7. 

TWo eirde patterns cocrÉSptjntÍLn^ to baseswith five equal-leü^th llwpH. 

Now we have two possible cfrcle patLernas. Which onc is 
beLr.er? Ls there any way Lo quantifj the quality of a crcase 
pattern? 

A_ mentioned earher, uue measure of the quahty of a model 
is its erfíciency, t.hal is p the relatíonship bctween the mm of 
t.hc folded model and the square from which it is folded. A ipian- 
titative meawure of efficiency ís to compare Üie size (il some 
standard feature of the base — auch as the length ofa ilap — to 
the size of the ongwal square. The mosl efficienl base is Lhe 
largest possible base for agiven size square, Since the flaps of 
the base are represented by drcles whose radina is cqual to 
Uie length ot the tlñps, the most eñicicnt base corrcsponds to 
the moat efficient d rcle packing, i.e,, the packing with the larg- 
est circles 

Ta fHcilitate thig comparison, let's a«Hum« our símare ia 
one unit oti a side. (If you're uaing standard origami paper, a 
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uniL equivalent to 10 inchcs Cr 25 cm.) For the CT^5.e pat- 
tern on the left in Figurc 9.7, ii" all oft.be cirdes are the same 
size, it is fairiy easy to work ouL Umt Lhe radius of each circle, 
and thus thc lcriffth of each oíthe five flaps in the basc, is 

0.354 (9-1) 

2V2 

For the patte.m on thc right T it requires some algebra to 
Cflkolate, but you will find that the circle r&dius is 



v2 \ 2 

Since 0.324 Í8 suiHller than 0,354, thc radius of p.ñch circte 
in the Kecnnd pattern is about 10% smallcr Lhnn in Lht* one on 
the lefL ñince tbe radius of the circie is equal to the length of 
the flap, the fíaps in a hm-v fnlded froin Lhe pattern on the 
right are about 10% shortcr than flaps folded from the pattcrn 
on the left. Thus, a fivc-]lap hmé made from the pattern on 
thc lcft wiU be slightly laruer and slightly morc efficient thaii 
thc pattcm mnde from Lhe tme on thc right. 

These. twn cirele palLerns are rclativcly simple. Rv eon- 
necting the centers of the circles wiLh cransuH nnd adding a 
few more creases, you can collapse the model int.o n hase that 
has thu desíred numbcr of ílapa. A& il tumss out, there already 
exist in the origami litCTáture bases Lhat currespond to both 
circle pattems, shown in Fimire 9.8, The pattern on the left ÍS 
the circlc pattern for the Kruj» Rase, whilc thc one on the right 
is thc circle pat.t.e.rn íbr Juhn Montroll's Fivc-Sided Square. 




Figure 9.8. 

Full crease ppttcraa coirespnnding to the twa circJc patterns- 
lj«ñ-: Frog Base, 

RÍght: Mont.mir& Five-Sidod Square. 



There is more than juhL a size difference between íhcse 
two bascs; there is al.so h qualitative difTercncc bctwcen them^ 
In thc Frog Bnse, the flfth flap is a thick middle ílap and poiote 
in thc oppoñitfi d i rection from thc fourcorner flapg; whcreafl lU 
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Lhe Kive-Sided Square, the Ibur edge flaps and the corner ilap 
gO in the sam^ dircction and can Hasily bu made ÍQ appear 
identical. Í.Thi.s was the uriginal rationale ibr MontmJl's de- 
sígu; -.h« shape on the far right resernblcs a Prelinúnary Fold 
v^ith urus nxtra flap). This ie an ansthetic t r adeo f t' be, t w een cfn- 
cicncy and erTect; it'a worth a sllght reduction in to obtain 
tho tíunilarity m sppearance fur all fivu flaps. 

Efñcient cude packings aleo tend to require sim pler tiies, 
At the momcnt, the oniy tíles we hnve -aí our díspo*al are trí- 
anglcs, rcctangles, and parallclograms Thus, it is most desir- 
0\é to usé the circlea themsckea tu creatc a packing m wJüch 
thtí indueed t.iles arc triüti^Les nr quJ&drilateríüs. This objeet is 
sct ompJiwhed by maximizing the numbcr r>r points of oontact 
among circles; on average, tfa*s more circles touchcd hy cach 
circle — a number called the ualcncy of the circle — Lhe lower 
the number oí sides in tho surroundiny polygons. 

You can see thas relationsmp at work m the Ihree rcgular- 
circle paeking* m Figuro 9.9. Tn the triangular packuig, cach 
circle touchus six others and the polygona are all triangksír, in 
the square pscking, oach circlc touches four others and the poly- 
gons are all quadrílaterals; and in the hcxagoual packing, each 
circle iouch.es only thre.e othein aud the poJygons are hejííi^uns. 




fígure 9.9. 

Circle paekings nf varyüig clHnsity and ™leney r 

As the nurnber oí neighborn decluies, the amount of oinptv 
space arnund thc circles riscfi. Tlie most spac«-«rrtcicnt packin^s 
are characterised by círclcs w¡th many neighbors, which pléú 
gives puly^ons with rctativeJy few sidey. 

9,5. The Círcle Jig 

A userul cnnceptual model for ñnding an efficicnt base using 
circle packing t#; Represent each point by a circltí whose ccn- 
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ter is conílned to the square and whose radius iy proportiottaj 
to the desired Jength ofthe point. Iñitialiy, the circles are much 
emaller than the sqnare, so that there 15 a lot of extra roorn 
around each; they can rattle around in thc square- But then 
you start inflating each circJe (or cquivaJcntJy. shrinking the 
square) so that the extra room gcts iüowJy squeezed out. and 
the circles start bumping up agaiisat tme anuther. RvH.ntualiy. 
all of the room is squeezed out and e^rh drde is pinned into 
ptnce, at. which point llie basit; strui;Lure of the creaüe pattcm 
is frozen You then fit tiles to the resulting pattcrn of circies. 
fitting tile boundaries along lines between touclnng circlcs. 

You can find thc optimum circlc pattern several waya. The 
easicst is to simpty dr aw a stjuare> then at.art. rlra^-ing m drdes; 
if you can fit thcm aJI with ronm tú spare, do Üie fcarne thing 
agaln, buL tlus tinie ush slíghtly higger drcles Repeat until 
all the circktft yuu draw ííl. snugly. 

TJiití approaclu while the sinaplest and quickcst ? does re- 
quire that you have a pretty good eye for size (and that you're 
able to draw an accurate circle). An easicr tcclmiquc ia to mw 
a jig. Tb makc thc jig, cut out thick cardboard drcles corre- 
sponding to thc siacs of cach of the flaps in your ruadel Then 
prcss a thumbtack through p.ach drrd* ín t.lie very ceiitar uf 
the circie. Turn Lhe rirdes over (sp the thumbtack points up- 
wardl; you can ihjw Hlíríe the nrcles around until they touch 
and quickly Lry uut different arrangements of circles. 




RgureSJO. 

To mako a circie jig T push a thumbtacli through h ch*c1« [>f the soni^ 
sizp 35 thc dcsircd flap. Thcnyou caii slidt; iha drdes around. 

But how do you inBure that the t:ent^rs all he in a square? 
Thp aecond part oTtJie jig lb the frame. Cut out two L-shaped 
pieces of cardboard as shown in Figure 9.11 and mark a scal^ 
:díinjT tho inside of each arra of the L, startlng whcre the two 
arms touch. 

Now you caji overlap thp. ffdgíg of Lhe Lwo so thar th^ir 
inside edgcs form a square; you mti iriHure that they fbrm a 
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square and not a rectanglo by miiking wnre that the inside 
edgcs always meet at the game poiiils on thn scale. Set the 
frame down over your array of circletí and shrink the squarc 
by bringing the two pienes of the frame tuward cach other 
shown m Figurc 9.12. Thp inside edgea will catch on the 
piutruding thuuibLackw, thus insuriiig that aU of the circles 
keep thei r cénteru Lnside the squarc, As you ^ífíak th« IraiTw 
and rnovfi the c ircleB around, you will reach a cnnrlition in whiuh 
mo»t nr a}\ of the circles arc touching unvh nther and the two 
hcilve.s of thc frame are heid apart hy a Hyíd network of 
touching circles, This pattern correapuntLs tu the optimum circle 
packing for your particular mod&l. By pressing a shect of 
paper down ovcr thé thumbtacks, you can transfer the centers 
of all thc circles to anuLher ^heet and can thcix uaing compass 
and straightedge. recunstruct thc optimum circle pattern 
for fokfing. 




Figure f. 1 2. 

Close E.hc two L brackcts toward 
each othcr, trapping thc 
t.h Linriht.^i-kíí in rhe middte 



Chapter 9: ürdc P^úksn^ 



289 



A thirrl ñpproach is to set the probleni up maLhHmaticalry 
htieJ ufw a mmputer to solvc numcricnlly for the uptímum ar- 
rangtfmeht. T will describe a numerfeal snlution to the circle 
packing problem in thc section 011 írm the.ory later ín this book. 

For small numbcrs of t]$\.is, you can usualiy find the sdu 
tion by doodling; for larg^ nnmbera ofHaps, the frame-anH^Lrt.le 
jíg works well. While l.he. number of' modcls with more than 
cight <xjual-sized Lkips dwindlcs rapidly with mcreaKÍng num- 
bcrs oí" flapñ. it is mtei^fíting to pondcr thé quesLion: What are 
Üie líinil.s on the BÍzes and types oHlapa? One can show that aa 
Üie numher of flaps N beconiew vnry targe. the length róC& flap 
m Lhe most efficicnt creaae paLLt*m approachcs a value of 

Fnr J000 flaps, this limit takñ* the vafue r=0.Q17; for a 
25-cin square, thie would impJy you could make a basc with 
1000 flaps, each of which is 0.42 ™ long. Within this bñae. 
Üiere will bc at most four oorner flaps; thcrc will be or 
235 edge flaps. give or take a few, and thc rcraaming 761 ílwp^ 
will be imddlc flaps. The fulding mcthod fnr the. hase — as well 
as the choice of subject — is left as an exttrcise fbr the reader. 

9.6, Symmetry 

C'ircle packing allows tnw. to go directly from a dcscription pf 
the flap configuration Lo the base. Each ílap is represtmted bv 
a circle; by packing the circles into a square and [sverlaym^ 
tíles, wc cüti construct a creasc pattem that folde into the 
desired base. 

However, thcrc is an important cnnsideration thatwe have 
t.hus far neglectcd: the symmetry of the subjcct, Not only must 
we match the nuraber of appeudages to thc numher of ílaps in 
thc basc and the number of circies in the cir-cle pattern; v/e 
must also match tht* J5ymm.ctry of the auhj«oL to the symmHLry 
of thc baae and to the symmctry of the circi« pattem. 

í^onsider f for example, a ten-Hppeudcujed subject, such 
atarantula. CA tarantula T bting h spider, has eight lcgs; it áfea 
hm Lwo promincnt appenda^tíK at. the hcad, called pedipalpK, 
wlúch are tccnnica]ly mouth parts f but that appear to be a 
ternth pair of lega.) Tlie legs of a tarantuia come m pairs t one 
on thc right Kidti, one on the left. Thernfbre, when we ftild a 
basc. alJ ol'its flaps must also come in matched pairs, 

Taranl.ulas. Likc most íinímale, are bilatcrally symmct- 
ric, which is to say that the left side of a tarantula is the mir- 
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ror image of the ríght síde. If we draw a line down the middle 
of a tarantula (or any bilaterally symmetric ammalX Legs and 
othcr appendages that come in pairs will lic wholly on onc 
side or the othcr of this linc, which wc cali the line of mirrnr 
Kymmetry of the modcl. On thtj oLher hand, mmi appendages 
t hat comesíngly — auch as the head urahdtimHn — will he madH 
from fltfps that lie direetly upun thíj line oí symmetry, 

The fhips of the base must show the same sym metry as 
the tarantula. The base should have a Iine of mirror symme- 
try; flaps that bccomc lcgs should lic wholly ori onc sidc of thc 
line of symmctry or thc other. FJaps that bccomc a hcad or tail 
shünld lic dirc-ctly thc linc of symrnctry. Thcse relationships 
ürc ÍlhjuLriiLed in Figuru 9.13, 




1 — rifiptfnftigr rtrt '■ — r"hp fiül 

NvmmÉrry linr ^ymriKítrv linc 

If the aubject haü bilateral ^ymmttry, theu the base should 
have bilateral symmetry. And if the base has bilateral synune- 
try, thcn the crcasc pattcrn must also havc thc samc typc of 
symmptry. Since ench flap can be ídentified with a particular 
circle in the creaae pnttern, we can't use just íiny crcase pat 
tern with the right numbtír of llaps; Wtí huvtí tu usc a crcase 
pattern in which each circle ha.s the ^mti rehittwnwhip to the 
iine üf i?ymmetry as doea its corresipundijig flap iri the hase. 

If the creaae patttra ha.s a line uf symnitílry, then (usu- 
ally) that line of symmetry must be one of the lines of symme- 
try of the unmarked squarc. A square has a total of fbur inirror 
lines of symmetry, which arc illustratcd in Figure 9. 14. EuL in 
fact h t.here are only two ditfcrcnt types of symmetry possible 
in íj creasiH pntttfrn. IL cari bo symmctric about a line between 
fche miridle of the two wides, which we call book symmeiry; or it 
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Ltífc a ttuajilula and its linc oí" 
symjiicLry, 

Kight; p bvputhctícal tarantu I 
base and its hne of aymmetry. 
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Fígure 9. 1 4, 

Mirror syjaamtitngs of Lh« 
aquare 

l^.f'i.: brjok symmeü-y. 
Kíííht: diagonaJ symmetry. 





can be ayrnmetríc about n diogunal of thc square, which we 
c&ll (liagana! symrnctry, 

Frnm thcsc symmeL ry considerations, we see a new ruJe 
Por uirde placcment ernerging: Not onJv shmild the numbnr 
find diametcr of circlfi* match the number offlaps onthc base, 
hnt the distribution of the circlcs should also match the »ym- 
rnctry of the aubj«r,t. There arc two dÍRtinctly difícrcnt types 
of circkñ: those Lhat comc m symmuLnc pairs T and thosa that 
lic dirontly upon the hnc ofsymmetry Appcndages that. cornc 
in riiirrnr-image pairs correapond to circlcs thnt have mirror- 
iniage pnirs on the square. Appendagcs that do not comc in 
pmrs, such as the head r*nd tail, corrttspond to circles that 
fíhould Jic diroetly upuu the symmetry lintt of thc square. 

If we wiah to f'old a ten-appenda^d tarantula, wc should 
choosc a line of aymraetry, divido Lh« sciuare ínto two regions 
along the line oí'symmctfy, and then pack five circlts into ftach 
retfion in mirror image of oach other This task is easily done, 
and rny (conjectured) optimal ftolutions for the Lwu possible 
lines df Bymmotry are ilhiKtrated in Figure 9,15. 




Figure & 1 5, 

Loft'. optimuMi r.en-circJc packing with book syrnmí^.ry (r - 0.1^7). 
Right: optimmn Ltn-nirdc packiiitf with diagonai syminetry ir = fí- J^ ■■ 
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HftfAi the pHÜern with the line of gymmetry pHrallel to a 
sideis aligrhily more efflcicnt than the one in which the line of 
3yinmei.ry ísalon^the diagonah Consequently. th« cnrneBrjond 
jug basH. wnulri havc long:er flans, and the rcsufting model would 
be more efTicient, Not by niueh t howevcr, Thedifference is only 
abmit Vfc 

The diagonal pattem is not a stnble [jatiern; that ia, we 
cnuld allow two puirs of flaps to becume sornewhat Largur 
without shrinking anything clse. Th« two flaps that can gruw 
are the two in the upper right corner of Figurc 9.1JV Can you 
see why? 

A paLtern that is almosAt as efíicient Ls the twelve-circle 
packing shown in Figure 9.16, which gives twdve paircd flaps 
with diagonal syTnmetry orten paircd flap* and two on thc syrn- 
inetry linc íf you use book symmetry Even if you only nccd ten 
ílaps h since the majoT creasc lines urthis pattem all run at right 
a nftle.s 0í 4íV tü une anothcr, ít oüyht be simplcr to inake h ba.se 
rrnrn thk nattsni than from the preceding two. Wit.h t.Ut* twelve- 
ctrele pat.tem , the slight Iosh in effieiency wotiLd be r.jfTset by the 
easc of foldmg and the claanliness of the lintís of the modeL 




Figure 9. 1 6. 

A di a^on al-sy m in e. try twclve- 
circlc packin^ \r — 0,177). 



The mathematicaJ atudy of circle packings hü¿* tended to 
ccntentrate upon puckings of identicaí crrdeíü, eorresponding to 
ba*es with círcles all the same size. Huw«v«r, m origami, we oi- 
tcn are seekin^ to construct bascs in which the flaps do not have 
the samc length. ln a grassh.oppe.r. for example, tho two haek 
lugs are much longer than thc ülher four legs. Whcn we try to 
ñnd a circlt? packing for a ^rasshopper, we should usc two l^r^e 
eirclcs fijr the back legs and four «mallor ones for Lh« íront legs 
íand perhaps a mcdiuni-sized circle for tho hody and anothcr 
short one for the hcadj. OrdinüHly one would c.I iwse carcle di 
rn^iiíjionñ that corrtw[]tjrid precisely with de.sired flap lengthü. 
Hnwevcr ? by jud iciuufc selection of circle size, we can produce pai- 
tícnlajly clegnnt and symmetric crcasc pnHeniü, as we will gee. 
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We csn achieve a high packing density by rnaking use of sorae 
variability in the design process. I n ino«t origarni designs, the 
relative lengths of thc flaps are not all absolutely flxed, Aitcr 
all, if a point is too long, it can he shortened by revcrsing or 
sínking its tip, Conversely, if it tnrns out to be too short. ihnt 
deficicncy can sometimes bts hidden by how the shaping FoIHk 
arc pcrforrned, for exainple, in a leg, by redudng or eliminat- 
ing angular berids. So if we allow soinc vHj*í«bility in the lengths 
of flapw, we can adjust the Sizes of the circleK to obtain morc 
poiiilíj of eontact bctwcfin adjaceut eircles- 

It's rarcly dcsirfiMe to allow all of the circies in a pnttern uj 
vary indepcndcntly. At. th« very least, flaps that corrm in sym- 
mctnc pairs — pairwl tega> paired win#s T perhaps frooL-Hnd-rear 
lcgs — should ma'mtain the same rclative sizes. Thtt optimnm is 
to bc fbund not h\ fbáng all flaps to havc the same relative length f 
nor in allowrng each flap to vary indepHndnntly, but somewherc 
in between. To acMeve this middle ■ grtmnri, we divide the flapw 
up into groups that are subjécl, to siniiiar scaling. 

As a practical matter, ifs usually the longest Jlaps — whicli 
have the largest eirdu.q — that dominate the structure of n (í^ase 
pattern. Thus, one would typically start designlng h rrease 
pattern hy puLting the largcst crrcles in the squam and inflat- 
ing them until they cail no longcr grnw, One then adds the 
next-Hinallest set of circles in thc spactia ofthe larger circles 
until they, too, bccome fixed; and Lhen add the next set, and so 
on. I call this proceñs of fi^ation crystallizatijm of the cirdc 
packing T bccausc thc pronftsü rtíüemblee the crystaltization of 
ntoms when aliquidis cooled below fireezing. And juwt ns thc 
atomsof acr>HLriJIÍ7^d liquidfonn a highl.v syninu'íric arrange- 
ment, quite often, the crystallized circle packings of orig^mi, 
Limj, form structures of grcat regularity and symmetry. 

An exarnple will make the process clean Lct's contínue 
with the tarantuía we intnjíiuced earlicr. Ás I mentioned, t3- 
rantulas have in íjdditíon Lo their eight lcgs an additional pair 
of appcndages cn the head called pcdipaJpñ which resemble a 
tcnth pair of le.gs (althour^h they arc typically only about half 
the length uf t.he legs). Thus, we require h^sie with eight Jorj^ r 
flnpa for legs and two somewhat shorter flaps for the pedi- 
pnJjis. Tarantulas also have h fairjy bulbous abdomen, which 
we will represent by yet another flap 7 and a ccphalothuras 
(which contains the hnad and body), which wrll also require & 
flap. Thus, our desired tarantula base wouid have a total of 
twelve ilnps r Wh could use the tw b [ ve-eq u a.1 - d r cl e packinc 
shown in Figure 9.1G T but wc cnn construct a more clsgant 
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and efficient ha.se by exploiting both the variation in length 
and importance of the diílerent flaps in the basc. 

The flaps fall into several logical groupings. The longest 
flaps are the eight legs. Although the legs of an actual taran 
tula vary in length, they are close to thc samc length, and thc 
Hymmetry and (bldability of the base \vill likcly bc highcr if wc 
choose them all to be the same length. Thus, thc cight lcgs 
form the first group. 

The next group would consist of thc pcdipalps, which arc 
gcnerally ahout halfas long as the legs. We could start by choos- 
ing their length to he exactly half of the leg length, but in prac- 
tice, anyLhing l'rorn abont 40% to 60% would probably give a 
workable model. 

Next, the alxloinen is also about half the length of a leg. 
Since theres only one abdomen flap but two pedipalp flaps 
that must come as a matched pair, we'll givc the paired flap^ ;\ 
higher priority; fit them in first, then try to find a space for the 
abdomen. 

Last comes the head flap. Since the cephalothorax of a 
tarantula is quite short, we almost don't need this flap at all, 
bo we can just OOUHt on tucking it in somewhere in the fiii- 
ished packing. 

l^et's now work through the circle packing step by step. 
The first step is to pick the symmetry line of the base: Will it 
be oriented parallel to a side (book symmetry) or along the 
diagonal (diagonal symmetry)? Let's choose book symmetry íbr 
atarters. The first step will be to pack the eight leg circles into 
the square. 




Fígure9.l7. 

Lcít: start.ing corifigurHLinn. 
Right: crysLullizcd circlc puckiiiK- 
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Wc then inflate the circles, moving Lhem around to keep 
thcm from overlapping, until they are locked into posiLion. 
Figurc 9.17 shows the result of'the tarantula circlc crystalli- 
zation, which is thc largest possible book-syminetric packing 
of eight circles into a square. (An equivalent solution is thc 
same pattern flipped vertically. J The radius of a circle relative 
to the length of thc side of the squarc is 0.2182, so the length 
of the leg flaps will be about 22% of the length of the sidc of 
the squarc. 

Now, we add the pedipalps, which would bc represented 
by two paired circles about halfthe size of thc leg circles. Thc 
obvious place to put them is in the center of the large hexagon 
in the lower half of the square. Continuing the process of in- 
flat ion in Figurc 9.18, we drop two small circles into an open- 
ing of the pattcrn, t.hen expand thcm until they, too, arc firmly 
wedged against their neighbors. 




Rgure 9.18. 

Left: add two circlcs for pedipalps. 
Right: crystallizcd circle packing. 

With this configuration, the pedipalp ílaps turn out to be 
0.583 times as long as the leg flaps— -jusL about right. 

Next comes the abdomen, whose circle should also be about 
half thc size of the leg circlc, and so we can fit it into the top 
middlc of the squarc, as shown in Figure 9.19. 

When this circlc is inflated, it turns out to be 0.826 tünes 
as long as a leg flap — longer than wc might. like, but perfcctly 
acceptable sincc it is very easy to shorten a flap. 

Last comes the head. There are two same-size holes re- 
maimng in the circle pattcrn either just abovc or just, below 
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Figure 9. 1 9. 

Left: Add a circle for the abdoinen. 
Right; crystallized circle packing. 

the pcdipalps; we could put thc head circle in either onc. Both 
nptions arc shown in Figure 9.20. 

Since thc head flap was the last flap that needed to be 
placed, you could just as well place circles in both gapfl and 
then choOflO which flap becomes t.he head oncc thc hase ifl t'olded. 




Figure9.20. 

Left: one poH.sible choice for the hcud circle. 
RiKht: the other choice. 
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Figure9.2L 

Th« ílnishcd craue pattcrn. 



In either case, all polygons are either triangles or quadrilatcr- 
als, and so one can now íill in the polygons with the appropri- 
ate tiles. giving the resultant crease pattern, shown supcrim- 
posed over thc circles in Figurc 9.21. 




Figure 9.22. 

An alternative circle packing 
and crease pattcrn. 



Although the method of circle packing seems to be very 
straightforward, there are many choices to bc made along thc 
way, each giving a differcnt result. For example, when placing 
thc pedipalps, we could have placed them at the top of the 
square and put the abdomen down in the central hexagon, giv- 
mg the ci rcle packing and erease pattcrn shown in Figurc 9.22. 
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The choicc ofwhich packing to use will bc afíected by vari- 
ous factors. For example, in the pattern of Figure 9.21 , the two 
pedipalp flaps are middle flaps, which mcans that they WÜl be 



298 



On'gami Dcsign Secrets 



wrapp^d inside ot.her flaps in thc foldcd base; this may makc 
ít difficult achieve an elegant distribution oí'the legs in the 
tblded modcl. Also, being uiiddle flaps, ttiey will have many 
lavers of paper when they are thiruied. In Figure 9.22, how- 
ever, the pedipalps are edge flaps and the abdomen is a middle 
tlap, which would probably be easier to work with. Since the 
abdomen is not thinncd as much as a leg or pcdipalp would bc 
(it might act.ua! ly bc ballooncd outward), it w r ould bc morc tol 
crant of the extra layers inherent in a middlc flap. 

Note that. in both cases, t.wo oí'the legs are middle flaps; 
these will unavoidably he thicker t.han Lhe other leg flaps, es- 
pccially compared to the two corner leg flaps immediately 
above. This variation in leg thickness could conceivably be a 
weakne.ss of any model folded from either base. 

A remarkable thing about circlc-packing bases is that 
dcspite the det.erministic nature of their construction, there 
arc usually many possible circle-packed bases t'or a givcn num- 
bcr and distribution offlaps. Consider the foüowing sources of 
variety: 

• There are two possible symmetric orientations for 
the base. 

• There are typically scvcral crystallizations of the 
major circles for cach syminetnc orientation. 

• There are typically several placements of the rni- 
nor circles for each crystallization. 

For the tarantula coníiguration — eight legs, two pedipalps, 
an abdomcn and a head— a small amuunt of experimentation 
reveals a host of possible crease patterns, some of'which arc 
shown in Figure 9.23. 

Each crease pattern givcs a unique base. Some are el- 
egant, some are awkward; somc can be folded in plan vUw 
(i.e., opened out flat. likc an opcn book) while others only 
work in side view, i.e., in proiile. AJl can bc turned into a 
tarantula of one sort or another. VVhen you add to that thc 
infinitc variations possible in thiiining aud shaping folds, you 
can scc that the possibilities for exploiting circle packing arc 
nearly limitless. 

Ol'the nine pattcrns, (b) (book symmctry) and (e) (diago- 
nal syinuietry) are actually thc samc pattcrn. Both are based 
on an underlyi ng octagon, which can bc fit into thc square with 
either symmetry. The prescnce of a valley fold running along 
the symmetry line for moftt of the model allowi the base to bc 
foldcd in plan view, which allows a smooth and rounded top 
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Rgure 9J3. 

An aasortmcnt of possible tarantuia crease pattcras. 

suriace of thc taranLula. In addition, all of the legs arc cdge 
points and havc exactly the same number of layers. Of all the 
poásible bases, I think it lends itself best to the subject; and so 
I have carried this pattern aJl the way to a folded model, which 
ifl shown in Kiguxe 9.24. 

I would encourage you to try foldiny t.he other bascs from 
t.heir cn?H«e pattcrns and turn them into your own tarantula 
design. 
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Figure 9 J4. 

Oease pattern, base, and folded model of the Tarantula. 

As we see in Lhe tarantula design, circle packing patterns 
and their corresponding crease patterns are most Bymmetríc 
ií'the circlc radii I and thus flap lcngths) arc choscn from eunong 
only a small numbcr of values, rathcr than making every ílap 
a diftcrcnt lcngth. It is common to adjust the values in order 
l.o reuli/i! partieulurly syiuinetric patterni. 

The creaaa pattern iu Figure 9.25 is based on a circlc 
packing of six large eireles and six medium ones oricntcd 
in opposite direction*. corresponding to six long and six 
medium flaps; three small circles are added to fíll in the gaps. 
This gives a pattern that, in the interior of the model, can be 
filled in cntircly with triangle tiles, and works very well for 
flying insccts, in which the six long flaps can be used for four 
wings, head, und abdomcn, while the six medium flaps get 
used íbr legs. 

We could also rot.ate the pattern by 90° and assign the 
short flaps to head, abdotnen, aud wings, and thc long flaps to 
legs to make a flying insect with proport.innat.ely longer legs. 
Can you dcvisc a model based on this hint? 

Whilc this circlc packing is quite efñcient in its use of the 
paper, it still leavcs thc corncrs unused, makmg it a great temp- 
tation tu ugure out somcthing clse to do with them. The Fly- 
ing Ladybúrd Beetle in Figure 9.26 uses the samc circlc pack- 
ing (although adding two inore smaller circles), but turther 
uses the corners of the paper to reali/e the sputs un the wings. 
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Figure 9.25. 

Crcasc pattern, base, and f'olded modcl í'or the FlyiriK Cicada. 




Figure 9 .26. 

Crease pattera, basc, and folded model l'or thc Flying Ladybird 
Bcctle. 
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9.8. Circles and Rivers 

Thus far, wc have considered bases derived from packing of 
circlcs only. In a circlc-packcd basc, all of thc flaps cmanate 
from a commOD point. But, you'll recall, wc wcrc ablc to con 
struct 00866 f'rom tiles that containcd rivcrs, rcgions that trans 
lated into segments separaLing groups of flaps. It is also pos- 
sible to introduce rivers inLo a circle-packing in an analogous 
íashion. That is, we inLroduce a river between group» ofcirclefl 
that coiTCsponds to a segment separating groups of flaps. We 
can ütill construct a full crease pattern by superimposing tiles 
containing rivers on the pattcrn of axial polygons. 

An example of this is illustrated in Fiffurc 9.27, an insect 
with the Latin name Acrocinus longimanus. It contains four 
long flaps (correspondíng Lo the Lwo long forclcgs and anten- 
nae) and eight shorter flaps (legs, head, abdoinen). We intro- 
duce a rivcr running around íbur of the legs, which introduccs 
a aegment bctwcen the two groups of flaps. We can, howcvcr, 
still fill in thc axial polygons with tile crease patterns Lhat 
incorporate the rivers; thc rcsult is a base with t.he desired 
flap conliguration. 




Hgure9.27. 

Crease pattern, base, and foldcd modcl of the Acrocinus lonximunus. 



9.9. Mathematical Circle Páckings 

The circle method gives us a technique for designing a base 
that has any combination of flaps of diffcrcnt sizcs by relating 
it Lo a simple geometrical construction. Specifically, the prob- 
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lem of designing a base with N equal-length flaps can l>e solved 
by fínding a distrihut.ioii oíN non-ovcrlapping circles whosc 
centers all lic within a square. 

In origami, packings of unequal circles arise more oftcn 
than equal circles hecausc origami bases are more often com- 
poscd of flaps of diíTering lengths. When all ofthe flaps are the 
same length, however, thcn all of the circles arc the same di- 
arneter. This problem turns out to have some intcrcsting math- 
einatical conncctions, so we will digress briefly to cxplore them. 
The problcm of paeking N nonovcrlapping circles with thcir 
centers insidc of a square is equivalcnt to the problem of pack- 
ing N nonoverlapping circles entirely inside of a somcwhat. 
larger square; Figurc 9.28 shows how the same pattern solves 
both prublems. 




Figurc 9.28. 

A solution for un origami circle-packing is equivalent. t.o a circle- 
parking in which the circles musr. lie completely inside the square. 

The similarity between the two problems would he only a 
curiosity but for one thing; the problem of packing equal 
nonoverlapping c¡ rcles entirely inside a geornetric figure is a 
well-researehed field in mathcmatics. This correspondence 
between the origami design problem and t.he mathematics of 
circle-packing is fortunate, because many of the solutions to 
circle-packing problcms have already been cnumerated in the 
opon mathematical litcrature. Tnstead of redcrivinga solution 
(not an easy task, depending upon the numher of flaps). one 
can mercly look up the optimum circle pattern for a given num- 
ber of circles. 

For the mathematical problern of packing N equal 
nonoverlapping circles into a square, the optimum solutions ior 
N = 1 through 10 arc known and have bccn mathematicallv 
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roven to be optimal. Thus, for the origami problem of folding 
a base with N cqual-length flaps, the optimum crease patterns 
ar e also known. The optimum circle pattcrns and lenffths of 
cach flap (as • fraction of the side of a unit square) are givcn in 
Figure 9.29 for N = 1 through 9. T have only drawn that por- 
tion ol'each circle that appears within the square. 



_J 



S= l 

r - 1 .uoo 




N*2 

r - 0.707 





.V^4 
/-0.500 




,V-5 
r = 0..i54 




jV = 6 

r*OJ0Q 




'My % 



f**7 
t =0.270 



/V=8 
r = 0?/>Q 



r- 0.250 



Figure 9.29. 

Optimal packings for one through nine circlcs. 

Bccause circle packing is a wcll explored mathcmatical 
field, it is possible to look to the mathcmatical literaturc for 
patterns that give rise to origami baaes (as I have done hcrc). 
In fact, aa new circle packings are discovcred, new origami 
bases will comc right along with them. The nine circle padtínga 
shown in Figure 9.29 each have corresponding origami crease 
patterns, which are shown in Figure 9.30 superimposed on the 
circlc packings. 



Chapter 9: Circlc Packing • • 



305 




Figure 9.30. 

Crease patterns for optimal bases with one tlirough nine flaps. 

In each figure, I havc drawn in thc major creases of t.he 
base. Notiee something: Wherever two circles touch, there íi a 
major crease connecting the centers of the t.wo circles. These 
lines are shown as mountain folds in the figures. Notc, too, 
that any crcase that hits onc of these mountain lincs other 
than at a circle center hits it at a right angle. Thcse propcrties 
hint at some deeper rclationships between circlc packings and 
thcir corresponding crcase patterns. As we will see in later 
scctions, there are several diíTerent types of creases that all 
share consistent propcrties. 

You might find it an illuminating exercise to transíer the 
crease pattcrns shown herc to origami papcr squares and to 
fold the corresponding bascs to verify that thcy do, indeed, 
havc the proper number of flaps and that thc flaps are all the 
same size within cach base. You will also discover something 
about Üie coloring pattern of the crcases. Most of the nlaek 
creases will be mountain folds; all of the colored crcases wiü 
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bc valley fokls; and the lighL creases can go in either direction, 
dcpending on how yuu choose to orient the flaps. 

It is also instructive to note what kind of flap— corner, 
edge, or middle — you get with each base. Thc distrihution of 
flapft is enumerated in Table 9.1 
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Given the inefflciency of middle flaps versus edge flaps — 
remember, a middle flap takes four times as much paper as a 
corner flap of the same length— it is somewhat surprising to 
find that for as fcw as five flaps, it is more efficient to use a 
middle flap than to crcatc another edge flap. For only three 
flaps, two edgc flaps are preferahle to two corner flaps 

Since these patterns give the most. eflicient hases fbr the 
desired number of' Qapa, it is not BvrprÍBÍng that several of 
them have been in existence for hundreds of years. The pat- 
terns for one. two, four, and five flaps correspond to four of the 
traditional bases— the Kite, Fish, Waterbomb, and Bird Bases, 
respectively (where thc top of thc Bird Basc forms a fifth flap). 
The first three bases havc all of thcir flaps on thc corncr; thc 
last has one middle flap. 



What is surprising, though, is that several of these circle 
pattcrns correspond to bases that have uot yet heen published 
in the origami literature! Specifically, I am aware of no pub- 
lisherl design ba3ed on the symmetry of the patterns for N - 3, 
6, 7, and 8 T find thi.s remarkable because there are quite a 
few models that require threc, six, scvcn, or cight flaps, and 
these patterns correspond to thc most cftícient stmcturcs for 
getting each number of flaps. lt is illuminating to cxaminc 
each of these crease patterns in more detail. 



Tablc 9. 1 . 

Numbers of corner flaps, edge 
flaps, and middle flaps in 
optimal circle-packed bases. 



9.10. Bases from Equal Circle Packings 

The first unusual structure in this group is the N = 3 case. I 
suspect it is undiscovcred because this pattcrn is not similar 
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to any wcll-known hase found by anglc biscction. lt* symmc- 
try is bascd on the uncommon 30°-60° 90° right triangie rathcr 
than the more íkmiliar 22.5° angle that you find in the four 
Classic Bases. Also, two of thc three flaps lie on an edgc, rather 
than at the curner; sincc cdge flaps t.end to be thicker, most 
curly origami designers avoided using edge flaps unlcss abso- 
lutely necessary. I am not aware of any origami model that 
uses this pattcrn in a square t,o realize a subject with three 
major flaps, dcspite there being a numbcr of such subjects 
around, e.g., long-legged birds. (Thcrc are, not surprisingly, 
modcls made from an equilatcral triangle that utilizc the 
crcases within the trianglc.) An example ofa modcl of my own 
that uses this symmctry is shown in Figure 9.31 with folding 
instructions at the cnd of the chapler. 




Figure 9.31. 

Crease pattern, base, and folded model of the Emu bascd on the V = 
3 circle packing 

Notice t.hat three of thc four corners of the square go un- 
used in t.his base; I suspcct that the profligate wastc of such a 
large fraction of the papcr has deterred folders from making 
use of this basc, and indeed, it is difñcult to resist thc tempta- 
tion to use somc of the extra paper for wings, feathcrs, color- 
changes, or somethíng in the model dcrived from this pattcrn. 
I used the largesL unused corner to cxtend t he tail in the emu. 

The N - A case is quite obviously the crease pattcrn for 
thc Waterbomb Basc, which has been widely used for origami 
models. Similarly, thc N = 5 case has a single flap in thc middle 
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of the square; it is the Bird Rase. But thats uncxpected; the 
tfird Base is norinally considered to havc four cqual flaps, not 
fivc. How can this be? 





/v ./ 
/ f \ 
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s¡r. \ i 




Figure9.32. 

The Bird Base as a five-flap 
base. 



Ah shown in Figure 9.32, if we treat each flap as starting 
from a point exactly halfway between the top and bottom of 
thc model, the four long flaps of thc Dird Base become shorter 
and the blunt top ílap becomcs longcr. Wo can get all fíve flaps 
to have the same aspect ratio by narrowing the top flap, as 
shown m Figure 9.33. 





Figure9.33. 

Narrowing the flaps of a Rird 
Ba.se by spreacl-sinkin^ I urns it 
into a fivc equul flup busc. 



And if we add four more smaller circles to the fíve-circle 
pattcrn corresponding to four more smaller flaps, we get the 
crease pattcrn for yct anothcr Classic Base, the Frog Base. 





Figure 9.34. 

Oircle aud crease pattera for 
the Frog Base. 



Thc N = 1, 2, 4, and 5 cases correspond tu Classic Bases Lhat 
have bccn known for hundreds of years. However, the N = 6 
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solution, like the \ ; = 3 pattcrn, has not been explored, or to 
my knowledge, even recognizcd. I suspect that it is bccau.se 
the A T - f> pattern does not incorporate either the standard 
22.5° syrnmetry or the less common 30°-60°-90° symmctry and 
so was unlikcly to have been found by trial and-error folding 
along symmetric lines. Recause it has a linc of bilateral sym- 
metry with two flaps lying on one side and two on t.he other, it 
sccms ideally suited for mammals and birds. I have used it f'or 
a gcneral-purpose bird basc that gives both legs and wings 
quite pfTiciently. The two unuscd OOrner flaps may also bc pulled 
out and used to great effcct in color changes to makc multiple- 
colorod birds. An examplc of this base and a two colored bird 
folded from it are shown in Figure 9.35; the folding instruc- 
tions arc givcn at. the end of the chaptcr. 






Figure9.35. 

Crease pattern, basc, and folded model for the Songbird, bascd on 
the A r - 6 circle pncking. 



This model is the second Songhird in this book (the firat I 
was in chapter 6). The two modcls illustrate the fact that a| 
single Bubject can be realized as an origami model in differeütí 
ways, depending on which features are emphasized. which ar£| 
merely suggested, and how the detail folds and shaping" are j| 
rendered. 

You should also compare this crease pattern and base to j 
that of the Turtie (Chapter 7, Figure 7.1), wliich was also 'wadej 
from a six-flap base. Thc turtlc hase had all its creases rurf 8 
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ning at multiplcs of 30° and thus had a inore symmetric crease 
pattern and more neatly aligned cdge*. The songbird basc here 
is le.ss symnieLric, but is slightly larger relative to thc size of 
the Bquare. Can you makc a turtle from this base? 

The N = 7 solution comhinee hoth squares and equilat- 
eral triangles into the underlying symmetry. An unusuaJ lea- 
ture of this solution is the fact that one of the circles íthe one 
in the lowcr lcft corner) doesn't touch any other circle. The 
papcr betwccn the lower left circlc and tlie rest of the modcl is 
wastcd. Onc could put this cxtra paper to use, howcvcr, by 
enlarging the lower left circlc (corresponding to lengthcning 
the associaLed flap) and using thifl base to fold a model with 
one particularly long appendage, for example, an exLra-long 
tail. We can carry out th is enlargement by expanding the lower 
left circle until it touches one of the others (the middle circle, 
as it turns out). This expansion gives the circle pattern shown 
in Figure 9.3«, corresponding to a shape wíth six equal-sized 
tlaps and a seventh slightly larger one. I have also superim- 
posed u crease pattern that gives a seven-flap basc. 1 encour- 
age you to enlarge the fitfure, draw it on a square, and íold the 
base; it is remarkable how all of'the circlcs line up with each 
other once you havc collapsed the squarc into t.he base. 









m 
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There is a mathematical term for the condition in whicfa 
a circle is free to move wiLhout changing thc overall scale of 
the model: If any circle can move without altering Lhe scale, 
the pattern is said t.o be unstable; any pattern in which no 
circle can move is said to be stable. It Ls easy to see that a 
pattern is stahle only if evcry circle Louches either another 
circle or an edge of thc square at three well-separated points. 
lt will Lurn out as wc cxplore more sophisticatcd design algo- 
rithms that the íssuc of stability plays a crucial role in Lhe 
construction of crease paLtems for bases. 

Thc problem of getLing eight flaps in a ha.se is encoun- 
tered whcn one attempts to fold the simplcst. insects. Beetles, 



Figure9.36. 

Left: crease pattcrn for the N - 
7 circle parking with one flap 
tjtdargHíl. 

Right: seven-pointed bnse 
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fbr example, must have a head, abdomen, and six legs, at a 
minimiim. Of cour.se, it is always challenging to add more bodv 
parts: Thorax, antennae, mandihles, horns, wings, and 
forewings WOllld be nice, each requiring Hnoíher flap (and we 
will see examples that have all of them). But even the sim 
plest insect must have six legs, which by the standards of clas 
sical folding, is no mean feat. Historically, the first pubhshcd 
instructions for a one-piece six-legged insect of which I ain 
aware is George Rhoads s Bug. It is made from a blintzed Bird 
Rase, which OOTrespondfl to the N - 9 circle diagram. 




Rgure9.37. 

Lcft: A r = 9 circlc pattcrn. 

Etight Rhoads's Rug, made from a hlintzed Rird Base. 



We encountered the blintzed Bird Base back in Chapter 
4. It is constructed by folding the four corners to the center of 
a squarc, folding a Bird Basc from thc rcduccd squarc, and 
then unwrapping the extra paper to form new flaps. Thcre its 
also such a thing as douMe-hlintzing, in which the four cor- 
ners are folded t.o the cent.er, and tho.se four corners are folded 
to the center again, before folding a base and unwrapping all 
the layers. The double-blintzed Frog Base, with its thirtccn 
equal length flaps, was used by thc Japanesc master Yoshi/awa 
as early as the 195üs for his famous Crab, and surely holds 
the record for the pointiest base of the Classical period. 

The eircle pattern provides a siinple way to see thc eflect 
of blintzing a base. Alt.hough each stage of blint/.ing doublcs 
the area of the square, it doesn't double the number of flaps 
since some of thc paper is consumcd turning somc quartcr- or 
half circlcs into full circles. In thc progrcssion of the blint/.ed 
Frog Basc shown in Figurc 9.39, thc original Frog Base has 
fivc long flaps; the blintzed Frog Base hat nine, and the double 
blintxad Frog Base has thirteen, numhers which are easdy 
verified by examining the circle pattern. 
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Figure 9.38. 

Double-blintzed Frog Base crease pattern und Yoshizawas Crah. 




Figune 9.39. 

Threc stagt:.s iti fche prnpression of thc blintzed Frog Base. Left: the 
Frog Base. Centcr: u blintzed Frog Base. Kight: a doublc blintzcd 
Fmg Rase. 




Figure 9.40. 

Left: /V = 8 circle putlcrn. 
Right: a base madc from thc N 
a 8 circle packing. 
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For ninc flaps and nine circles, thc rVwoot peddng of circles 
fcivcs the singly blintzed Bird Base that whs used for Rhouds's 
Dug. But you only need eight flaps for a simple inscct— head, tail, 
and six legs — and the N = 8 optimum circle packing solution, likc 
N = 6, gives a crease pattcrn perfectirjr suited to thc nmple insect. 
For the same size square, the N = fi pattern givcs cight ílaps that 
are about 4% longcr than the ílaps derivcd from tlie blintzed Bird 
Rase. As with N = 3 and ,V=6, the most eflktat base is rather 
unexpected. Four of the eight flaps arc middle flaptí^rdinarily, 
thc lcast efficient way to makc a flap — and I am unawarc ol'any 
prior dcsign baeed on this pattern. Nevertheless, thc overall solu- 
tion is the most eflicient eight-equal-flap base thcrc is. I leave it to 
the reader to devise a model that. exploits this baee. 

The N = 9 pattern, a« m^ntioned earhcr, eorresiponds to tho 
blintzed Bird Basc. Tb* crease pattcrn for the next case, N = 10 
flaps, is gencratcd by a eircle pacldng of particular mathcmaticaJ 
significance. While there are mathcmatical proofs that thc pat- 
terns shown in Figures 9.29 and 9.30 fiir N - 1 through 9 are the 
most cttícient possible, thc most efficient packing for N = 10 hae 
bcen the souree of some controversy. Not until 1997 wíls the most 
efficient parking known. Over a 2¿year span, fivc difforent. circle 
packinys for N = 10 were found, each more efficicnt tiwn the previ- 
OUB (although thc lengt.hs of the flaps in each solution are aU within 
1% of one another ). Tn each case, thc diseoverer conjecturcd that 
he had found the most efficient arrangement possible; in thc casc 
of aD but the last, a more efficicnt solution was subsequently found. 



'/ i í \ / / \ 




N= 10 (ca. 1970) 
t =0.2083+ 




■V- 10 ( ™ IQ7U 
rm 0.2096+ 




Nm 10 (ca I9K7» 
r «0.2100+ 



Figure 9.41. 

Opt.imal ten-circle packings 
yiving ten pointed ha.ses. 
Upper left: Goldberx's solution. 
Upper cnnter: Schacr's solutioii. 
L'ppcr right: Milano's solution. 
Lowcr left: Valettes solution. 
Lower ri K ht: Mollard and 
Payans solution, the proven 
champion. 





V» 10(o». 19X9) 
' = 0.21059+ 



,V = 10 (ca. 1990) 
/ =0.21063+ 
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The most recent solution, discovered m 1990 by Lhe mathemati- 
uans Mollard and Payan, gives a flap length of 0.21 06+; it was 
proven optimal by the Dutch mathcmntieiau Hans Melissen in 
1997. The five solutions and their lines of symmetry are givcn in 
Kigure 9.41. 

I find it remarkablc that such a simple answer to the most 
efficient packing of tcn circles into a square should be so eluaive. 
And ií there is so much mom for variation in thc cirele packing for 
this one particular origami base, think of the possibilities for arbi- 
trary origami stmotures. 

9. 1 I . The Margulis Napkín Problem 

Wc now have the machincry to design bases with any numbor of 
ilaps. We aLso have thc tools to solve an interesting mathematics 
problem that circulatcd among inathematicians in the mid-1 990s, 
called the Margulis Nftpkin Problem. The problcm was posed as 
a rcquest for a proof: 

Prove that no matter how one folds a square napkin, 
the flattened $hape can never have a perimeter that 
exceeds the perlrneter ofthe original aquare. 

That ís, íf you slart with a square 1 unit on each side, prove 
that you can't fold a shape whosc pcnmeter is greater than 4 units, 

The somewhat surprising fact is thnt the assertion isn't true 
it is mdeed ¡xKssible to fold a shapc witb a perimeter greater than 4. 
Figure 9.42 shows thc folding sequence for a shape whose perimeter 
is shghtly greater than 4 units — 4.120 units, to bc cxact. Rcmark- 
abJy, a eounterexaniplc to this reoent mathematical conjccture can 
be made from a 200-year-old shape: the venerablo Bird Base. 

A closcr cxammaüon of this shapc, coupled wiüi our under- 
standing of circle-method origami dcsign, reveals how this can bc 
accompüshed. 

The crease and circle pattern íbr the Bird Base is shown m 
Figure 9.43. The Bird Basc consists tf íbur corner flaps ( modeled by 
the Ibu r a jrner circles ) and one m iddle flap, which is providcd by the 
single middle circle. Each of the four corner flaps is onc quarter of 
the i>erimetcr of the square, so if the flaps were splayed out into a 
star shape, thc perimeter oí" the star would be, at most, equal to the 
perimeter ofthc squai*e. But the middlc flap is an ext.ra flap. Thin- 
oing thc entire base so that the middic flap ean stiek out creates 
extra perimeter. Tninning the basc furthor, as shown in Figure 9.4-4, 
removes some of the overlap from tlie center, allowing thc pcrimetcr 
to gct sl ightly larger as thc thinned base approaches its limit, where 
eacli llap has zero thickncss, and t.he perimeter approachcs a vaiue 
of 4.414. 
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Perimeier = 4.120 



Figure 9.42. 

Folding Mquence for a shape that disproves the conjertnrc known 
as the Margulifl Nupkin Prohlem. The dimcnsions of the varioui 
sH{,nnents of thc perimeter are given in the last step; the total 
perímcter adds up to 4.120. 
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Dividc by 4 

Figure 9.44. 

Lcft: Sinking in fourths narrows the flaps 

C4mter:Sinking a larger numbcr of t.imes thina the lnvcrs í urther 
Kignt: thc lünitmg caae with zero thickness ílaps. 

It wa.s the crcation of a middle flap that allowcd the ]>erim- 
ctcr to exceed the conjectured limit of 4 unita, But hv creating 
more m.ddle flaps, we can increase thc ^rimetcr even furthcr 
ln Éact, rather nst.onishingly, there is no «pper limU to the pc- 
nmetar of a tlat fold- at least, one made with mathematicallv 
ideal ízero tmckness) paper. You can start with as small a sheet 
aa you hkc. Krom a poalage stamp, you can thmretically fold a 
shape whose penmcter is the perimeter of the galaiy. ' 

How can we do thia? Circle-packin* gives thc key. Snp- 
pose we pack an .V x N array of circles into a onit equare, as 
shown in Figure 9.45. 



Divide by N 





Ench of thc circles has a radius 

J 

2(A'-1)" 



r = 



(9-4) 



Usin* oui- circlc-packing and tiling tcchniques-filling ii 
the axia l creases, adding smaller circles to l)reak up quadri 



Figure 9.45. 

An N x 4 V circle pnckiiiK- 
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Rgure 9.46. 

CreHse pattcra í'or the A T x N 
CÍrdi parking. Only the upper 
left port.ion is fillcd in. 



laterals ínto trianglcs— we can add creases to Lhis pattern to 
collap.se it into a base with N' ¿ total flaps. 




The result after folding this crease pattcrn will be a base 
with N* points, each of length IA2{N D). Using standard 
origami Lechniqucs of Binlring, the points can be made arbi- 
trarily thin. Oncc the points are thinned, they can be rcverse- 
l'olded out in all directions, making a star with N- points. This 
sequence is showri in Figure 9.47. 





Rgure9.47. 

Sequence for turning the base 
into a star. 





Now, although thc points overlap each other somewhat at 
thcir base, thcy can be rnade arbitrarily Lhin by making the 
sink Tolds arbitrarily close togethcr. So the total pcrimet.er of 
the Btar shapc approaches thc vnhie 

2x(number oJ'points) x (lenpth oí'each point), (9-6) 
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where the exLra fector of 2 comes from the facL that each point 
OOOtributee fcwo sides to the perimeter. Thus, the total perim- 
etcr ¡s 



V-l' 

Letffl look at the perimetcr for several values of .V: 



(9-6) 



N 


o 

m 


:\ 


4 


5 


6 


— 


S 


Perimetcr 


4 


4.í> 


5.33 


6.25 


7.2C 


8.17 


9.14~ 



ln fact, as A\ the numbcr of points along one gide, be- 
coines large, thc perimeter approaches N as its limvting valuc. 
Thus, the perimeter can be made Hrbitrarily large. We can also 
uae this rcsult to work backwards from the desired perimeter. 
For example, to fold a square postagc stamp one inch on a side 
go thaL i! has the same perimeter as— let's take something 
srnall— the circumfereuce of the world (24.000 miles), we wnuld 
need to make xVcqual to about 1.5 billion; the resulting shape 
wuuld have about 2 blllion bilUon pointe, and each point would 
be about 17 microns long- about 1/5 Lhe diameter of a human 
hair. Clearly, vve'd need that specinl zero-thickness paper that 
exists in mathematicians' ímagination to fold such a thing: 
Not to ment.ion a lot of patience. 

Intcrestingly, sevcraJ origami artists had created models 
on these principles that helied the Margulis Napkm Problem 
years beíore it had even ariscn in niHthematical circles 
(attributed, possibly apocryphally, t.o Margulis, a famous Rus- 
sian inathematieian). My own Sca Urchin, which we saw back 
in Chapter 4 (Figure 4.8) utihzes such a square array of 25 
points, and the points, properly thinned and flaLtened* give a 
stnr whose perirneter approaches a limit of 2 x (25) x (1/8) = 
6.25. Similar urchins by others, including Tushiyuki Mcguro ; 
who pioneered circle-packing dcsign tueLhods in Japan, abound. 

9.12. Comments 

The circle method of origami design described in this chapter 
can be an extremely poweri'ul tool for designing complex 
ongami models ; particularly beetles and insects. For any pat- 
tern of circles, there exists a foldmg method that transforms 
that pattem into a base with the proper number and sizc of 
points. Howevcr, altliough thc technique of packing cireles 
guarantees that a folding sequence exists to convcrt the circie 
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pattern into a base, it doesn't provide much guidance as to 
how to cxccute a step-by-stcp foldirig sequencc for that base— 
a shortcoming of most algorithmic origami dcsign. So even if 
you work out a circle pattern, you still havc Bome work ahcad 
ofyou to flgure out how to fold the crcase pattern into a base. 

By packing circlcs densely so that each circle touchcs sev- 
eral others, we can eonnect the centcrs of touching circlcs wii.li 
creases, which turn out t.o bc axial creases in the basc. If the 
polygons and circle fragments outlined by thc axial creases 
turn out to resemble the circle patterns of Íuiown tiles, we can 
fill in the polygons with tile crease patterns and, voilá, con- 
struct the í'ull creasc pattern for an origami base 

Kur l.hermorc, we cau, with some further r-fTort, add rivers 
of constant width to the circle packing to creatc bases that 
contain segmcnts separating ^roups of flaps. Thcsc circle/river 
patterns, too, may be fllled in with crease patterns if they hap- 
pen to corrcspond to known tiles. 

But that s a very biff if. Whil* we havc progressed a long 
way in designing origami l>ases, so that wc can start with any 
number, length, and connectivity of flaps we desire, we are 
still dependent upon the existencc of tile patterns for fílling in 
thc creases of thc axial polygons. There is no guarantee tliat 
such tiles cxist. 

At least, there is no guarantee just yet. But as we will see 
in the ncxt chapter, there is a small number of general-piirposo 
crease patterns that will allow us to fill in any circle pattern 
whatsoever. These patterns— sorae new, some old— provide thc 
final step in the construction of a gcneralized uniaxial base. 
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Foldíng Instructions 



Emu 



Songbírd 2 
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Emu 




-í- 



2. Fold pinch maiks at thc 
midpoints of'two adjacciil 
sides. 




3. R»ld two edees so that their 4. Fold and uniold through 5. Fold Uie model in hltt 

comcrs touch the pinch maiks. all laycrs. 
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6. lold thr lower let't 
[H>ini up to lic along an 
cxisiinn creusc. 



7. RoCatt the model ifA turn 
clockwise. so that edge A13 
runs vertically. 






9. Petal fuld. 



10. Fold thc point down. 




<l — 





12. Kold the left flup up lo thc 
right so that the two creases in 
the middle line up 



13. l.ntold. 



B 

K. Squash-told the top point 
down to corncr B. 




11. Tum the model ovei. 




14. Lift up the neat cotnei al ihe bOttOOl 
and squash -fold the left point over to the 
nght. usinr. the creases you just made. 





15. Fold the corner back to 
the left. 



16. Tuck the whitc 
tlaps inside the modcl. 





17. Fold and unfold. 18. Fold a rabbit ear using 

llic ucuscs you jusl inudc. 



FokHng lnslruclions: fcmu 
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IV. Pold the tip of Ihc 
r.ihhit ear down 
loward the neht; the 
model will not lir flat 




24. Suua.>h-fold the 
lej¿s upward. 



28. Crimp thc fect. Pull 
some loose puper out of 
fhe he;id. 




TJ 




I 

I 




20. I old the 
top tlap down 
anJ flatten the 
model. 



2I.Tuni the 

model over. 




25. Petal-fold thc kgB. 




29. Pinch the head and 
swing it down. 



22. Lift up 
one point. 




26. Pull out some 
loose paper. 




30. Crimp the beak 
and taiL 



23. Fold one 
layer to the 
left. 




27. Close up the legs 
and reverse-fold them 
downward 




31. Finished Emu. 
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Songbird 2 







1. Be>íiii wilh the colored side up. 
Fold íiiilI uulold from side to side. 



2. Fold thc lop down to the bottom 
and make a small pinch extending 
inward trom the cdjje. 



3. 1 old the top right corner down to 
líc on ihe crease you just mude and 

make a pínch aJong the top edge. 



Folding Instructions: Songbird 2 



ns 




4. Fold thc bottom right mrner 
up to the piuch you just made 
and niakL' anolher pinch along 
the right edge. 









X 



5. Fold tbe botíom edge up so 
th.it the eoinei aligns with thc 
Rltrk you just made. 




6. Fold Ihc lop cdge behind 
aloug a crease that lincs up with 
the folded edge. 



1 











X 


K 












-.. . ' "4 



7. Fold along the diagonals 
through all layers (vaJlcv on thc 
left, mountain 00 thc rigliü arid 
nnfold 




8. ("'nmp the middle of the BDOdd and 
bring thc corners togcther. openiiig 
out u pockel on Iht* iinderside. 




9. Squash-fold tbe w hitc 
tlap in tront and the 
eolored one behind. 











7 



5 



10. Biing two layers of paptT to the 
front on each side. Tlús is inost casily 
done by unfolding the near layers. 
changing crease directions and then 
refoldiiuL 





11. Fold a singlc laycr in 
so that the edges uieet in 
the middle. 



1 2. Reverse-fold ihc cdges. 
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13. Turn the model over. 14. Fold and unfold 15. f old one flap to the 16. Plcat llic l lap. 

thc near tlaps. right. 




21. Tuek the Flap up 22. Fold two flups to 23. l'old two corners 24. Sink ihe two eorners 

inside tlie tnodel. the right. in to Ihe center line on the creuses vou just 

urul unfold. made. 



Folding Instructions: Son^bird 2 





&3/ 



25. Simulraneously squush- 
foM the upper, hidden flup. 
and spicud-sink rhe lower 
cornec 



26. Close up the 
sprt';ui sink. 




27. Mouuluin-told 
rhe tlap behind. 




28. Mountain-fnkl the flap 
hchind BO thc edges line up. 




29. Fold a group of 
luycrs to the left. 



30. Fold twc edges in so 
that tfae crcases linc np 
with thc hiddcn edges 
bchind. 




31. Fold onc 
pleatcd tlap 
back to the left. 




U 



32. Repeat stcps 
22-31 on the right. 



33. Tuin ihc 
model ovei. 




34. Pold a sinulc 
flap dovvn as far 
as possihle 




35. P6U the model in 
halt and rotatc 1/4 turn 
clockwise 
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36. Cnmp the flap oo the ru?ht 
upvvard 



37. Crimp ihe head downward. 




42. C'nmp the feet so thut tbe 
modcl siunds flar. Fold the 
smull flap np <m the side of 
Ihe head and rcpeat hehind. 




43. H»ld the layers 44. Open out and round 45. f ini.sltcd Sonjíhird. 

iiiidcmcaih thc head inside. Ihe eye. Pinch thc heak. 



folding Instructions: Songbird 2 
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Orchid Blossom 
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Orchíd Blossom 




2. Fold thc bottom edgc up to touch 
the mulpoint oftbe lighl ed>:e: the 
crcasc hits the midpoint of the left 
CÚge, but don't make it sh.irp in the 
left half of thc moilcl. 






3. Fold ond uiifold. 



4. UllfoW 



5. Repeat stcps 2—X on the othcr three 
corners. Tum thc papcr over. 



370 



Origami Design Secrets 



6. l-old cach corner inwanl alony a 
diajjonal ercasc that eonnects two 
crease/ed^e intersections; make each 
crease sharp only wheie shown. 



7. Make two inorc crcascs that 
conncct pain» of creasc irilcrscctioirs. 



8. Fold four corners inward. 





9. Fold a Watcrbomb Basc, but only 
makc Üie creases shaip in tlic tniddlc 

of tbe ptpcr. 



10. Squceze the sides inward, ¿¡ather 
Üic excess papei in tíie middle and swing 
it ovei to ihe right. Repeat behind. 



11. Reveise-fold the corner 
inside. 




11 Keverse-fold the inside 
akv alon^.' ihc center line. 




13. Swing one flap over to 
ihc lclt. 




14. Rcpcat stcps 1 1-13 on 
Üie right and on both sides 
behi nd 



Foldiiig Insimciions: Orchkl Blossom 
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15. Fold and 
nntold. 



16. Fold tfae corner 
to the creavc you just 
mjide .md unfold. 





20. l old the corncr 
down along a crea.sc 
aligncd with ihe 
cdges behind. 



21. Fold tfae oonwr 

b;iek up so thal ihc 
raw cdges lirie up 
wiih ihe crcase you 
jusi made. 




5 



25. Repcat 

steps 20-24 
behind. 



26. Fold two layers to 
the i ight íq fnml and 
rwo 10 the left behind. 
spreadine the laycrs 
symmetrically. 



17. Fold and 
uníold. 



IK. Open-sink 

íii and out. 




22. Pold the cornei 
OVCI ulong the 
eentei linecif the 
model. 




27. Keverse fold thc 
two hidden eoniers out 
to thc Mik-s. (Thcre aic 
three laycrs in each; it 
doesrft matter how you 
divide the laycrs. but 
dividc them both the 
samc vvav.) 




23. ünfold lo 
step ?<) 




28. Opcn out the 
two flaps lo 
form Miiall 
cups 



19. Swing the flapfe 
thc side and repcal 
stcps 15-IN on the 
nght. Repeat onhoth 
lides behind. 




24. Rcversc lold thc 
corner in and outon 
the exisling crcases 




29. Stivtch thc 
inidillc pair of cdjrcs 
00 cach side aparl 
slightly; Ihc model 
will not lic tlat. 
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31 Pleal the edges ki 31, Fold Üic model in 

take up the cxcess haif (exeept for the tOp, 

paprr. press Lhe layers which stays rounded). 

tá thc tip tojielhcr, and Rolare 1/2 tui n. 
round it into a bowl. 




32. Keverse-fold three 33. Pull our four loosc 

llaps top.ether as one. corners complerely. 




34, f old rhe corners 
ovei arul over on 
cxistiiu» crcases 




35. Si)uash-f"old fivc tlaps 
(all hut the niiddlc flap) to 
siand oin perpendicularlv io 
the other lavers. 





36. Narrow the stcm witli 
mountaiii ('olds. 




37. Pinch the stetn to nairow 
it further. Spread the small 
llaps in front to the sidcs. 



38. kevcrse-f'old ihe tips ot 
the livc flat pcrals. Shapc 
rhe flower. 



39. Tinished Orchid 
Blossom 



Folding Instructions: Orchid Rlossom 
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e havc sccn that new bases <hii be cori- 
structod fnjin tiles, pieces of old bases. 
By inscrihing circular arcs within tilcs 
ftJttd niating them according to a fcw 
simple matching rules, we can build ncw 
tmses with new arrangements of flaps. Howevcr, assembly OÍ 
tiles to buikl new hases can bc a hit-or-miss proposition: You 
are limited to working with thosc tiles you have previously 
cataloged, and there is no guarantee than a given assembly of 
tiles will fit efficicntly into a square of paper. 

In the prcvious chapter, we saw how one can use circle 
packings to tind a pattern of points within a squarc for any 
other shapc of paper) that is guaranteed to be foldable into an 
origami base that hai a specified length and distribution of 
flaps. Wlien Lhe configuration of circlcs happens to match the 
circlcs (and, if needed, rivers) of known tilcs, then we can 
in the crease pattern with the tilc crcascs, and the paper can 
be collapsed into a base. However, a prnblem arises if the circle 
pattern matchcs none of the tiies we know so far. With the 
addition of just a fcw more pat.terns, however, we can find flat- 
foldabl c crease pattems for any circle/river packing and for 
a grcat deal more i>esi(ies. 

This process is not as difficult as you might think, bc- 
cause t.here aren't that many diflcrcnt types of patterns that 
arc needed. Most of the time, thc polygons crcatcd by circlc/ 
river packings arc triangles (as they have been in most of the 
examplcs wcvc scen thus far). More eomplicated bases may 
have quadrüatcrals, pentagons, or higher-order polygons. All 
can be collapsed so Lhat their edges lie on a line and they align 
with one anotiier prnperly. What makes the problem of design- 
ing a hase LracLable is that, to a largc dcgrcc, each polygon can 




be t.reated on its own. A highly complex base with numerous 
points can be brokcn up into a collection of relatively simplc 
polygons, cach analyzed mdividually; and when you havc thc 
crease patterns íbr the individual polygons, you can put thcm 
togcthcr to realize the crease pattern for thc full square. 



Let us examinc again some existing hases for common fea- 
tures of thc crease pattern that we can relatc to its undcrlying 
circlc pattcrn. Figures 10.1 through 10.5 show thc crease and 
circlc pattern for bases with one through five cqual-sizod points. 
These crease patterns covcr five different hases, but share sev- 
eral interesting featurcs. In each crease pattern, I've labeled 
with a P the point whcrc adjacent circles t.ouch. 

Figure 10.1 shows the crease and circle pattern for thc 
Kitc Basc. The Kite Base appears to be a single flap, but wc 
can also think of it. as a base with one long flap joincd to one 
short flap; both flaps are represented by circlcs in Figure 10.1. 
If we recognize t.hat the horizontal creasc on the right in Fig- 
ure 10.1 is the boundary bctween the two flaps. tiien we see 
that each flap is defíncd by a circle; that Üie two c irrles touch 
at a point, that is, thcy are tangent. circles; and that there are 
two creases that run through t.he tangent point, marked with 
a P in thc figure. The vertical crease that connccts the centers 
of the two circles is of a type that we have alrcady mct; it is an 
axial crcase. Tlie other is perpendicular to thc axial crease 
and is tangent tn both circles. 



Now look at Figure 10.2, which shows the crease and circle 
pattern for the Fisii Base. The Fish Basc has two long flnps 
and two short ílaps. All four flaps arc represented by circles, 
and adjacent circles touch. As with thc Kite Base. t.herc is an 
axial crease (or raw edge ) bctwccn the centers of touching 
circles, and at cach point of tangency, there is a crease perpcn- 
dicular to thc crcase between centers. 



10.1. Tangent Points 



Figure 10.1. 

Ltft: crease and circle pattern 
for the one-flap Kite Basc. 
Kight: kfat folded Kite Bnsc. 
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Figure 10.2. 

Left: crease and circle pattern 
for thc two-flap Fish Base. 
Kight: the folded Fish Base. 



There's a seeond interesting phcnomenon as well. Observc 
that there are 5 points whcrc adjacent circles touch cach other, 
called tangent polnts; I've labeled them all with a P. In tfie 
ibldcd base, which is shown on the right, all of thc tangent 
points hc either side-by-s¡de or one atop thc other; ii you poked 
a pin through onc ot" them, the pin would hit every tangent 
p(jint in the modcl. 

Now let's l<M)k at anothcr base. Figure 10.3 shows creases 
and circles for a base with thrcc equal fÜApS. Again, wc have 
axial creases between touching circles and a second set of 
creases perpendicular to thc íirst set that cross at thc point of 
tangency. Therc arc three tangent points, and m the basc, all 
three tangent points lie on top of one anothcr. 





Figure 10.3. 

Left: crease and circlc pattern 
for the three -flap basc. 
Right: the folded hase. 



The Brst three circle bases had only edge and corner flaps. 
Do the patterns wc observed hoiíi for middlc flaps? Indeed they 
do. Figure 10.4 shows the Rird Base, which has four long flaps 
and one short onc, which is a middle flap. Again, circle centers 
are connected by axial creases, and creascs einanate l'rom the 
points where circles touch that are perpendicular to the axial 





Figure 10.4. 

Leí't: crcasc ond circlc pattcrn 
for the fivH-flap Rird Base. 
Right: the folded base. 
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creases. There are eight tangcnt poinfs in the crease pattern; 
in thc foldcd basc, all eight lie on top ofone anothcr. 

And the pattem continues fbr the Frog Basc shown in 
Figure 10.5: axial creases between the ccntcrs of touching 
circles, perpendicular creases emanating fram the points of 
tangency, and all tangent points (this tinie, 16 of theml lie on 
top of each other. 



Five examplcs don't prove universality, but thcy do sug- 
gest that thcrc arc feat.ures common to all circlc pattcrn bases. 
In fact, therc are several common attributes of circlc method 
crcase patterns: 

• \Vherc two circles touch, there is always a crease 
that connects the centers of the two circles. We've 
alrcady enoountered these; they arc thc axial creases. 

• When you fold thc crease pattern into the base, all 
of the creases between touchiny circles — the axial 
crcases — wind up lying on top of each other, i.c, along 
a single line, which is the axis of thc base. 

• Where two circles touch, there are also crcascs that 
are tangent to the twn circles and perpendicular to 
thc crcase between their centers. Thcsc creases ap- 
pear as horizont.al lines in the bascs in Figures 10.1 
through 10.5. We'll call thcm hinge cnKWt. The hinge 
creases form thc hinges hetween flaps. 

• Jn the crease pattern, thc hingc creases connect to 
each other to make a continuoua path t.hat eithcr 
starts and stops on an edge or runs all the way around 
each circle. 

• All of the tangcnt points — the points where two 
circles touch ( which arc labeled Pin t.he figures) — lie 
at the intersections of axial creases and hinge creases. 
Tn thc foldcd form, they wind up lying precisely on 
top of cach other in the folded base. 



Fígure 10.5. 

í^ft: creasc und circle pattern 
fnr t.he fivc long-flap Fmg Bhhh. 
RÍKht: thi folded base. 
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Iü the search for underlying principles, onc looks for un- 
nsual coincidences. Here, we have five differcnt bases in whích 
the crease patterns display the same sct of behaviors. They 
arc not just coincidences; they arc general principles of the 
órcle meLhod of design. 

We can use these concepts to fill in the creases that go 
w-ith an arhitrary circle-packing. There are three distinct scts 
of crcases. 

First, for any two circles t hat touch, there is an axial crease 
that runs between their centers \Vhen the creasc pattern is 
folclcd into a basc, the hxíhI creases are all parallcl and lie on 
top of each other. Additionally, thc tangent poinLs— Lhe pointfl 
where circles touch— all lic on top of each ottier along the axis 
in t.hc folded base. 

Sccond, there are hingc creuses perpendicular to the axial 
creases, which cmanate from the points of tangency. 

Then thcrc is a third set, which are creascs that propa- 
gate inward from the corners of the axial polygons. In the folded 
form, Lhese creuses form the ridges of the foldcd shape. VVe'll 
call them the ridgcíine rrcascs. Thc ridgeline creases biset:t. 
each of the angles at the corncrs of an axial polygon. 

These Lliree families arc illustrated in Figure 10.6 for the 
Frog Rase. 

The thrcc families of creases are closely related to the 
circles themsclvcs. The hi nge creases are conceptually thc casi- 
est to undcrstand: Thcy outline polygons that approximatc thc 
circles. So cach polygnn outlined by hinge creascs dclincates 
thc boundary of a single flap of thc basc. We can see this by 
coloringone of t.hese polygons in thc crcasc pattern and seeing 
whcre it winds up in the foldcd basc. Several examples are 
shown in Figures 10.7 through 10.9. In euch case, the colored 
polygon provides all of thc layers of exacLly onc flap. 

While thc hinge creases are inost easily related to thc origi 
nal base and circlc pattern, the axial creases — the lines bc 
Lween circle centers — are just as important, but in an entircly 
diffcrent way. 

The polygons outlined by thc hingc crcascs circumscribe 
the circles we have used to denote individual Haps. Whcn we 
collapse an axial polygon so that its cdges lie along t he hxís of 
the base, all of thc tangcnt points conie together at a single 
point. Thus, therc arc two properties that must be satisfied by 
Lhe crease pattcrn within an axial polygon: 

• íts edges must bc brought to lie along a single line. 

• The tangent points along its boundary for cach 
circle must be brought togethcr at a singlc point. 
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t'ÍR-les 



IXÚÜ cieases 





cre.av and circle pattctu 



ridpelinr creases 




iiinge omaet 

Rgure 10.6. 

The thre* families of creascs that make up a creaK* pall.eru in thc 
circle inethod. 



The problem of collapsing a polygon so that. its cdges lic on 
a single line is well known in both origami and mat.hematK ». I n 
mathematics, it is rclated to a lanious problem known a» the 
one-cut problcm: How do you fold a sheet of paper so that with a 
single cut, you cut out an arbitrary polygon or collection of poly- 
gons? Tlie one-cut prnhlem has been solved by several authors 
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Figure 10.7. 

A polygOO outlined by hin^e 
crcascs bccomcs a singlc flap of 
thc basc. This shows a polygon 
that becomes a corner ilap. 





Figure 10.9. 

A polygon that becomes a 
middlc ílap. 



<see Appendix R for references). However, the MOOQd require- 
ment— alignmcnt of the tangent poinLs — is nnique to origami 
«índ leads to new and speciali/ed erease patterns. 

Within thc world of origami, I and several other artists 
and scientisLs — notahly Koji Husimi, Jun Maekawa, Toshiyuki 
Meffuro, Kumiaki Kawahat.a. andToshikazu Kawasaki— havc 
studied the crease patterns that allow various polygons to be 
collapsed with their edges falling onto a single line. It turn.s 
out that a relatively small set of crease patt.erns can he as- 
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sembled into very large and complex tilcs, indeed, into entire 
crease pattcrns; both those derived from circle packings, as 
well as proto-patterns derivcd by other methods (such as the 
tree mcthod, which we will shortly encounter). 

All origumi nniaxial bascs can he consLructed from a small 
set of minirnHl tiles. The situation is analogous to that of'liíe 
itself, wherein a small number of amino acid molecules can be 
assembled into all thc proteins that makc life poasibfe and 
that make up thc diversit.y of the natural kingdom. Because of' 
Lhis analogy, Meguro. a biochemist, has duhbed these funda- 
mental tilc patterns bun-shi, or moleculas. In the next section, 
wc WÜl explore origami molccules. By enumeratmg and iden- 
tifying the molecules of origami, we will devclop the huilding 
blocks of'origami lifc. 

10.2. Triangle Molecules 

Finding a set of creases for folding a polygon so that all of its 
cdgcs fall on a line is actually quiLe easy. Howcver, there can be 
morc than one such set of crnases. Choosing thc set that gets all 
of the Langent points to come t.ogelher can bc rather diíTicult. 
Meeting this second condition gets hardor the more tangent 
points therc are to align simtiltancously, and since there is onc 
Ungent point for each edge of thc polygon, smaller polygons are 
easier to fmd creases for than larger ones. Thus, lct us start. 
with the smaJiest nontrivial polygon— a triangle— and work out 
a crcase pattern that mccts the two conditions above. 

Figure 10.10 shows an arbitrary trianglc formed by I hree 
touching circles. If you have been folding origami for nuy 
lengLh of timc, you have already encountcred a technique for 
collapsing all of its edges onto a line: the humble rabbit-ear 
fold. The rabbit ear is formed by folding all threc corncrs of 
the triangle along the angle bisectons i which mect at a point); 
onc of the points is swung over to one sidc and the cntire 
structure flattencd. That any arbitrary triangle can be lolded 
into a rabbit ear was noted by Justin, Husimi and Kawasaki; 
however, the gcometric relations underlying the rabbit car 
(that thc angle bisectors meet at a point and that adjaccnt 
Lriangles formed by dropping lines f'rom the bisector intcr- 
section to all th ree sides arc congruent) were originally provcn 
by Euclid over 2000 ycars ago. Tlius, the sccds of origami 
dcsign were sown in antiquity. 

However, for origami purposcs, we need Lo satisfy botb 
alignrnent conditions. It is not cnough simply Lhat the edges 
Of thfl triangle all fall on a linc. lt is also essent.ial that the 
tangent poinLs all come together. Fort.unately, it is not diffi- 
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Figure 1 0. 1 0. 

The rabbit-ear fold bringi toftfaw all edges of a triangle so Lhat 
they lie on a line. FurLhermore, the tangent points are all brought 
togethcr to meet at a point. 
Left: crease pattern. 
Middle - fnlding sequence. 
Right: folded molecule. 

cult to prove mathematically that fbr any triangle forined by 
connccting thc ccnters of three Louehing circles, the rabbit-ear 
crease pattern brings together the tangent points as wcll. 

Thereforc, wc now have a construction for finding thc 
creasc pattcrns f'or any triangular polygon; just fold a rabbit 
ear. Or, to construet the creases without folding, construeL Lhe 
bisectors of each angle of the trianglc, which meet at a poinL. 
Then draw a line from thc tangent point on eaeh side to the 
intersection of the bisectors. Wo will chII t.his crease pattern 
the rabhit-ear moleeule. 

10.3. Quadrilateral Molecules 

It is heartening that Lhe trianglc was so easy. It is further 
hcartening Lhat the most common polygon one encounLers in 
circlc-method bases is a trianglc, and in faet, for the Lwo- 
through five-flap bases seen in thc previous chapter, all of the 
polygons wcrc triangles. Thus, using the rabbit-ear molecule, 
we could find the full crease paLLern for each of thesc bascs. 
VVouldn't it bc nice if when we diced up any circle pattcrn along 
its boundary creases, the polygons always turncd out to be 
triangles? Alas, such is not thc casc. For the very next circle 
pattcrn, the patlern for six equal points shown ín Figure 10.11, 
we tind Lhat a four-sided polygon crops up. 

The crease pattern for Figure 10.11 does contain several 
triangles. Notc that the two triangles in the upper comers of 
the square havc only two cireles inside each triangle. Any poly- 
gon with fcwcr than three circles in it is essentially unused 
paper and ean be igrmred. At. the bottom of the model are three 
Lriangles, which can be fillcd with rabbit-car molcculcs. 
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Figure 10.11. 

Oircle pattcrn f'or a six-pointed 
buse. 




But Jook at the polygon in the uppcr middle of Llie pttper 
thc polygon is not a triangle— it is a four-sided diamond. So 
here vve have a concrete demonstraLion that we will havc to 
deal wilh polygons with more than Lhree sides. Somctimcs there 
will be four sidcs. So let UB look at. Lhe problem of collapsing 
quadrilaterals so that all of' t.heir edges lie on a single line. 

1 0.4. Waterbomb Molecule 

VViLh u Lriangle, there was exactly onc crea.se patLern that put 
all of its edges onto a singlc Jine. Fortunately, this one crcase 
pattem satisficd thc tangent point condition thc tangent poinL.s 
all come togcthcr automatically WiLh a quadrilatcral, the situ- 
ation is a bit more complicated. For any quadrilateral that is 
formed by connecLing Lhe centers of four touching eircles, the 
biscctors of the fbur angles all mcct at a point as shown in Fig- 
ure 10.12, which suggests onc way of collapsing a quadrilateral. 




Figure I0.I2. 

The bisectors of a qundrilatcrai dcf Ined by four touching nrcles mect 
at a point, whicli permit.K the quadrilatcral to l>« folded so t.hat all 
its cdgcs lie on a single line. 

We call this pattera the Watcrbomb moUcuU, because the 
folded sJia¡)e and the topology of the creases are those of thc 
traditional Waterbomb. 
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Note, however, that not all quadrilaterals can be lbided 
into a Watcrbomb molecule; in fact, only those formed by four 
touching circles — called a four c.ircle. quúdrüateral — can be so 
folded. This propcrty is fairly easy to demonstrate. As shown 
iu Figure 10.13, if thc four circles have radii a, b, c, and d, 
thcn the sides of the quadrilaLeral are, respcctively, (ü + 6), 
(b + cX (C + d\ and (d + o). The sum of thc lcngths of Opposite 
sides are (o ♦ 6 ♦ C ♦ d) for both pairs of sides. Wc call this 
relationship the Waterbomb conditwn. In a four-círcle quadri- 
latend, the sums of oppositc sidcs are equal. 



b c 




Figure 10.13. 

Fur a four-eirele quadrilateral, 
the lumi of the lengthó of 
opposite sides are equal. 



Now, lct's scc if thc converse is true. In a four-circle quad- 
rilatcral, onc whosc opposite sides sum to equal values, con- 
strucL Lhe ungle bifiOCton from all four corners. The two bisec- 
tora on Lhe lell inust meel. at a point; similarly, thc two on thc 
right. must also ineet at a point (which may or may not bc thc 
MBM point). Suppose they are two difTcrcnt points. Urop pcr- 
pendicnlars from the two bisector intcrscctions to thc adja- 
cent sides, as shown in Figurc 10.14. 



u F c 




Figurc 10.14. 

Drop pcrpendiculars t'rom the 
bisector intersections to all four 
sides. 



We label the lengths of distinct segmenLs along Lhe edges 
A-F as shown; sinee each is a distance, all six quantities are 
greater than or equal to zero. If this is a four-circle quadrilat- 
eral then the sums of opposite sides must be equal; that is, 

(A + U) + (C+D)^(A + E + D) + (B + f< ' + C). (10-1) 
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This moans that 

E = F = 0. (10-2) 

This implies that thc distance between thc two hisector 
intersections is zero, i.e., that they are the samc potnt Thus, 
any quadrilatcral that satisfíes thc Waterbomb condition has 
its angle bisectors meet at a point and can be í'olded into an 
analog of the Wai.erbomb Basc. 

Note that the distances A Ü are not necessarily cqua! to 
the circle radii a-d that we started wit.h; there are many dif- 
ferent four-circlc patterns that give rise to cxactly the samc 
(luadrilateral. Thrcc fflramptea are shown in Figure 10.15. 




Figure 10.15. 

Three identical polygons formed by four different. circles. 



Waterbomb molecuJe quadrilatcrals have a couple of other 
interesting propcrties. If we draw four lines from the bisector 
intersection perpendieular to the four cdges, t.bey all have the 
samc length, which means that a circle can be inscribed within 
thc quadrilateral as shown in Figure 10.16, a property first 
shown by Koji Husimi, also noted by Justin and Maekawa. 




Figure 10.16. 

A quadrilateral defined by four touching circles can have a circle 
mscrihod within it that touches all four sides. 
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It is also quite easy to show the converfle of this relation- 
ship. tnat tnH v^rtices of any quadrilatera] with an ínscnbcd 
circle Langent to all four sides are the centers of four p&irwiee 
tan gent circles. 

Ifa quadrilatcral satisfie.* the Waterbomb condition, then 
thc folds of the Waterbomb Base — the four bisectors, plufl the 
four perpendiculars — are uniqucly speciiled. So t.here is only 
one way to collapse the quad into a Waterbomb molecule. But 
atí we saw, there are many possihle circle patterns that can 
give rise to the same quadrilaterul. Only one particular sct of 
circlcs hafl the propcrty that tlie l.angent points line up with 
the hinge creascs, as showu iu Figure 10.17. 




; v V' 






Kour tangent 
poinu» come 
together 




l'our points 
come toecther 



tMfOtf poiüt 



Figure 10.17. 

Tbp: for MM sH. of circles. the 
fbur LannenL points come 
togethcr. 

Bott.om: for all othcr seta uf 
eitvleR, the tangent points do 
not align. 



For the rhombus that app^ars in the six circlc packing 
(Figure 10.11), this is also the situation: The Waterbomb mol- 
ecule docs not bring the langent points together, as Figure 
10.18 shows. 




Figure 10.18. 

Wat.erhomb molcculc within a 
four-circle rhombus. Note that 
the perpendiculars do nor. hit. 
thc tangcnt poinLs. 
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Thus, even if a quadrilateral satisfies the Waterbomb 
condition, thc Watorbomb molcculc may not bc thc appropri- 
ate crease pattorn that brings togcther the tangent points. 
Fortunately, there are other quadrilateral molecules that 1111 
this need. 

10.5. Arrowhead Molecule 

Although thc Watcrbomb molccule doesn't always bring the 
tangent points together, there are other crease patterns that 
do. One that i.s quite simple to construct and f'old is shown in 
Figure 1 0. 1 9. This pattern, described by Meguro and Maekawa, 
will always bring the four tangent points together. We call it 
thc arrowhead molccule. 

There is usually more than onc arrowhcad moleculc that 
can bc constructed from a given quadrilatcral. In Figurc 10.19, 
we started from the lower left corner; however, we could have 
as easily started from the upper right corner and derived the 
molecule whose crHH.se patteru is shown in Figure 10.20. 

A nice feature of the arrowhead molecule is that all of 
the creases are easily constmcted either by computation or 
by folding. Adrawback of thc arrowhcad molccule is that whcn 
foldcd, morc edges than just thc outcr cdgcs lic along thc 
axis of thc basc. In fact, thc crcascs markcd by hcavy dashcd 
lines on the left in Figure 10.21 also lie along the axis as well 
as the edges when the molecule is folded up. We saw that in 
the f'ull crease pattern, lines that lie along the axis of thc 
model are axial creases, creases that connect the centers of 
touching circles. As shown on the right in Figure 10.21, we 
can think of the arrowhead moleculc as a combination of a 
Waterbomb molcculc formcd from four touching circles, three 
out of four of thcm thc right lcngth, with thc cxtra chevron- 
shaped piece added to bring the fourth point up to the proper 
length. 

Any molecule that has interior creases that line ap with 
t.he raw edges when the molecule is folded is called a cnmpos- 
ite molecule. A molecule with no interior creases is a sirnple 
molecule. Thc arrowhcad molecule is a composite molecule. 

Anothcr disadvantagc of the arrowhead molccule is that 
it can be asyinmetrie even when the underlying polygon anri 
circle pattern is symmet.ric. Figure 10.22 shows the aiTOwhead 
molecule constructed within the diamond from the 6-circle 
pattern of Figure 10.11. Although the diamond and itfl cirrle* 
have left-right symmetry thc right sidc is thc mirror image 
of the left — thc arrowhcad molecule crease pattcrn (and th* 
foldcd molecule) do not. 
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L Begin with the tour angle bisectors. 
Draw lines from two adjacenl tangcnt 
rKunt'v pc-rpcndicular to Ihe edges unlil 
thcy mcrr at the hisector. 




7. Cuiincet thc crea.sr inteisecliotis with 
thr langcnt points. 




2. Draw Unes frotn thc íntcrsection hack 
out tii Iwo diugonully opposite comers 




5. Add a crease connecung two crease 
intersections 




8. The coinplctcd crcase pattcrn. 




3. Draw two more lines each from ilie 
coruers making equal pairs of angJes at 
thc iwo corners. 




6. Add two crcuaca cmanatiní! from the 
iiiiersection and perpendicular to the iwn 
creases shown. 




9. \ Mng ihese ereases, collapsc thc shape 



10. Finished airowheud rnolcculc. Note 
ih.it now all four uuigcnt points come 
togethn 

Figure 10.19. 

Constructiun of the arrowhead molecule. 

For lymmetric circle pattcrns sudi as the six eirclc pack- 
ing, using an asyuiinetric molecule in a symmetric polygon 
will result in an asymmetric base. This may be undesirablc 
fbr a symmet.ric subjcct. 
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Pigure 10.20. 

An alternate arrowhead niolecule fur the quadrilateral shown in 
Figure 10.19. 



Rgure 10.21. 

The arrowhead inolecule can he 
separated along axial creaHH.s 
Into a Waterbomb molccule and 
un extra piece that lengthcns 
onc of Uie pointfí. 



Rgure 10.22. 

Crease pattern and folded fnrm 
of t.he arrowhead molccule in a 
four-cirde rhombue. 




10.6. Gusset Molecule 

The arrowhead molecule is not the last raolecule for quadnlat- 
erals, however. Thc crease pattern shown in Figurc 10.23 is a 
valicJ crease pattern ibr h molecule I call thc gusset molvcule 
that can bc orienLed to preserve thc underlying syinmctry. 

Likc the arrowhead moleculc, the gusset moleculc can be 
constructcd íor any four-circlc quadrilateral. But the gusset 
molecule has a couple of advantages over the arrowheod 
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Figure 10.23. 

Crease pat.t.^rns and folded 
example of the guyset molccule. 
The rolded molcculc can havc its 
flaps oricntcd to be mirror- 
symmctric about either sym- 
metry of t.he underlying polygon. 



molecule. Thcre are no interior crcascs that lie along the axis 
when it ia folded, so it is a simple. molecule Simple molecules 
lead to bases that have fewer layers along the axis uf the modeL 




1. Bcgin with the four anple bisccfors. 
Draw lincs lrom all four tane,ent points 
pcrpcndicular to the edges unlil thr p;iirs 
of perpendiculars adjaceni to diaponally 
oppositc corncrs mcct. 




4. Rcpcat tor thr othrr two prrprnrlirulais. 



2. Connect the two pointj of inteiseitiuii 
with ;i CfMMM 




5. The fuiibhed ciease putiein. 



3. Fuld the 1 it-ase yuii just inade to lie 
along two of thr perpendiciilars; CNMI 
and unfold 




6. Collapse on the OMMM shown 



7. Thr finished gussri molecule 



Rgure 10.24. 

Coustruction method for the gusset molecule. 
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The gusset molccule also has Lhe advantagc that it is sym- 
metric when thc underlying circle pattern is syrnmetric. For 
example, in Figure 10.22. the circle pattem has toft-ríght sym- 
metry, but the arruwhead molccule does not have t.his symme- 
try. The gusset rnolecule does. 

The disadvantage is that the gusset molecule is a bit 
harder to construct than thc arrowhead molecule. Ilowcver, it 
can he mnstructed by folding using the prescription shown in 
Figure 10.24. It can also l>e constructed numcrically, by using 
analytic geometry to compute the crcascs shown in Figure 
10.24, or as wc will ms in the next chapter, using t.he algo- 
rithms of tree theory. 

In the basic gussct molccule, the haseline of thc gusset 
(indicat.ed by the hidden linc in the ílnal step of Figurc 10.24) 
is parallel to the axis. However, you can van' this angle by 




Figure 10.25. 

Top: crease pattcrn and folded form of a basic gusset amlecul* (gusset 
parallel tn axis). 

Middle, bot.tom: two variations with tilted gu.sseLH. 
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Figure 10.26. 

Orease patUrn and folded form of anothcr variant of the 
quadrilateral tfusset molecule. 

tipping thc gusset onc way or the other. Several variat.ions are 
also shown in Figure 10.25. 

Therc is, as well, a version Ln which the gusset extends to 
bot.h corners by addition of a crimp in its middle, as shown in 
Figure 10.26. 

Nuiuerous other variations arc also possihle. My conjec- 
ture ifl that for a given quadnlatcral with a spccificd sct of tan- 
gent points, the basic gusset molecuk; is the molecule with t.he 
niinimum total crcasc length, but Lhis has noL yet. been proven. 

The gussct molccule is quite versatile. If you reexamine 
somc of thc crease patt.erns from the previous chapter, you 
will see a few gusset molecule patterns along with rabbit-ear 
and Waterbomb molecules. 

lOJ.MoleculeswithRivere 

When we built crcasc pattcrns from preexisting tiles, we kept 
Lrack of flaps and connect.inns belween flaps by decorating the 
tiles with circlcs and rivers. Similarly, wlien building up a 
crease pattern via circle packing, we can insert segments into 
thc base by inserting rivers into thc circlc packing. Breaking 
such a pattern down into moleculcs mcans that some of the 
moleeules must contain rivers. The molcculcs wc have seen 
tims far— rabbit-ear, Waterbomb, arrowhcad, and gusset— huve 
not contained rivcrs; thus, thcre must be additional molecules 
that apply to circlc/rivcr packings. 

And thcrc urc, but. most can \m derived from the pure 
circle-packed molecules. Let's start with the three-cirde rah- 
bit-car molecule and add a single river. The river must. enter 
along one edge and exit along an adjacent cdge. With no loss of 
generality, we can represent thc situation as in Figure 10.27. 

In Figurc 10.27, thc tnangle is defined by three circlcs of 
radius a, 6, and c, plus a river of widtli d. But viewed fan isolation, 
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Rgure 10.27. 

Leíl; a Lriantfle defined hy r.hreo circlcs plus a river. 
Middlc: crease pattern. 

Right: folded niolecule with two sets of tangent pointe. 

t.his is simply equivalent to a threc-circle triangle, as the river 
can (temporarily) be absorbed into one oi'Uie circles. The crease 
pattern is the samc as that for the three-circle triangle: the 
creases of a rabbit ear. The only diíTerence is that becausc of 
the boundary between the river and circle, we have an extra 
set of tangent points along the flap and a set of hinge creases 
that. denote the boundary in the foldcd molecule. 

The situation is much the samc in a quadrilateral when 
Llie river connects two adjacent edges. Just as in the triangle, 
Lhe river can bc absorbed into the circle it cuts off, and the 
crease pattern that collapses the quad is exactly the same as 
Lhe pattern for thc pure circle-packed version of Lhe quadrilat- 
eral, with Uie addition of hinge creases to denote the bound- 
ary of the river. 



Figure 10.28. 

Left: a qnndrilatcral deiined by four circles plus a river hetween 
adjacent «dges. 

Middle: crease pattern for a gussct molccule. 
Itight: foldcd forin with Lwn sets of tangent points. 
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I leave it as an exercise for the reader to construct the 
arrnwhcad molecule for this quadrilatcral. 

Thc situation is cntirely new, however, if the river cuts 
across thc quadrilateral, eonnecting two opposite sides, because 
now the river cannot be absorbed into a single circle. Tn ffcct, a 
new crease pattern arises. 

The simplest pattem, shown in Figurc 10.29, occurs when 
the quadrilateral and its circles satisfy somc spccial conditions. 



Figure 10.29. 

Crcasc pattcrn and foldcd form for thc sawhorsc molecule. 

This pattern, which we will call the sawhorse molecule, 
was described by Meguro and Maekawa; it can be folded from 
any quadrilateral quite simply, as shown in the sequcncc in 
Figure 10.30. 

The Waterbomh molecule can be considered a special casc 
of the sawhorse rnolecule — the limit when the central rivur 
goe.s to zero width. 

Recall that even if a quadrilateral satisfied Lbe 
Waterbomb condition (sums of opposite sides were equal), the 
Waterbomb molecule wasn't necessarily the molecule that 
aligns the tangent points. Asimilar situation occurs with thc 
sawhorse molecule; even though you can fold any quadrilat 
cral into a sawhorse molecule, the particular sawhorse 
inolecule won't necessarily make the tangent points line up. 
Figure 10.31 shows the sawhorse creases superimposed on a 
vaUd circle/river pattern, and it is clear that the hinge creases 
do not hit the edges at the tangent points of the circles and 
rivers. 

Once again, howcvcr, the gussct molccule comes to the 
rescue; it is possible to construct a version of the gussct mol- 
ecule that brings all tangent points together. 1 havc not found 
a simple geometric construction fbr the ercases (a numerical 
prescription will he given later), hut if you precrease the anglc 
bisectors and hinge creases, you can start to cullap.se the pa- 
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1. Fold onc cdpc down to lie 
along the oppositc edjre. 



2. Rcversc-lbld thc top comers 
so that all cdgcs he alonj? the 
bollom cdge. 




Figure 10.30. 

FoldiriK sequence for the sawhorse moleculc. 



Figure 10.31. 

Th< j sawhoCM moleculc docs noL 
work for most circle/nver quad 
rilaterals becaiiHe t.he hingc 
creases miss the Lungent points. 




per and by forcing the tangent points to line up, the necessary 
crcascs will forni when you Qattflf) the paper. 

Thcsc five molecules— rabbit-ear, Watcrbomb, arrowhcau 1 , 
sawhorse, and gU88*t— are sufficient to fill in a flat-foldable 
crcase puLtern for any pattern of circlcs and rivcrs that dcfine 
a uniaxia] origami base. The combination oí' Lhcse molecules 
with circle/rivcr packings is called Lho rirclx r/ rwe.r method of 
orígami design. 
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Figure 10.32. 

Lell: guaaet molecule for a circle/river quadrilateral. 
Right: thc foldcd form. NoLe Lhat t.he hinge creases now hit thc 
tangenr. points, which are brought together along t.he hot.tom edge of 
the fold<*d form. 



10.8. Crease Assignment in Molecules 

I have int.entionally glossed ovcr thc topic of crease assign- 
inent wit.hin molecules; it ís now time Lo straighten out t.he 
issue. When wc crcate a base ínmi cirdes and rivers, we di- 
vide up the paper into distinct. pol ygorus using the axial creases; 
we can then trcat cach axial polygon Lndividually, ñlling it in 
with the apprupriaLe innle<nilar pattern. The choice of molecule 
is a local choice, depending only upon the pattern of circles 
and rivers wit.hin each axial polygon. Ilowcvcr, thc assignmont 
oi'LTease parity — whether each crcasc is a mountain, valley, 
or uniolded crease — is global; it depends upon tlie overaJI stiuc- 
ture of the pattern. 

Nevertheless, wc can specify the parity of inany— tliough 
not all — of the creascs in a pattern at. the local level, and it is 
often useful to make thil ideritificat.ion as an incomplete ap- 
proximation of the linal crease pattern. 

Examination of the molecular patterns wc've scen thus 
far reveals some rules of thumb for the parity ( mountain or 
valley i of t.he creases within them. Creasc pai'ity depends Oú 
one's point of view, of coursc; the convention 1 have been using 
íand will continue to use) is that the paper is two-colored; crease 
patterns are viewed from the white side of the paper, and the 
model is folded so that the color ends up on the outside (visible 
surfacc) of the model. 

Under this convention, within any moleculc, thc ridgeline 
creases — Lhose creases that extend inward from thc corners — 
are always valley folds, as an examination of the molecules in 
tbe previous section will show. 



Chapter 1 0: Molecules 



353 



ln a gusset molecule, the boundarics of the gusset are 
also ridgeline creases and thus are valley folds. The base of 
t,he gnasci, however, is always a mountain Ibld. 

Tlie hinge creascs, however, are variable; they can be 
mount.ain, valley, or unfoldcd creases, depending on thc oricn- 
tation of the flaps of the molecule. Figure 10.33 shows scveral 
( pcrfcctly valid crease Mtrignmente for thc hinge creases within 
a singlc gusset molecule. 





Rgure 10.33. 

Six possible valid creasc assÍKiimcnts for the hinge creases in a gusset 
moloculc. 



9* 









Yon 

ing the differences in thc foldcd íbrms. The choice of creasr 
parity for thc hingc creases aííecls t.he orientation of thc flaps. 
Since, in a complete crea.se pattern, most flaps encompass por- 
tions of scvcral ditTerent molecules, thc choicc of creasc parity 
within a given molecnle cannot be made in isoluLion, but onlv 
after deciding the flap oricntation in Llie full patt.ern. 

When constructing a crcase pattern from molecules, it is 
hclplul to assign the creases in two steps. We will first define a 
generic form for each molecule, in which (a) the ridgehne creases 
are shown as valley folds; (b) gnsset basclincs arc mountain 
íblds; and (c) nll hinge creases are shown as unfoldcd creascs. 

The generic forms of all of thc molecules vve havc seen are 
shown in Fignre 10.34. 
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Hgure 10.34. 

Generic í'orm of molccules. 

Tnp row: rabbit-ear, Watcrboinb, and sawhorse molecules. 
Boünm: arrowhead and gussct molecule.s. 

II is a curious fact that the generic fbrm of a molecule 
isn't aclually flat foldablc as is; but l fmd the generic form 
as illuminating, if not more so, than the true crease pattcrn, 
because the crcasc assignments of the generic form carry 
mnre structural information than the true crease assignment 
would for a Bptdfic flap orientation. It is often more useful to 
know whether a crease is an axial crcasc, ridgoline crease, or 
hinge crease, t.han to know whether it is spccifícally moun- 
tam ur valley. 

Molecules do not occur in isolation, of course; they are 
.lí/v.lnmerated into tilcs and entire erv.-isi- patterns. In such 
rnacro-structures, molecules are joined edge-to-edge by axial 
creascs that must also have their parity assigned. Usually — 
but again, not always — the axial creases arc mountain folds. 

The excej)i ions arise when moleculcs completely surround 
a vertex in the interior of the paper; thcn it will be nece.ssary 
to chajige one of the axial crcascs to a valley fold or, equiva- 
lently, assign two of thc axial creases Lo be uníblded creases 
Thil follows from a rclatively famous foruiula within origami 
derived independently by Maekawa and Justin, which states: 

V-M=±2. (10-3) 
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That is, around any flat-folded mterior vcrtex, the differ 
ence betwccn the number of mount.ain folds (M ) Hnd valley 
folds (V ) ifl ±2, with thc choice of BÍgn being rnade based 011 
whethcr the folded vertcx is coocave (+2) or convex ( 2) from 
thc vicwpoint of the observer. 

UN moleculcs come together at an interior vertcx, each 
contribut.es one ridgeHne and onc axial creaee. The A T ridgelines 
must hII be vallcy folds, which mean» that of the N axial 
ereases, (N - 2) must be mounlain folds and 2 must be un 
Tolded orA r - 1 are mountain folds and 1 is a vulley fold. 

It is hcJpful t.o defínc a generic form for entire crease 
patterns, just as we do for individuaJ molecules, in which all 
axml creases are shown aa mountain folds, whether they con- 
ncct to interior vcrtices or not. Ageneric form creasc pattern 
for a uniaxial base has all axial creases assigned as moun- 
tain folds; all ridgeline creascs are valley folds, and all hinge 
creases arc unfolded creases. While such a crcase paLLem is 
not, as a rule, flat-foldable, all Lhat is needcd to make it flat- 
foldable is to change the assignment of a haiuiful of crcases; 
no new crcases are addcd. I find that in working out a de- 
sign, the generic form of the crease pattern actually conveys 
thc struetural information of thc base more clearly Lhan the 
litcral crease pattcrn would, for in the process of foiding, one 
tends to flip thc flaps back and forth and rcarrange layers to 
suiL nesthctic purposes. Whik every such change alLers thc 
liLeral crease patLeru, thc generic crease paLtern for such 
minor variants of a basc remains unchanged. And so, I will 
often givc only the gencric fonn of the crease pattern for mol- 
eculcs and niodels that follow. 

10.9. Putting It AIITogether 

We now have all the building blocks necessary to build a cus- 
Lom made base from scratch, starting with the desired num- 
ber, lcngths, and conncctions among flaps. Let'fl work through 
such a model in detail. We'll choosc an orchid blossom, which 
oflfers some interesting challenges but. isn't too complicated. 

Orchids come in an enormous variety. Fll pick h fairly 
common form. Figure 10.35 shows a sketch of an orchid blos- 
som. Orchids typically have six petals plus a stem, but in 
many species, one of thc petals is hcaviJy modified. Tn the 
variety IVe chosen, thc bottom petal grows two distinct pro- 
trusions partway out the sides of the petal, and weil include 
these afl distinct flaps Ln the dcsired base. Wc can rcpresent 
thc desired configuration of flaps by a stick figurc, as shown 
on t.he right. 
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Figure 10.35. 

Lcft: aii Orchid. 

Kight: ita representation 

stick figurc. 



as a 



Now, let's oount the flaps. There are five similarly sizcd 
flaps for the ordinary petals, a sixt.l i flap for the stcm. then three 
smaller ílaps that make up the composite petal. Those ílaps are 
scparated from thc others by a short segmcnt. Thus, our crease 
pattern will bc made up of six large circlcs, three sinaller circles, 
and a relatively narnivv river, as shown in Figure 10.36. 




Figure 10.36. 

Thc circles and nver that corruspond to the elements ot* the stick 
fijjurc of Lhe Orchid. 

Now comes thc fun parL: How can we pack these items 
into a squarc ín an efficient way? Recall that (a) the centers of 
all circles must bc confined to the squarc and (h) circles and 
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rivers must be conncctcd in the same way that thcy arc con- 
nected in the stick figurc. If you like something concrctc, you 
can cut out circles and slide t.hem around within thc circle jig 
shown prcviousiy; I ustially just draw sketches. A bit ofma- 
nipulation rcvcals an elegantly symmctric arrangement of 
circles and rivers, shown in Figurc 10.37. 




Rgure 10.37. 

Lefl: h drcle/river pattcrn ibr the Orchid. 

RÍKÍit: the circle pattern with axiul crcaaea highhchted. 

Thcrc is clearly some variation possible in the sizes of the 
circles aiui width of the rivcr. However, once we draw in the 
axial creases (along lincs where the circles and rivers touch), 
we can choose the circlc sizes t.o put all axial crcascs at mul- 
tiples of 15°— which will make it easier to fold, since 15° is a 
quarter of thc casily folded 60°. Another bcncfít of this choice 
of circlc size will iOOO becomc apparent. 

But. f¡ rst, let s take stock of what we have. There are íbur 
idcntical quadrilaterals that are circle-plus-crossing-rivcr 
type. These can be filled by cither the sawhorse molecule (if 
we're lucky) or gusset molecule (if we're not). On the sides, 
we have two trianglea of t.he circle-plus-rivcr typc; wc can Bll 
t.hese in with rabbit-ear molecules. The rcst of thc paper is 
t.aken up by ibur triangles at the four corners of thc square; 
sincc these triangles only contribute to tvvo llaps each, they 
arc cssent ially unused, and we can fold tiiern underneath 
and ignore them (or pull them out later in the model if a nevv 
use arises). 
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VVith regard to the quaclrihiterals, the choice of 0 15° ge- 
ometry was lucky (or inspi red) because it allows ua to use the 
much-simpler sawhorse molecule in thc crcase pattern. Fill 
ing in all six molecules with the generic l'orm of'their creascs 
gives the pattcrn shown in Figurc 10.38. 




Figure 10.39. 

Crease pattern and folded híise 
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Figure 1 0.40. 

Crease pattern, hase, and folded model of the ürchid. 



Figure 1 0.4 1 . 

A stick figure of" an ant. 




Generic-form crease patterns are not. flat-foldable, but they 
contaüi all the creases necessary to make a flat foldablc base. 
At this point, t.he easiest way to finish the creasc assignment 
is t.o actuaHy cut out, precrease, and fold thc gcncric pattem, 
making decisions about flap orientation as you fblcL One pos- 
sible arrangement of flaps is shown in Figure 10.39 with the 
corresponding creasc pattcrn with proper crease assignment 
and thc complctcd base. 

You will find that this base contains all of the flaps we sct 
out to fold. Of course, they nre quite widc (thc two pctal pro- 
t.rusions are easy to overlook ) but convcntional narrowing tech- 
DÍqilM (e.g., multiple sinks) can turn thcm all into distinct 
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flaps. Once the flaps are in place, the base can be turncd into 
the desired orchid subject in many ways; my own vcrsion is 
shown in Figure 10.40. Folding instructions arc givon at the 
end of thc chaptcr. 

Lcts do anothcr. This t.ime, vvell do another insect. A fairly 
simple ünt has six legs. head and abdomen, with antennae 
attached to the head. A simple stick figure ofan ant with all 
these features is shnwn in Figure 10.41. 

Fruin the stick figure, wc can see t.hat we'll need six circlcs 
for legs, another circle for thc abdomen, a river for the conncc- 
tion between the legs and huad, two smaller circles for thc 
antennac, and an even smaller circle for the rcst of the head. 

Again, there are niany possiblc configurations, depend- 
ing on the specific 8ÍX86 of the circles and rivers and their rela- 
tive arrangements, but a fairly straightibrward configuration 
is shown in Figure 10.42. Connecting the centers of touching 
circles with axial creases dcfines the pulygons that we will fill 
in with moleculcs. 




Figure 10.42. 

L«ft: circlc-river pattern for an ant. 

Right: pattern with axial creases highhghtcd. 

Tliis pattern gives four triangles and two quadrilaterals. 
Thist irue aJlfour ofthe corncrs of the square go unused (a not 
uncoramon occurrcnce with cirele-packed designs). In the tri 
angles, wc have no choice: They receive rabbit-ear molecules. 
In the quadrilaterals, this time they don't satisfy the condi- 
tions for the Waterbomb molecule, so wc can use either the 
arrowhead or gusset molecule. 
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Tliere is no particular syinmetry that woulcJ favor the 
gusset molecule, and thc arrowhead molccule allows us to shift 
some extra paper toward the flap that cventually becomcs the 
abdomen, so I chosc the arrowhead molecule in my own de- 
sign. (You niight wish to try both yourself and see which you 
prefer). Thc generic-íbrm creasc pattern, resulting base, and a 
model foldcd from tms base. aro shown in Figurc 10.43. 




Fígure 10.43. 

Gencric-f'oriii crease pattcrn. baae, and foldfid modul of the Ant. 

Figurc 10.44 shows onc more insect dcsign and a small 
challengc. This Cockroach, like the Ant, contains six legs and 
antcnnae, btst í've added two more rivers (which create gaps 
between the pairs of legs) and varied thc l«g length. Can you 
reconstruct the stick figure from which this design is derivcd? 
S«eond, can you ident .¡fy the axial creases and thc typcs of 
molecules I used? And last, given the generic crease pattern 
here, can you iígure out the crease assignment and fold the 
base? (lf not, references with folding instructions for both this 
modcl and t.he Ant arc given in the Rcfcrencfis ) 

1 0. 1 0. Higher-Order Polygons 

We now havc molecules for triangles, which are common, and 
quadrilatcrals, which arc occasional. What about. higher- 
order polygons? Might we ever see a pcntngon, hexagon, 
heptagon, or larger? 
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Figure 10.44. 

Genorie forui cruuse puttcrn, ba.se, and folded model of the Cockroach. 

Ycs indccd; iii fact, we have already íseen one such example. 
If we choose to design a base with five equal flaps and require 
that all tlaps come from the edge of Üie paper, we will arrive at 
the circle packiug shown in Figure 10.45. Connecting the ceri- 
tcrs of touching eirclew with axial creases yields a single pri- 
mary pulygun with five sides. And had wc dcsircd six cdgc flaps, 
we wnuld have ended up with a six-sided polygon. So wc do 
indeed need (o worry about molecules for higher order polygons. 



V 
\ 




Figure 10.45. 

A five-circle base with all five 
circles on the edge of the 
squarc yiclds an axial polygon 
with five sides. 



Figure 10.46 showy a generic-form crease pattern for this 
five-circle polygon, which yields a five-flap molecule. It is very 
similar to the quadrilatcral gusset molecule, which suggcsts 
that, perhaps, thcrc is a pcntagonal gusset moleculc as wcll. 



Chapter 1 0: Molecules 



363 



Figiire 10.46. 

Oease pattern for a fivH-rircle 
molecule. 




In fact, for fivc identical circles, there are many pentago- 
nal gusset molecules, which depend on the specific arrangement 
of thc circles. Figure 10.47 shows three such inolecules, which 
are obtained bv slight perturbations to a packijig of five circles 
into a square. I Jnfortunately, therc docs not appear to be a simplc 
way to geometrically construct thc molecule f rom the circle pack- 
ing; in fact, it isn't cvcn clear where Üie gussets go to allow the 
pentagon U> collapsc with its edges on a line and thc tangent 
points aligned. (Tho patterns in the figurc wcrc computed nu- 
merically— we will see how to do this later on.) 




Figure 10.47. 

Three pentagonul circle packings and crease pattcrns that collapse 
them. Slight changcs in the arrangement of thc circles can make 
si^nificant changes in the arruriKement of the creases and giiRsets. 
Notc how the gussets vary among the three patterns. 

The explosion of possibility for five and higher numbers 
of sides is worrisome. l'ortunately. it isn't necessary to cnu- j 
merate all uniquc molecules for higher-order polygons; thcre 
¡s a way to transform any higher-ordcr polygon into a coinbi- 
nation of triangle and quadrilatcral molecules — what w T e calied 
compositc molecules. The basic idca is very sirnple. The paper 
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thut lies bctwcon the circles is, in a sense, unused. Wc can 
make use of it by Bikting a new circle of our own, as shown in 
Figure 10.48. Think of the existing circlcs as rigid disks; we 
add a small circle, then inflate ít until it hits its neighbors. 
Once the circle contacts three others, it creates three new axial 
creases, which brcak down the higher-order pnlygon into sev- 
eral lower ordcr polygons. 




Figure 10.48. 

I.eft: add a circle and expand it until it hits its ncighbors. Center: 
when íhe circle touches its neighbors, add axial crcascs between 
touching circles. 

Kight. fdl in the resultiim triantflea and quadrilaterals with rahhit- 
ear and gusset molccules. 

Because a new circle has thrcc dcgrccs of frecdom — thc 
two coordinates of its center and its radius — you cnn always 
expand a circle luitil it hits at least three of its neighbors. íin 
Figure 10.48, bccause of the symmetry, we can actually get 
the new circlc to touch four oeighboring circles). When two 
circles touch, wc add ncw axial creases. In t.he exarnple shown, 
this has the resuli. ofdividing the pentagon into three triangles 
and a quadrilateral, all of which we know how to fill with 
molecules. 

This techmque always works and can bc rcpcatcd ovcr and 
over. Suppose we have a polygon with iV sidcs. Acircle addcd in 
the middle can always bc cxpanded until it touches at least three 
othcrs. If thc thrce tnuched circles are consecutive, you will cre- 
ate two trianglcs and another A r -gon, which is no help. Rut there 
is always more than une way to add annt.her circle. and íf the 
three touching circles are not consecutive, thcn thc largcst poly- 
gon rernainiiig will have at raost N 1 sides, thereby simplify- 
ing the problem. Repeatedly applying this process to every poly- 
gon of ordcr fivc or larger will result in a pattern of axial creases 
consisting cntircly of tnangles and quadrilaterals, wliich can 
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be filled in with rabbit-ear, Hrrowhead, gusset, and (where ap- 
propriate) Waterbomb molecules. 

An ¡nt.erest.ing unsolved problcm in circle-pncked origami 
design is t.o prove that for any N gon of touchi ng cireles with N 
> 4, it II always possible to add a circle Louching at least threc 
others so that the largcst resulting polygon has, at most, N 1 
sides. It is possible to find arra ngements where thc addition of 
a circle leaves an N gon, but in all the cases IVc cxamined, 
thcrc has been another circle arrangement that takes Lhe larg- 
est polygon down a not.ch. 

It is tempting to think that wc could keep applying thc 
process to quadrilaterals and thereby reduce every uniaxial 
base to a collection of rabbit ear molecules, but quadrilatcrals 
Lurn out to be spccial, If you add a circle to thc ccnter oí" a 
quadrilateral that touches three of thc four circles, you will 
end up with two triangles and another quadrilateral. So, it's 
not possible, in general, to take a circle packing erease pattern 
down to consist entirely of rabbit-ear molecules by adding 
circlcs without altering any of thc existing circles. 

Thus, in the circle packing in Figure 10.49 — which corrc- 
sponds Lo a diagonally symmctric Imse with thirteen equal flaps 
and Lwo slightly longcr flaps at Lhe sides thc axial creases 
outline triangles and four pent.agons. By adding another circle 
(meaning anothcr flap) to each pentagon, cach can be broken 
down into two quadrilaterals and a triangle. 





Figure 10.49. 

Left: eirclc packing íbr a fifteen-flap base and uxial crcases. 
Right: adding morc circles breaks the pcntagons into quads aricl 
triangles. 
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Generic-form crcase pattern, 
iílled in with molecules. 



Figure 10.50. 



Nosv all polygona can bs lilU'd ín wiih molocular crcascs, 

giving t.he fjenerir f'nrm rrease patt.ern shown in Figure 10.50. 

I shall leave it as another challenge to you to fold th is 
pattern irito a base. It is uot easy, given all of the rniddle flaps, 
but you can easily derive the proportions by folding alone; many 
of the kcy lincs propagate at multiplcs of 22.5°. 

You might wondcr, what would onc cvcr make from a fif- 
teen-flap hase? I have used this circle packing for a flying 
Euputorus grac.iíic.ornus (\i horned bootlo), although instcad of 
breaking up the axial polygons 'm this way, 1 used a pentago- 
nal analog of the arrowhead molecule. You might enjoy com- 
poríng the crease patlern in Figure 10.51 with (he one in Fig- 
ure 10.50 and attempting to fold a model from both. 

Thc circlc/nvcr mcthod of dcsigning origami is extremely 
powcrful. Dy packing circlcs and rivcrs into a square, you are 
guarantecd alJ thc flaps you nced; by using molccular crease 
putterns to fill in l.he axial polygons creatod by your packing, 
you are guaranteed a llat-lbldable base. Using these and simi- 
lar techniques, origami artists have created designs of unbc- 
lievable complexity. These techniques are at their best when 
the subject has many long, skinny appendages; ÜlMCts, spi- 
ders, and other arthropods are prime eandidates. The 1990s 
saw the flowcring of thcsc tcchniqucs in both the West and 
Japan, and launchcd an informal trans l'acific competition 
Wivowvv u¿ Üvc Bug Wars, in wlvich at evcrv origami exhvbiüon, 
the chief architects of these techniques showed off their latest 
and greatest w inged, horncd, antennacd, and sometimes spol- 
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Figure 10.51. 

Crease pattern, base, and folded model of the Eupatorus 
gracilicornus. 

ted and striped creations. [t was an entomologist's delight. (and 
an arachnophohe's nightmare), and the cont.est is still going 
on with new revelations every year. 

In eircle/river-method designs, the packing of the circles 
and rivers into the squarc is still a hit ad hoc; the dcsigncr 
must. shuííle circles on paper (or aet.ually manipulatc cardboard 
eircles) to find an efficicnt arrangernent; but there is no par- 
ticular prcscription for firulrng an efficient arrangernent, let 
alone thc most eñicierrt arrangemcnt. Circles and rivers are a 
wondcrful tool for visualizing papcr usage, but they can aJso 
be a distraction from some of thc underlying principles. By 
reintroducing a concept we have already seen— the stick fig- 
ure or tree — and building conneetions betwccn propertics ol 
the tree and the crcasc patt.ern directly, in thc ncxt chaptcr we 
will be able to construct rigorous mathcmatical tools that al- 
low thc numerical solution of both locally and globally effi- 
cient crcase patterns. 
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Folding Instructions 



Alamo Stallion 
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Alamo Stallion ■ . 





1. Bcgin with a squure, white 
side up. Pold and uiifold along 
Ihe diaponul. 




2. Muke a pinch halíway along 
the lett side and boctom. 



/ 



3. Make thiee more piiichcs 
alonjí the cdges. 
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4. Mukc unolher pinch uloni^ 
tlie k-ft cdjje. 













/ 











■ 


1 





5. 1 old the two indicuted 
points togcthcr. makc a pinrh 
aloiiL' thc cdtrc. ind unfold. 




6. I old thc corner up along the 
diugonul so that the crease hits 
Ihe pinch yon just madc 




7. 1 old the top right eotnei lo 
the two indicated points. make 
pinches aloQg the top und right 
cdgcs, und unlold. 




10. Unfold ihc puper 




8. Fold thc bottom corncr up 
to lie on thc diagonal so ihut 
the crea.sc hils ilic lcft comcr. 




U. Fold the ler't corner to the 
pineh and nntold 




9. Make a pinch throueh the point 
whcrc Ihc corncr Louchcs Lhc 
dÍ&gOOJÜ. 




12. Fold and unfold. 
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16. Fold and unfold. All six 
i tcases liil the diagonal at rhe 
mark you niade in Mcp 9. 



17. Motmtain-fold the paper 
iti hall alonc thediugonul. 



18. Squush-lold the llap 
symmetrícally. The valley fold 
lies on an existing L-rcase. 




19. Turn the paper over and 
rotute 1 /4 luni so Ihat the white 
triungle is at the bottoin. 





2(1. ( rimp thc model syuunctrically 
so that two corners end up on the 
veitÍLiil crcase. 



21. Ciimp (he model svmmelrically 
so that the iil-xI two corners end up 
on the vertícfd crcase. 
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22. Revcrse-told the t onier 
on the existing crcase. 




26. rnld Iho raw edge 
to tliu' ccnter line. 




30. Swing one Hap 
to the right. 



23. Reversc-told ihe 
corneis <m both BÍdes 




27. Briii*-' a ílap to the tront. 




31. Rejx:al Ktepn ?A-M) 

on tfae lcít 



24. Fold one ílap up. 




28. Fold onc ílup down. 




32. Fold two |H)inLs lo 
two lines. 



25. Sijiiash-tolíi rhe 
cdiic. 




29. 1 old the next flap 
dowri. 




33. Fold rhe np back to the 
right along a cnease aligned 
9i ith lhc uenler Ime. 
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34. Unfold tu Btep 32. 




35. Open-sink in un<l 
out on the cicuscs you 
just made. 




36. Fulü the next 
flap tighlly over (he 
edges of the sink. 



37. Fokl the tip ot the 
flap back lu liic righl 
along a eieusc uligned 
wifh the eenter linc. 




38. Unfold to step 36. 




39. Opcn-sink tn and 
out on the exisliny 
fnlds 




4U. Open the top of the 
edge and sprcud-sink 
the eoiner. 




41.Close npthc 
niodel. 




42. Svvinp one 
flap to thc rii'ht. 




43. Repeut steps 
32 42 on thc left. 




44. Fold the lemaiiiing 
flap to the right ah>n^ a 
crcuvc thut lines up with 
ihe folded edt?es. 




45. Told the tip 
back to the left. 




46. 1 Jntold to 
stcp 44. 
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47. Open-nink the 
coiner in and out on 
the existinv ueases. 



48. Spicad-sink the 
COfnei a> you did in 
stcps 40 41, 




51. Crimp tlie two 
remaining Oapt OUI lo thc 
snlcs 



54. Crimp thc tail, 
naiTowing it at its base. 
Crimp the neck upward 



49. Sprcad ihe layera ol* ihe 
top poiol syuiirielricallv and 
hnng two poinLs up to sland 
out away Irom the model. 









■<"■ 


Wml 




. 1 






1 / 



52. Pold thc sidc.s in and 
tUCk nnder thc lefS, 
Thcrc's no exact 
r cfere ncc pomi for this. 





50. I'old the two poiuls 
m halt'and swing them 
out u> thc sides. 



55. Reverse-fold thc lail. 
Keverse-fold tlie head. 




53. Curve the body inlo a 
h.ilr-cylinder and rotate 1/4 
lurn counterdockwise 




56. Narrow thc lail wilh 
mountain fiolds. Nanuw the 
neck wnh mountain fblds. 
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57. Pull down one layei of 58. Pull down another 
the tail Repeat hehind. layerof the tail. Repeat 

bchind. 





59. Repeut stí*p 58 two 
more tünes, spreading 
Ihc layers evenly. 
Repeat behind. 



61. Outside rcver^e- 
fold the head. 



62. Crirap thc 
liead upward. 




60. Valley fold iwo 
comers of the tail. 
<-'urve the tip. 



63. Pleut the maiic. 




64. Double-rabhit ear 
the hind lct-s to the left 



65. Reversc-fold the legs. 
Roiate the horse 1/8 turn 
eounterclockwise. 



66. Mounlain-iold tlie edge of each 
hmd leg. front and rear. Revcr«¿e-ioM 
Uie tip Repeut bchind. 
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67. Narrow the leg. l-old the 68. Crímp and opcn oul Ihc 6<J. Double rabbit 

corners of the hoof hooves. Shape the tail so ear the forelegs. 

undernenth rhal the t.iil and hooves form 

;i stable tnpod. 





70. Rever.se -fold the tips of llic 
forelegs. Stcps 71-71 will focus on 
the foiclcgs. 




71. Mountain fold 
the corners ot ihr 
foiclcgs. 




72. Simuliant'oiisly 
nurruw und crimp the 
forelegs downwaid 
at slightly diffcicnt 
angles, 




73. Crimp and open 
OUl thc hoovcs. 




74. Plcal thc mane. Crimp the 
body. Revei>c-fold thc nosc and 
mouth Shapc U> laslc. 




75. Fiuislicd Alamo Slallion. 
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his sect.ion describes thc mathematioal ideas 
that underlie the tree niethod oforig&mi design, 
which is a mathematical Ibrmulation of the geo- 
metric concepts that I have introduced some- 
what ad hoc over the last few chapters, culmi- 
nating in the circlc/river/molecule method for designing 
uniaxial bascs. The tree method does exactly thc same thing — 
and indced, utiiizes mnlecules for the gencration of the final 
crcasc pattern — but casts the problem in a form that is a bit 
lcss intuitive, perhaps, but is both more rigorous and is uiorn 
amcnable to nuinerical solution. 

ln the circle/river mcthod, we represent ilaps and connec- 
tions bet.ween flaps by circlcs and rivers on a square of paper; 
we then connect the centers of touching cinHes to create axial 
polygons, which, in turn, are íílled in with moleculcs or arc 
subdivided by adding new circles and then filled in. Thc pro 
cess prives a gcncric-form crease pattern for a basc with thc 
appropriate nunü>er, size, and configuration oí llaps. 

The weak point in this proccss was the original packing 
of circles and rivers; circle packings are relat.ively straiglitfor- 
wurd, but when we start adding rivers, the problem can get 
very complicated due to thc many ways that rivers could me- 
ander among thc circles. In tree theory, we avoid this problem 
by dispensing with circles and rivers entirely. Instead, wc build 
a connection dircctly from a stick figure representation of thc 
dcsired base to tlie crease pattern itself. 



I I.I.TheTree 

We have alrcady introduced the idea of using a small stick fig- 
ure as a shorthand way tst describing a base. Thc stick figurc 
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captUTM the number of flaps, their lengths, and how thoy are 
connected to cach other. Using a term from graph theory, we 
will call such a stick figure the trcc graph for a given (or postu- 
lated) uniaxiul ba.se, or just tree for short. A tree graph cunsists 
oiedges (line segments) and nodes (ends ol'line segments). 

VVe will also divide the nodes into tvvo t.ypes: leaf nodcs 
are nodes that come at thc end of a single edge. Lcaf nodcs 
correspond to the tips of lcgs, wings, and other appcndages. 
Nodes formcd where two or rnore edges come togethcr are culled 
branch nodes. Similarly, a leaf edge is an edge that ends in at 
least onc lcaf node; a branch edgc is an cdge that ends in two 
branch nodes. These are illustratcd in Figure 11.1. 




In the stick íígure we drcw in previous sections, the length 
of cach segment was equal to thc length of the llap or connec- 
tor that. it corresponded to. In a tree, we will label each edge 
by a wmght, which is the nunierical length of the correspond- 
ing flap. It is hclpful to draw the tree with cach cdge length 
proportional to its weight, and so I WÍQ continue to do so. Thus, 
in the tree in Figure 11.1, each of the cdgcs has weight 1 , mean- 
ing that each corresponds to a flap or connector of unit length. 

Now, the definition of a uniaxial base was a base that 
could be oriented so that (a) all flaps lie along a common linfi 
(the axis), and (b) the hinges between flaps were pcrpendicn- 
lar to the axis. The pcrpendieularity of the hingcs is an impor- 
tant propcrty; it allows the flaps to bc manipulated in three 
dimensions so that. the edges of all flaps lic in a common plane, 
as shown for a hypothetical basc in Figure 11.2. We refcr to 
this plane as Üw p/ane of projcction . Put formally, the plane of 
projection of a base is a plane that contains the axis of the 
base and the axial cdgcs of all flaps, and that is pcrpendicular 
to the layers of thc base. 

This propcrty allows another intcrpretation of the trec 
graph: It is the shadow cast by thc base in a plane perpendicu : 
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Fígure 1 1 .2. 

Schematic of a hypothctical 
uniaxial hase for an animal 
with fí)iir legs, a head, body, and 
tail. It's u uniaxial base if it can 
bo manipulated ao that all uí'lhe 
flaps he in a plaue and ull ofthfl 
layers are perpendicular to the 
plune. The shadow of the base 
consiats entirely of lines. 



lar to the laycrs of the ba.se, as shown in Figurc 11.2. This 
analogy can only bc pushed so íar, howcver. In many uniaxial 
bases— even onc as simple as the Bird Basc— some flaps are 
wrapped around others in such a way that the shadows of in- 
dividual flaps are unavoidably overlapping. The tnie shadow 
would show fewer segments than the nuinber of edges pos- 
scssed hy the actual trcc. To avoid such ambiguities, I will 
always show a tree with edgcs (und nodes) distinctly separatcd, 
as shown in Figure 11.3. 

This point cmphasizes another ambiguity about t r eei : 
There is no particular significance to the oricntation of the 
edges of the tree graph. All that matters are thc cdgc weight.s 





Figurell.3. 

I.eft: shaduw casi hy a Bird Base. Thc shadows of wrapped flap.H are 
superimposed. 

Right: base and scheniatic tree; the shadow is perturbcd to 
flaps wrapped around one another. 
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and their connections. In particular, a trec graph docs not 
specify whether all of the flaps in its corresponding base can 
bc spread apart as in Figure 11.2 or somc arc wrappcd around 
others as in Figure 11.8. 

Thc trcc graph is a schematic form that captures some 
of'the essential chnracteristics of a base: the nuinber of flaps, 
the lcngth of the flaps, how they are connected to one an- 
other. It does not. capt.ure, however, the width of the flaps, 
nor which flaps, if any, are wrappcd around othcrs. Ncver- 
theless, in many cases, it is sufficicnt for a succcssful origami 
design to have a base with the samc attributcs as thosc con- 
veyed by the tree graph. 

I 1 .2. Raths 

Suppose that we have a uniaxial base folded from a square 
and that we construct its trcc graph. If we unfold the base, we 
get a square with a crcasc pattcrn that uniquely defines the 
base. Thc act of projecüng thc base int.o a plane-— casting a 
shadow — can be thought of as deflning a mapping between 
points on the square and points on the t.ree. In the language of 
mathematics, it is a surjective or onto mapping— that is, for 
every point on the square there is a corresponding point on 
the tree, but morc than onc point on thc square can map to the 
same point on thc trcc. 

That thc mapping is not one-to-one is clear from Figure 
11.3; wherevcr you havc vertical layers ofpaper, there are many 
points on the base that map to the same point. on the t.ree. How- 
ever, if the flaps come U> sharp points, then at the leaf nodes of 
the tree, t.here is exactly one point on the square that maps to 
the node. Thus, for each flap of the base, we can idcntify a unique 
point on the squarc that bccomes the tip of the flap. 

A sharp point must bc formed by several creases coming 
togcthcr at the point. Thus, t.here is a vertex in the creasc pat- 
tern at this point. Sucfa a vert.ex maps one-to-one to a leaí node 
of the tree; we therefore call it. a leaf vertex. 

Let us resurrect the shy bookworm from Chapter 5; r ecall 
that this bookworm travels entircly within a shcet of paper i 
hetween the two surfaces, never leaving onc shcct or crossing j 
from onc shcct to another. Suppose the bookworm wcre sitting 
at thc tip of one of the legs of the base and wished to travcl to 
anothcr part of the base — say, the tail — withool lcaving thc 
paper. It. would have to crawl down the foreleg to the body,| 
down the body, and back out the tail. The distance it travcledj 
would be (length of the foreleg! + (lcngth of thc body) + OenfftbJ 
of the tail >. 
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A hookworm vvisVieH tO JfO from 
a forele>> Lo Lhe tail along the 
basc. It can takc scvcral 
difi'erent paths, but thc oiost 
direct path is the path that lies 
in the plane of projection. 



Figure I 1.4. 



Now, let's think about. what the path of thc hookworm 
would look like on the unfolded square (you ean imagine dip- 
ping the hookworm into ink so that it leave.s h trail soaking 
through the paper as it crawlcd). Clearly, it starts and ends at 
a leaf vertex. On the square, the path might go directly from 
one leaf vertex to the other, or it might meander around a bit, 
or it might even backtrack. If it travels via thc shortest route, 
thcn thc path length on the square is cqual to the length aa 
measurcd along the bottom of the basc. Any meannenntT or 
backtracking will make. the path longer. Thus, the distanre 
traveled on the unfolded squarc must be aL least as long as the 
minimum distance travelcd along the base. 



lcal venex < ¡ 
iforelcgi 3 



This illustrates an cxtrcmely important property of any 
mapping frora a squarc to a hase: Although our example went 
from one leaf vertex to another, the property is general: The 
distancc bctwcen any two points on the square must be greater 
than or equal to the distance betwccn thc two corrcsponding 
points on the base. 




Figure I 1.5. 

The trail of the bookworm. 



leaf vertex 
(tail) 
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Sinee the tree graph is the shadow of thc basc, distanec; 
along the bottom of the base is thc samc as the distance mea- 
sured along the trec graph. Thus, the dist.ance between two 
leaf vertices on the squarc must \m at least as large as the 
distance bctwccn the corresponding fcwo leaf nodes as mea- 
surcd along the edges of the tree. 




i '^J^ _ 



Figure 1 1 .6. 

A straight path on the square inaps to a path in the hase thnt mny 
have uphill and downhill componcnts. 

And in particular, this relationship must hold for any two 
pointí on the base that correspond to nodcs on thc tree. Now 
while this condition must hold for any pair of points on the 
base, it turns out that if it holds for every pair of leaf nodes, it 
will hold for cvcry pair of points on t.lie base. That is, if you can 
identify a set of points on the square eorresponding to all : 
thc leaf nodes of a tree— the leaf vertices— and the leaf verü- 
ccs satisfy the eonditinn that thc distancc between any pair o 
them is greater than or equal to thc distance between thc corrc 
sponding nodes as measurcd on the tree, t.hen U is guarantet'- 
that a crease pattern exists to tranaform t,h¿> squnre into a basel 
ichose projcction is the given tree. 

This is a rcmarkahle property. It tells us that no mattcr^ 
how complex a desired hase is, no matter how many point* it 
may have and how they are connected to one another, we cog 
always ilnd a crease pattern that transforms thc square (01 
any other shape paper r for that matter) into the base. Putt- 
this into mathematical lanjcruage, we arrive at the fundanie 
tal theorcm of the tree method ofdesign (which 1 call the 
theorcm for short); 
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Dcfine a simply connected tree T with leaf nodes 
p p i = l,2,.. .N. Definc by l t) the distance belween nudes 
P ( and P, as mcasurcd along the ed¿*es of the tree; that 
18, /„ is the sum ofthe Ungth* ofall thé edges between 
nudes P, and P r For eac.h leaf node P„ defíne a leaf 
vertex u, m the urúl square u [T <=IO,U, u tY c[OJl Then 
a crease pattern. exists that transforms the unit square 
into u uniuxial base whose projcction is Tifand only 
if | u.-u, | =/.,forevery ij. Furthermore, in such a base, 
P ¿ is the projection ofujor all i. 

Although the proofol'the tree theorem is beyond the scope 
of this book (you can íind a proof in the references), we will 
procved to use it. The tree theorem tells us that if wc can find 
a set of leaf vertic8fl within a squarc for which the distance 
between any two is greater than or cqual to the distance be- 
tween their corresponding lcaf nodes on the tree, then a crease 
pattern exists that can transform ÜiaL pattern of vertices into 
a base. 

Thus, for example, the Lree in Fignre 11.1 has six leaf nodes; 
there are fifteen possihle pairs of leaf nodes to worry about. The 
distance from node A to node E is 2 units; thus, thc lcaf vcrticcs 
on the square that eorresporid to nodes Aand E must bc at lcast 
2 units npnrt. Similarly, to get from nodc A to node D on the 
tree, you rnust travel 3 imits; and so the distance between leal' 
vertices A and D on the square must be at least 3 units as well. 
And so on, for the othcr thirteen possible pairs. 

For a given tree, thcre are ol'ten several possible arrange- 
ments of leaf vertices that satisl'y the t.ree t.heorem, each of 
which yields a differeiit. base. For our six pointed base, a little 
doodling with pen and paper wiD reveal that the pattern of 
nodes shown in Fijnjre 11.7 satisfies all such conditions if the 
square has side length 2\'<(121 + 8\179 >/65) * 3.7460, in which 




A 



G 




H 



Figure I 1.7. 



Xodc patt.ern thnt satisfics thc 
tree theorem for the six-legged 
tret». 
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case thfl distances drawn in solid lines are equal to Lheir mini- 
mnm values, and all othcr paths (indicated by dashed lines) 
are greater than thc minimum length. 

The trec thcorcm is an existence theorem; it says that a 
crease pattern exists, but it. doesn't tell us what this supposed 
crease pattern acLually is. Tt does provide a strong due, how- 
cver. The tree t.heorem says that thc leaf vertices become thc 
tips ofthe flaps on the folded basc. Are there any other fea- 
tures on the square that we can iclentify on the base? 

Considcr thc incquality in tlie tree theorem. Two leaf vcr- 
tices must be scparatcd on the square hy a distancc greater 
than orequal to the distance beLween their corrcsponding nodes 
on thc trce. In the special case wherc cquality holds, we can 
uniquely idenLify the line bctwccn the two vertices. We will 
call a line on the square that runs between any two leaf vcrti- 
ces a path. Every path has a minimum length, which is the 
sum of the lengths of edgcs of the tree between the two lcaf 
nodes that dcfine the path. (In the symbolism of the trcc then- 
rem, / r ,is thc minimum length oí'path ij.) Thc actual length of 
a path is givcn by the dist.ance between thc vcrtices of the 
creasc pattern Lhat correspond to the lcaf nodes as measured 
upon the square ( | u, - u^| in thc tree theorem). Any path for 
which its actual length in thc crease pattern is eíjnal to its 
minimum length as dcfíncd hy the (ree graph is callcd an 
actíve path . 

ín the basc, thc only route between two flap tips that is 
equal to thc distance between the leaf nodcs lies in the planc 
of the projcction. Thus, any active path bctwccn two leaf vcrti- 
ces on the square becomes an edffe of thc basc thot lies in thc 
plane of projection. Conscqucntly, we have another important 
result: 

Any ac.t 'we palh betwecn lcaf 'vertices forrns ari edge of 
the hase th(U lies in thc plane of prqjec.tion ofthe hase. 

Activc paths on the square lie in thc planc of projcction of 
the squarc, but the plane of projection is where the vertieal 
layers of paper in the base arc connected to each oLher. In other 
words, since Lhe paper on both sides of the patfa lies above tlic 
path in the folded basc, thcre must. Ij>e a fold along thc palh. 
This must be true for every aet ive pnth. Thus, active puLhs arc 
not only edgcs of the base: Lhey are major creases of the basc. 
And not just any creases; since thc planc of projcctíon con 
tains thc axial edges of the flaps, thcse creases must be axial 
creases. 

Active pulhs become axial crcascs. 
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So now we have the mdiments of the croasc pattcrn for 
fthe base. We know that the points on thc square that corre- 
pgpond to leaf nodes of the tree bccomc the tips of the flaps of 
the base, and we know that active paths on the square become 
JlX jal creases of thc base. 

We can construct further correspondence betwecn clc- 
nients of the tree and the crea.se pattern, namely, the branch 
nodes. The axial creaaefl in the (Tea.se pattern map onto paths 
on thc tree graph, so any point on the tree corrcsponds to one 
or morc points along axial creases. Spccifically, we can locate 
the points along each axial creasc that correspond to each 
branch node, points wc will call branch vcrticn, 

Tl' our hypothetical bookworm Lravels from one leaf ver- 
tcx tti another, encountering branch vertices at. dístances rf,, 
d. ¿y d^ and so forl.h along the way, bhen when we draw the crease 
pattern, we can identify each branch vertex at the same dis- 
tances along the active path connecting the two leaf vertices. 
Thus, we can add all of thc branch vertices to our budding 
crcase pattern. In Figure 11.8, l'vc identiríed all of the verti- 
ces, both leaf and branch, by a lcttcr on the tree graph, und 
have added their corresporuiirig vertices t.o the active pat.hs in 
the crease pattern on the square. Observe that in general, a 
hranch node may show up on more than one active path. 





Figure 1 1.8. 

Left: tree with all nodes 
lcttercd. 

Kight: crease pattern with lear 
vertices, branch vertices, and 
active paths. 



It's also worth pointing out that we don't show any ieai' 
vcrtiees along t.he edge.s of the square because the paths be- 
tween node pairs G and E, E and F, and F and H are not 
active paths. 

I 1.3. Scale 

There is one more factor to consider: the relationship between 
the BÍxe of the tree graph and the crease pattern on the square. 
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In Lhe patU?rn shown in Figure 11.8, we have given each stick 
unit length; but for this to fit wit.hin a square, thc square must 
be largcr than a uiiit square. In order to fit the crease pattem 
into a unit square, we introduce a quantity we call the scale, 
which is simply the distance on the square that corresponds to 
one unit in Lhe tree jrraph. We can fit the crease pattcrn in 
Figure 11.8 into a unit square If vve choose a scale ft ictor 
m = 0.267; that is, one unit of length on the trec is cquivaient 
to a distance of 0.267 in the crease pattern. Then we must 
rnodify the tree theorcin to incorporate a scalc factor. Our path 
condition bccomes: For every path between leaí'vertices u. and 
u„ the leaf vertices must satisfy the inequality 



»,-u..|<m/ ; 



(11-1) 



fbr a scale factor m. We call the set. of all such equations the 
path conditions for thc given tree yraph. 





H 






Figure I 1 .9. 

What is thc rclatioiiHhip bntween thc size of the iquare and th* .scale 
of the tree graph? 

In this way, the scale 1'act.or becomes a quantitative mea- 
sure of Lhe efficicncy of'the crease pattcrn, and the scarch f'or 
the most effkient crease pattern can be cxpressed formall y as 
an optimization prohlem: Given a trcc that deílnes a base, op- 
timizc the scale factOT while varying the coordinates of the 
leaf vertices, subject to thc constrainLs that (a) the path condi- 
tions are satisfied, and (b) all leaf vertices lie within a unit 
square. 
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| 1 1 .4. Subtrees and Subbases 

! |lt can be shown that active paths cross each other only at leaf 
Kverticcs. Since active paths becomc axial creases, the pattcrn 

¡ fpf axial creases breaks up thc square into axial polygons. In 
b ome of the polygons, all of thcir sides are active paths (likc 
the invcrted-kite-shapcd quadrilateral in the center of Figure 

K 11.8). If onc of thc sidcs of a polygon lies on the cdgc of a square, 
it raay or may not bc an aetive path (in Figurc 11.8, each tri- 
angle has one sidc on the edge of the squarc that is not an 
active path.) Eacli axial polygon has the propcrty that all of its 
sides map to the plane of projcction of the base when the squarc 
is folded into a base. Consequcntly, to find a crease pattern 
that collapses the square into the hase, it is necessary to find a 
creasc pattern that maps the network of axial polygons onto 
thc plane of projection of the base. 

That problcm should sound familiar; this sounds like a 
job for molecules. Reoall that the tree is thc projection of the 
base, which is folded from the complete squarc. Each polygon 
on the square corresponds to a portion of the overall hase, and 
if you collap.se any polygon into a section of the base— which I 
call a xubbase— the projection of thc suhhase is itself a portion 
of the projection of the complete hase, i.e., a portion of the origi- 
nal tree graph. Thc tree graph oí'a subbase is callcd a subtree. 
For example, Figurc 11.10 showfl the polygons for our six lcgged 
base and the corresponding subtrees for each subbasc. Note 
that since all of the corners of an axial polygon must he leaf 
verticcs, the trianglea at the bottom corncrs of the square are 
not axial polygons and, in fact, do not contrihut.e t.o the base in 
a signilícant way. 

One reípiirement of axial polygons that we saw in previ- 
ous sections was that if two axial polygons shared a common 
side and that sidc was an axial path, any crease pattern that 
collapses the first polygon into a subbase must be compatiblc 
with a crease pattern that collapses thc aa\jacent polygon into 
its subbase. In t.iles, we enibrced this matching by drswing 
circles and rivers within axial polygons and forcing the circles 
and rivers to line up. Then, when we iiitnxluced molecules, we 
found that circle/river alignments could he enforced by requir- 
ing aligunient of the tangent points of the circles. 

Let's look at thc circle/river treatinent of this problem. 
When the path conditions are written as equations, it is diffi- 
cult to form an intuitive picture of them, but thc valuc of such 
a trcatment is t.hat this optimization can be formulatcd as a 
set of equations capable of being solvcd by cxisting computcr 
algorithms. ( A complete set of the equations is givcn in Chap- 
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Rgure 11.10. 

Thc four uxial polygons for the 
six-leggcd base unri t.h« sub- 
trees c.orrespondixiK tu cach 
suhhaHH. 
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ter 14.) We could havc also solved í'or a base corresponding to 
this tree by thc circlp7r¡ver method; if wc did this, we would 
have arrived at a configuration of circlcs and rivers that we 
can superimposu on the mdimentary crcasc pattern from Fig- 
ure 11.8, a« shown in Figure 11.11. 



Figure 11.11. 

Ibt pattern of lcaf vcrticcs and 
axial pat.h.H with circles and 
rivcrs from the corresponding 
base. 
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Figure 11.11 makes it clear: The tangent points, which wc 
introduced úi an ad hoc way in the previous chapter, arc simply 
the branch vertíces, points along Üie axial paths that correspoiid 
to thc branch nodes of thc tree. The creases that fill in this slruc- 
turc will be t.hose creascs that collapse the individual polygons 
so that the branch vertices around the pcrimeter ofeach poly- 
gon arc aligncd. And so, the molecular crease patterns we have 
seen— rabbit ear (for triangles), Watcrbomb, arrowhead, gus- 
set, and sawhorse (for quadrilaterals) — will be the patterns that 
fill in these axial ¡M)lygons as well. 

You can also see from Figure 11.12 that the use of 
oonoverlapping circlcs and rivers is simply a gcometric way of 
enforcing the path conditions that apply to pairs of leaf verti- 
ces. For example, takc the case of two leaf nodcs with a single 
branch nodc between them as shown in Figure 11.12. Tf the 
two lcaf nodes are separated by cdges with lengths a and 6, 
then the path condition between thcir corresponding ieaf ver- 
tices in the crease pattern would be 

\u A -u B \>m(a + b) (11-2) 




Left: a tree with two leaf nodcs. 

Right: iim of nonoverlapping circles to rcprcscnt the path ctaidition. 



If we draw a circle around node Aof radius ma (the scaled 
length of ílap A) and onc around node B of radius mb, then the 
path condition is satisficd if and only if the two circles do not 
overlap; and at equahty, the two circles touch. 

Similarly, if the two leaf nodes are separated in the tree 
by multiplc cdges as in Figure 11.13, we can still represent 
this geomctricaliy hy inserting rivers whosc width is propor- 
tional (by the same scale factor m) to the corresponding seg- 
mcnts of the tree. 
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Rgure 11.13. 

Left: a tree with two lcaf nodcs aiid two brancli nodoo. 

Right: use of circles and rivcrs to rcprcsent the paLh cundiLion. 

The use of circlcs and rivers to design a crease pattern 
and thc solution of the path equations are oompletely equiva- 
lcnt approaches. Why use one ¡nsLead of the other? Circlcs and 
rivers ure concrete geometric objects, easily visualizablc, and 
so are generally easier for a person to work with. But equa- 
tions have t.heir own value; thcy can bc manipulated, rigor- 
ously proven, and turned into algorithms. The first coinputer 
algorithm for sophisticatcd origami design and the proofofitfl 
sufficicncy were based on the path equations. However, most 
origami designers who use Lhese teohniques work with circlcs 
and rivers to do their own designs. It is still a useful aid to 
one's inLuitinn when working with crease patterns found by 
path methods to Hraw in the corresponding circles (and/or riv- 
ers) Lo illustrate the underlying structure. 

I 1.5. Computational Molecules 

In the previous chapLer m innlecules, we distinguished difl'er- 
ent molecules by Lheir number of flaps and whether or not 
they had coimectors between groups of flaps. This distinction 
is concisely capLured by associating with cach molccule the 
particular tree graph (a subtrcc of thc base's tree graph) to 
which it corrcsponds. 

As wc havc sccn, there is a single Lriangle molecule, the 
rabbit car molecule. It has t.hree flaps that come Lo a common 
point; thus iLs tree has t hree leaf nodes and three edges, which 
arc joined at a common hranch node. 

If you are folding the axial polygon, you can ñnd the in- 
tersection of the angle biscctors — point K in thc figurc — by 
pinching each corner in half along Lhc biseetor and finding the 
point whcrc all three creases come Loyether. Tf you are calcu- 
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Rgure 11.14. 

Generic form creasc pattern, folded form, and trcc graph for a rahhit- 
ear molecule. 

latingthe crease locations numerically, there is an clegant for- 
niula for the location of the intersection of the angle MietloiB 
of an arbitrary triangle. If p A , p B , and p r arc thc vector coordi- 
nates of corners A, R, and C and p^. is the coordínate of the 
hisector intersection, then p E is given by the simple fonnula 



_ p A ib +<:) + p B (c + q) + B,(a + fr) 

2(a + ¿> +c) 
. P._(s -a) + p a (s -6) + lfrU -£) 
2s 



(11-3) 



where s is the pcrimeter of the triangle. That is, the locat ion irf 
thc bisector intersection is simply the wcighted average of the 
coordinates of the three comers, with each corner weighted by 
the sums of the lengths of the two opposite siden. 

What. happens when onc of the sides of the triangle is not 
an active path 9 This can happcn, fnr example, when one of the 
side* uflhe triangle lics along an edge nf the square; all of the 
triangles in Figurc 11.8 are of this type. Sincc thc distance 
hetween any two lcaf vertices must be greater than or cqual to 
the minimum path length, the side that isn't an activc patfa 
must be slightly too long to be an active path rather than too 
short. Fortunately, only a slight modification of the rabbit ear 
is necussary to address this situation. Figure 11.15 shows the 
crease patt.ern and subbase whcn side RC is slightly too long. 

lí' the triangle has two sides that aren't activc paths, a 
similar modification will still collapse it appropriatcly. 





h 




Figure 11.15. 

Left: crcasc pattcrn for a 
triangle when side BG is not an 
active path. 

Itight: rcsulting .subha.se. 
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Another case that we should consider is a triangle tree 
that has one or more branch vcrtices along itn sides due to a 
branch node in thc subtree. For example, the two side subtrees 
in Figure 11.8 cach have three leaf nodes, but in each trec, one 
of the edges has a branch node because the subtree has a kink 
at that point. Thil situation corresponds to the prcscnce of 
both circles and rivers within the trianglc. We can still use the 
rabbit-ear molecule to provide most of thc creases, but wher- 
ever we have a branch vertex along an axial path, we need a 
hinge crease propagatmg inward íioiii the hranch node to thc 
ridgeline crease and back down to the adjacent side. 

I 1 .6. Quadrilateral* 

As we saw in the last chaptcr, thcre were two classes of quad- 
rilateral molecules: those with no rivers or rivers connecting 
adjacent edges, and those with rívers running aeruss the quad 
rilateral. These two classes correspond to the two topologically 
distinct trcc graphs with íbur leaf nodes, which are shown in 
Figure 11.16. 




Figure 1 1.16. 

Thc two topulugically distinct four-leaf-node trees and the sünple 
niolecules that can bc used to foltl t.hem. 



We will call thc two tree graphs íh^fnur-star and the ¡ffiw- 
horsc. Below them you see the three simple molecules t.hat 
can be used to foJd them: the Waterbomb, sawhorse, and gus- 
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set molecules. Thc four-star graph can he thought of as a de- 
generate form oi'thc sawhorse graph, the limiting case as the 
centrai segment (e) goes to zero length. Both thc Waterbomb 
mo leculc and Lhe sawhorse molecule can bc considered special 
cases of the gusset molecule. Since thc gusset molecule serves 
for any quadrilateral whethcr thc underlying tree is a four- 
títar or sawhorse, let's go through its numerical construction. 

In thc previous chapter, I showed how to constrnct the 
gusset molcculc by folding; here, 1 will show its construction 
by computation. Given a qtiadrilaLeral ABCD as shown in FÍg- 
ure 1 1 - 17, construct u smaller qnadrilateral inside whose sidcs 
are parallel to Lhe sides of thc original quadrilateral buL are 
shiftcd inward a distance h (thc value of h is not yet deter- 
mined). Denote the corners of thc new quadrilateral by A', B', 
C', and D'. Drop perpcndiculars i'rom these four corners to the 
sides of thc original quadrilateral. Lahel their points of inter- 
section A AD whcrc the line from A' hiLs side AB, B VH whcrc thc 
linp t'rom B' hiti AB, and so forth. 




Rgure 11.17. 

Construction of thc gussct quad 
for a quadrilateral ABCL). Inset 
t.he quadrilateral a distance h\ 
then drop perpendiculars from 
the new corners to the original 
sides. 



Now wc nccd some distances from Lhe Lree graph. Let l M - 
be the distance from node A to node C on the tree and / BD be 
thc distance l'rom node B to node D. In most cases (see below 
for the exeeptions), there is a unique solution for the distancc 
h for which one of these two equations holds: 

AA^ + A'C' + CC^ = / AC , or (11-4) 

ÜB^ + B'D' + DD^ = / Bn . (11-5) 

Let us suppose we f'ound a solution for cquation (11-4). 
The diagonal A'C' divides the inner quadrilateral into two tri- 
angles as shown in Figure 11.18. Find thc interscctions of the 
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bisectors of cach triangle and call Ihem R" and D". (If the sec- 
ond equation gave the solution, you'd use the oppositc diago- 
nal of thc inner quadrílateraJ and find bisector interscction..! 
A" and CTJ 

The poíntaA', B", C'. and D" arc uscd to construct the com- 
plete crease pattern by dropping pcrpcndiculars to t.he four *ides. 



C 




You can const.ruct an equation for thc distance /? in terma 
of the coordinates of the four comcrs and the distances; it's a 
rather involved quadratic equation. The appropriate sequencc 
of algebraic formulas used to solve for h Ifl given in Chapter 14. 

If you solve for the gusset. quad niunerically, you will sce 
that that there arc sonie quudrilaterals for which the points 
A', B', C', and D' all íall on a line or point. In these special 
cases, you don't get an inner quadrilatcral for the gussct; b> 
stead, you get a sawhorse moleculc (if a line) or a Waterbonib 
molecule (if a point). So the gnsset molecule is, in fact, the 
general molecule for any quadrilateral. 
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Using the rabbit-ear molecule for triangles and the 
gusset cnolecule fbr quadrilaterals, you can fill in any tree- 
theorem-derived collection of axial pnlygons that consists of 
triangles and quadrilaterals to get the complete crease pattern 
for the base. Figure 11.20 shovvs the í'ull crease pattern for the 
six-legged tree and thc resulting ba.se. You can casily verify the 
creasc pattern by cutting it. out and folding it on the lines. A.s 
you can see, the projection of the base into thc planc is indeed 
the tree, and all of the flaps havc the proper length. 

E F 



Figure I 1 .20. 

Full crease pattem (gcneric form) nnd Hix-l«gged base. 

1 1.7. Higher-Order Polygons 

What about axial polygons with more than four sides? As wc 
saw in the last chapter, we can rcducc highcr-order axial poly- 
gons formed in circle/rivcr packings by adding a circle inside 
the polygon and inflating ít until it contacts three ot.her circles 
(or rivers). There is a corrcspomling procedure within tree 
tlieory. 

Let's takc the same example we used before: a pentagon, 
vvhich would rcprcsent a five-flap base. This would have a trcc 
containing flve leaf nodes. Although there are sevcral possiblo 
fivc-leaf-node trees, let s take thc simplest for illustration, Lhe 
onc with a single branch node, i.c, a fivc-star. This graph and 
a sample axial polygon, arc shown in Figure 11.21. 

With circle/river patterns, we broke up higher-order poly- 
gons by adding circles within the polygon and inflating thcm 
until they contacted three (or more) of the othcr circles. 
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Figure I 1.21. 

Lefl: tree for a base with five 
equal flaps. 

Right: pattcrn of leaf vertirpx 
and active patha corrcsponding 
to this t.ree. 




Adding a circlc to a circle/river pattern was tantamount to cre- 
ating a ncw tlap. The equivalent action in trec thcory would 
be to add a new leafnode and edge to the tree and cxtcnd its 
lcngth until the patfa inequalities bccomc cqualities for at least 
three of the other nodes (whilc rcmaining satisfied inequali- 
ties for the remaining nodes). Thc result would he the same 
pattern whether we used circles and river.s or pat.h equations, 
Mnd is illustratcd in Figure 11.22, íilled with rabbit-ear and 
gusset molccules. 




Hgure 11.22. 

Adding inothar flap to the hase ifl equivalent to adding a new edge 

(and leaf nodc ) to the tree. 

Left: the modified trec. 

Middlo: t.he new circle pattcrn. 

Ri^ht: the crease pattern with molecules in place. 

In this polygon, hecause of the bilateral symmetry, we were 
able to make the new circle contact four othcr circles (or equiva- 
lently, turn four path incqualities into equalities). But in the 
general case, this is usually not possible. This can bc seen by 
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counting degrees of freedom; when we add a ncw circle, we 
have thrce degrees of freedom: the (two) coordinatcs ofita cen- 
ter plus the radius of the circle. So we can, in general, use 
thosc three degrees uí'í'reedom to satisfy only Uiree equalities. 

Becausc ot' th'is limitation, wc cannot usually subdivide 
quadrilateralH into triangles. For cxample, looking at quadri- 
lateral ARGE in Figure 11.23, if we add another circle to thc 
opening within the quadrilateral (which corresponds to adding 
anothcr edge to thc trcc graph at node F), we will find that we 
dividc the quadrilateral intn two triangles and another quad. 
Adding a circle to this new quad still leaves a quad hehind. ThÍE 
process can continue forever, always leaving a residual quadri 
lateral, which is why we needcd thc gufcset quad and other quad 
rilateral molecules. 




Figure 1 1 .23. 

T.eft: adding a circle to the 
quadrilateral subdivides it, 
lcaving a ncw quadrilaLeral. 
Kight: subdivid ing llie uevv 
quadrilateral stili leaves a 
smaller quad. 



There is a way, howevcr, of adding a fourth degree of free- 
dom. We ean add a new branch node along one of the existintr 

O ^ D 

edges of the tree and add a ncw edge and new leaf node to the 
new hranch nodc. There are now four degrees of freedom: the 
two coordinatcs of the new leaí'vertex, the length of the ncw 
edge, and thc distance along the existing edgc whcrc the new 
branch nodc is placed. 

Witli four degrees of frecdom, it is, in principle, possihle 
to satisfy four path equalities simultancously. ln the tree graph 
wc have been working on, it turns out that we can add our new 
branch node to either of two edges, those connected to leaf nodes 
A and G. Roth givc solutions that satisfy Lhe path conditions, 
as shown in Figurcs 11.24 and 11.25. 

Both solutions divide the quadrilateral ínto four triangles, 
and in general, any quadrilateral can be similarly divided. I 
call this process adding a stub to thc trce. By repeatcdly adding 
stubs to a uniaxial base creasc pattern, any such creasc pattera 
can eventually be divided into axial polygona that arc all tri- 
angles, whereupon they all can lx- filled in with rahhiL-ear mol- 
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Figure I 1 .24. 

Leñ: a stub added to node As edge that satisfies ibur puth equalities. 
Middle: active íaxial) pat.hs. 
Kight: f'ull ereuse puttern. 




Fígure 11.25. 

Lcft: a second solution, adding the stuh to nodc G's cdgc. 
Middle: activc (axial) paths. 
Right: full crcasc pattern. 



eculea. A crease pat.tern that has received this troutmcnt, 
i.e., consist.s entirely of rabbit-ear mulecules. has heen 
triangulated, 

There is an interesting rclationshlp between a quadrilat- 
eral that has been quartered using a stub and the arrovvhHud 
molcculc. Look at the quadrilateral crease pattcrn in Figurc 
11.26. By removing a few creases, it's possiblc to transform 
this pattern into either version of thc arrowhead molecule for 
thía quadrilat.eral. 

Another interesting observation ahout st.ub-divided 
quads: The crcasc pattern within a stub-divided quad is 
topologically equivaicnt to a Rird Base, and by changi ng the 
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Figure I 1 .26. 

Ijefl: a stuh-divided qu.idrilnt.eral. 

Middle: nne version of the arrowhead molecule. 

Kight: another arrowhead molecule. 

directions of'some of the creases, it is possible to usc thc crcasc 
pattern ot'a stubbed quad to fold any such quad into an ana- 
log of Lhe Birci Base. 





Rgure I 1.27. 

The crease pattern from a 
stubbed quadrilateral can be 
used to fold thc quadrilateral 
into an analog oí'thc Bird Basc. 



The propert ies of quadrilaterals with distorted Bird Base 
crcasc patterns have been the subject of considerable investi- 
gation on their own; Justin, Ilusimi, and Kawasaki have all 
enumerated various special cascs. 

I 1.8. The Universal Molecule 

Since every polygon network can be broken up into triangles 
and quads hy the addiüon of extra circles, the triangle and 
quad molecules are by themselves sufficient for filling in the 
crease pattern for any trec. And if we subdivide quadrilatcrals 
with stubs, we can get evcrything down to triangles, so that 
the rabbit-ear moleculc is thc only one needed. Howcver, thcre 
are many other possible inolecules, including moleculcs that 
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can be used for highcr-order polygons. Tt tums out that the 
gussct quad is just a special case of a more general eonstruc- 
tion that is applicabJe Lo any higher-order polygon. I call this 
construction the un'wersal moleculc .In fact, all of the known 
simple molecules are special cases of the univcrsal molecule. 
The rest nf this section describes the construcüon of this mol- 
ecule for an arbitrary polygon. 

Consider a general polygon that satisfies the tree theo- 
rem, i.e., any two vcrtices of the polygon are separated by a 
distancc greater than or equal to the separation between their 
corrcsponding nodes on the tree. Since we are considcring a 
single axial polygon, we know that of thc paths between non- 
adjacent vertices, none are at thcir minimum length (other- 
wise it. would be an activc path and the polygon vvould have 
been split). 

Suppose wc insct the houndary of the polygon by a dis 
tance h, as shown in Figure 11.28. Tf the original vertices of 
thc polygon were A r A ¿ , . . . , then we will label the inset verticcs 
A/, A./ v .. as we did for the gusset quad construction. I will call 
thc inset polygon a reduced polygon of the original polygon. 



polygon 



Figure I 1.28. 

A rcduced polygon is inset a 
distance // inside an axial 
polygon. Thc insct corner-H lie on 
the angle bisectors (dottcd 
llneHi *manating from cacJi 
corner. 



rediit<'<l pnlygon 




Note t.hat Üie points A/ lie on thc bisectors emanating 
from the points A,for any h. Considcr fírst a reduced polygon 
that is inset by an infinitesimally smalJ amount. In the folded 
Jmse, the sides of thc rcduced polygon all lie in a common plane, 
just as thc sidcs of the original axial i>olygon all lic in a com- 
mon planc. Ilowcvcr, the plane of t.he sides of the reduccd poly- 
gon is offset vcrticalJy from the plane of the sides of thc axial 
polygon by a disLance h. This is illustrated schcmatically in 
Figure 11.29. 

As we increase /i, we shrink the size oftlie reduced poly- 
gon. Is there a limit to the shrinkage? Yes, there is, and this 
limit is the kcy to the universal molemle. Recall that for any 
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pulygon that satisfics thc tree theoreni, the path between any 
two vertices satisllcs a path length constraint 

I (i^-A^m/^. (11_6) 

where /,, is the path length between nodes i anri j measured 
along the tree. There is an nnalogous coiidition for rednced 
polygons; any two verticcs of a reducetl polygon must satisfy 
the condition 

lA'-A^m/; (11-7) 
where l[. is a reduce.d paih length given by 

í = h " h{cot a i + cot a j >• (11-8) 

and fx Ifl the angle between thc biscctor of corner t and the 
adjacent side. Equation (11-7) is called the reduccd path in 
cquality for a rcduccd polygon of inset distance h . Any path for 
which thc reduced path inequality becomes an equality is, in 
analogy with active paths betwccn nodes, called an active 
reduced path. 

So for any distance h, we havc a unique reduced polygon 
and a set of reduced path inequalities, Mcfa of which corre- 
spond» to one of thc original path inequalities. We have al- 
ready assumed that all of the original path inequalities are 
satisfied; thus, we know that all of the reduced path inequali- 
ties arc satisfied for the h = 0 case (no inset distance). It can 
also be shown that there is always some infinitesimally small 
hut positive value of h for which the rcduccd path inequalities 
are also satisfied. On the other hand, as wc increase the inset 
distance, there comes a point bcyond which one or more of the 
reduced path constraints is violated. 



Figure I 1 .29. 

The reduced polygon in the 
folrieri fnrm correspnnris to r.he 
ori^innl polygon cut by <\ plane 
a distance h above the original 
planc of projection. 
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Suppose wc incrcase h to the largest possible valuc for 
which every rcduccd paLh inequality remams true. At thc 
maximum value ul' h, one or both of the following conditions 
will hold: 

• For two adjacent corners, Lhe reduced path lcngth 
has fallcn to zero and the two inset corncrs arc 
degcneruLe; or 

■ For two nonadjacen L corners, a path between 
insct corners has becoine an active reduced path. 

These two situations are illustrated in Fignre 11.30. 



Left: two conws are inset to the MBM point, which is the intersection 
of the angle hÍHHctnrs. 

Kight: two nonuujucent corners inset to the point whcrc thc rcduccd 
path bctwccn thc in.set. ciirners hmtmes active. 

Again, one or the other (or both) of thcsc situations must 
apply; it is possible t.hat paths corresponding to hoth adjaccnt 
and nomidjHcent. corners have becomc active simult.aneously 
or Uiat inulLiple reduced paths have becoine active for the samc 
value ofh (this happens surprisingly ollen). In either case, thc 
reduced polygon can bc simplified, Uius reducing the complex- 
ity of the problem. 

In a rcduccd polygon, if Lwo or more adjacent corners havc 
coalesccd int.o a single point, then thc rcduced polygon has 
fewcr sides (and paths) than the original axial polygon. And if 
a path bctween nonadjacent corncrs has become active, thcn 
the reduced polygon can bc split into separate polygons along 
t.be active reduced paths, each wiLh íewer sides than Lhe origi- 
nal polygon (just as in the polygon network, an activc path 
arross an axial polygon splits it into two smaller polygons). 




Rgure I 1 .30. 
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& l'hi' gi is.se t mukeule i.s .m example oi" a reduced path 
Bomiiig active. In the gusset molecule the reduced quadri 
Bféral is inset. unül one of its diagonals becomes an active 
Ki; the rcduced cmad is thcn spliL along the diagonal into 
Pr) triangles. 

; In either situation, you are leí\ with onc or more polygons 
Rt have fewer sides than Lhe oríginal. The process of inset- 
Kgand subdivision is then applied to each of the interíor poly- 
* anew, and thc process repeated as necessary. 
íf a polygon (active or reduced) has three sides, then thcre 
ffe no nonadjacent reduced paths. The three bisectors ínter- 
|ct at a point, and t.he polygon's reduced polygon evaporates 
o a point, leaving a rabbit-ear molecule behind composed of 
m bisectors. 

Four-sided polygons can have the four corners inset to a 
Wle point or to a line, in which case no further insetting is 
gequircd, or to onc or two triangles, which are Llien inset to a 
xnnt. Ilighcr-order polygons arc subdivided into lower ordcr 
nncs by direct analogy. 

Sincc each stage of thc process ab.solutely reduces the 
numherof sides of the reduccd polygons creatcd (although pos- 
sibly at the expeuse of creating more of them), thc process must 
ecessarily terminate. Sincc each polygon (a) can fold flat, and 
b) saLislies t.he tree theorem, t.hen the entire collectíon of nested 
polygons must also satisfy the Lree theorcm. Consequently, any 
axial [M)lygon that satisfies the tree thcorcm— no matter how 
many sides— can bu íilled with a crcase pat.t.ern usüig the pro 
cerlure outlincd above and collapsed into a base on the result 
ing creases. 

Thus, for example, thc fíve-flap pentagon that J used to 
illustrate adding circles and stubs eould also be turncd into a 
moleculc directly using the universal molecule construction. 
The pcntagon ABCDE is inset, forming pentagon A'B'C'D'F/; 
the inset distance ís chosen so Lhat reduccd path ETT becomes 




Figure I 1.31. 

Left: five-flap tree. 
Kight: universal molccule cúu- 
struction crease pattern (ge- 
neric forni). 
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active. This becomes a mountain folcL and splits the reduced 
polygon into two distinct polygons, triangle A'B'E' and quadri- 
lateral B'C'D'E'. Rcpcating thc insctting proccss on cach of 
l.hese revcals that in cach casc, thc ncw polygon can bc inset. 
bo u conimon point, yiclding thc rabbit-car molcculc in the 
former and Lhe Waterboinb molecule in the latter. 

A remarkable feature of the universal mulacule ís that all 
of Lhe síinple molecular erease patterns that have been previ- 
ously enumerated are just special cases of it, including thc 
rabbit-car molcculc, thc gussct quad, and both sawhorsc and 
Watcrbomb quads. So thc univcrsal molcculc wcll descrvcs its 
name; it ífl the only molecule needed to turn any tree method 
uniaxÍHl hase into a folded bH.se. 

tlnfort.unately, for polygons of higher order than quadri 
laterals, there is generally no easy way to construct thc 
universal molecule by folding alone; in most cases, it must bc 
computed. A numerical prescription for the computation is 
given in Chapter 14. 

Faced with an axial polygon with fivc or morc sidcs, you 
can do onc of thrcc things: 

• Add a circle (equivalent to adding an edge to an 
cxisting nodc of thc treci, which crcatcs tlirec or more 
new active paths. 

• Add a stub to the tree íequivalent to adding an 
edgc and a new node to an existing edge of the tree), 
which crcatcs four or morc ncw activc paths. 

« 

• ConstrucL a universal molecule. 

Since polygon subdivision is commonly called for in sev- 
eral pl&COB, you ean mix nnd mat.ch approjiches; say, add a 
stub to fractnre a polygon, then flll in the results with univer- 
sal molecules. Or you could apply thc univcrsal molecule to 
somc polygons and subdividc othcrs. As thc number of sides of 
thc initial polygon grows, thc possibilitics cxplode. All crcase 
patterns wül be foldable into bases with the same numher and 
length offlaps as was specified by the tree; the difTcrenccs lie 
m the width of the flaps, t.he prespnce of ext.ra flaps, and the 
number of layers of paper that lie along the axis of the base. 
Figure 11.32 shows the folded form for three of the crcase pat- 
terns for thc fivc-flap pentagon. 

Thcsc imagcs also illustratc some gcncral features ot tuc 
dilTerent upproachM. A nice feuture of the universal molecule 
is that it is very frugal wiLh creases. A Lree fillcd in with uni- 
versal molecules Lends to have relatively few creases and large, 
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Figure I 1 .32. 

Crease patterns and folded forms f'or thrce different molecular 

«olutions to the fivc-flap pentagon. 

Lcft: atuh plus gusset quad. 

Middlc: two stufas, 

Right: univcrsal molecule. 

widc flaps (whieh can, of courso, be subsequently narrowcd 
arbitrarily as desired). In fact, 1 conjecture that for any axial 
polygon. the universal molecule is the creasc pattern with the 
shortest. total length of creases that collapses that polygon to a 
uniaxial base. A small numher of creases translutes int.o rela- 
tively few laycrs in the base, at lcast until you st.art sinking 
edges to narrow them. A base with narrow llaps will requirc 
many folds, no matter how you dcsign it. Rut with the univer- 
sal molecule, l)ecause you don't hnve to arbitrarily add circles 
(and hence points) to a crease pattern to knock polygons down 
to quads and trianglcs, bases inade with thc universal mol- 
ecule tend to havc lcss bnnching of paper and fewer layers 
near joints of the base, even with multiply sunk ílups, rasult- 
ing in cleaner and— sometimes easicr-to-fold models. 

1 1 .9. Other Techniques 

An altemative design approach that. blends aspccts of the circlc/ 
river method and trce met.hod has been dcscribcd by Kawahata 
and Maekawa. It has heen called the string ofbeads mcthod 
of design. As in the tree method, you begin with a tree of thc 
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modcl to bc foldcd. Each linc of the tree is doubled and the 
trec is cxpandcd to tili a square, with the nodes of the tree 
spaced around the edges ofthe square like beads on a string. 
Circles and circular arcs are then cuilStl'UCtsd in the square 
that surround each leaf verLex. The process is illust.rat.ed fnr a 
six-flap base shown in Figure 11.33. 



Thc stiiiitf-ol'-beads inethod. The tree is turned into a r.lnserl polygon, 
vvhich is thcn inflatcd inside a square with sLraight lirms betwnen 
the leaf nodcs. Thc rcsuit is a large polygon iuside the square ihat is 
snhRftquently collapsed into the basc. 

In thc string-of-beads method, the tree is converted into a 
largc polygon in which each corner is one of the leaf nodes ofthe 
trcc and each side is as long as the path between adjacent leaf 
nodes. lt is clear that. t.his dist.rihution of leaf nodes is just a 
special case of Lhe free met.hod in which we have constrained all 
of the nodes to lie on the edge of thc squarc; it avoids creating 
middle flaps, but at the possiblc cxpcnsc of cfriciency. 

The string-of-beads method produces a single large poly- 
gon that must be collapsed ínto the hase. The techniques de- 
scribed by Maekawa involve placing tangent circles in the con- 
tours shown in t.he last step of Figure 11.33, which is analo- 
gous to our use of additional circles to break down axial poly- 
gons into smaller polygons Ln thc trcc mcthod. Kawahata's al- 
gorithm projects hypcrbolas in from the edges to locate rcfer- 
ence points for molccular pattcrns, and produoes yet. another 
typc of molecule. 

One can also apply the universal molecule directly to the 
string-nf-beads polygon, achieving another efficicnt crease pat- 
tcrn that collapses into a base. 

Figure 11.34 shows the universal moleculc. The initial 
hexagon is insct to the point that the two horizonLal reduced 
paths becomc activc, and the hexagon is split tnto two t riangles 
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Figure I 1.33. 
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Universul molecule for the 
polygon shown in Figure 11.33. 



Figure 11.34. 



and a rcctanglc. The triangles are filled with rabbit car creases; 
t.he rcctanglc is further inset, forming a sawhorse molecule. 

Thc trcc method of design is bascd on cquations and has 
been rigoroualy proven to work. Rigorous proof may eu.se one's 
mind, but solving the equations can be quite difficult to do by 
hand Such computationally intensive problems are best 
handled by computer and, indeed, t.he procedures described 
above can be cast in the muthematical and logical terms that 
lend themsclvcs to computer modeling. I have writtcn a com- 
puter program, TreeMukrr, which implements thcsc algo- 
rithms. Using TrmMaker, Fve created bascs for a number of 
subjects whose snlutions have eluded me over tlic years — deer 
with varying sizes and types of antlers, 62-\egged cenLipedes, 
flying insects, and more. Using a computer prugram acceler- 
ateg the development of a modcl by orders of magnitude; from 
the tree to the full crease pattern tukes less t.han five minutes, 
although folding the crease paLtern into a basc may takc two 
to three hours after that! 

Computerized Bolutíon ofFers an addition bencfit: prcci- 
sion. It li possible to specify a different value for the lungLh of 
evcry flap individually. This is particularly desirable when 
thcrc are many ílaps of unequal lcngth in which the lengt.hs 
must fall in some type of rcguiar progression. An example re- 
quiring this is a scorpion. There are many scorpions in the 
origami literaturc; without exception, they all have legs the 
same length. But in the actual creature, the legs get longer 
from front to back; they are also spaced out along the body. By 
plugging in a tree with the appropriate leg lengths, it is pos- 
sible to compute a base with thc graduated distribution of legs, 
pcrmitl.mg a more realistic rcprcscntation of thc subjcct. 
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Figure I 1 .35. 

Crease pattern, basc\ und fuldcd model of the Scorpion. 

Howcvcr, a drawback of computed crease pattems is that 
it can be quite diiliculL Lo const.ruct a linear folding sequencc. 

CoinpuLaLional techniques arc also helpful in creating 
hases for extremely coraplicated subjccts, such as those with 
many ílaps in varying sizes. Aflying grasshopper, for examplc, 
has six legs — two are much longer than the ot.her four — along 
with antennae (of intcrmcdiate length), head and Lhorax (short) 
and abdomen (long). Thc ícgs, wings, and antennae account 
for six pairs of ílaps. There are many possible arrangements 
of circles represeiiting Lhose flaps. One of the more symmetric 
and pleasing arrangernentK is the crcasc pattcrn shown in Fig- 
ure 11.36, along with its basc and the folded model. Can you 
identify where a pair of stubs was added in the middle of the 
pattern? 

Computation also allows one to introducc symmetries into 
the crcasc pattcrn, either t.o make the folding sequence sim- 
pler or for aesthetic reasons. A host of symmetric requiremcnts 
can be imposed as additional equations to solvc: forcing ilaps 
to he mirrur-iinage. or requiring activc paths to fall along the 
symmetry line. This last condition is required to fold a plan 
view model — one that can bc oriented with half the layers to 
Lhe left of thc axis and half Lo the right — or equivalently, tó 
fold a modcl with a closed back. You can also force crcases 
run at particular angles. In the Alamo Stallion shown i 
Figure 11.37, several such symmetries arc imposed: 
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• By forcing particular fold angles, its folding 
sequcncc becomes relatively tractable and rcquircs 
few arbitrary referenre points. 



Thifl last symmetry is a bit suhtler. ObflflTVfl that the equi- 
lateral trianglc in the lower right ifl aligned with the ridgeline 
creases of thc adjacent triangles; among other things, this 
choice forccs equality between the length of the tail and thc 
length of thfl hind legs. You can see the effect of this choice on 
the case of'íblding; the full folding sequence for this modcl is 
given at the end of the chapter. 



11.10. Comments 

Tree theory is ín some ways the culmination of all of the differ- 
ent techniqucs for constructing uniaxial bases. Uniaxial bases 
are wonderful things, but they are by no mcans all of origami. 
Whüe Inaectfl, arthropods, and other many-lcgged creatures 
can otten be BU CC fl flflfu lly addrcsscd with a uniaxial basc, there 
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Figure 11.57. 

Crease pattern, base, and folded model oft.be Alamo .Stallion. 

arc many origami subjects for which the many narrow llaps of 
auniaxial hase are not particularly suitablc. Furthermore, bhfl 
gTeat majority of origami figurcs dcsignerl over the years were 
not constructed from uniaxial bascs, and many designers— 
inost nutahly John Montroll— have dflvdqped other approaches 
to design that arc clcarly not uniaxial. 

However, uniaxial bases are amazingly versatilc, and be- 
cause they can be constructed systematically, they can be used 
for quite a few origami problems. Furthcrmore, the underly- 
ing tcchniques are rnore broadly applicablc, and concepts from 
trec theory, circle/river packings, point-splitting, and morc, can 
be mixed and combined with other techniques to yield effi- 
cient, novel. and somctimes beaulil'ul st.ructures. The next two 
chapters demonstrate two of the many possibilities that lie 
within thcsc hybrid appniaches. 
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Onc of'the eharaeteristics of many artistic cndcav- 
ors — as well as scicncc and erigLiieering, which 
also |M)ssess a significanL artistic component — 
ia the presencc of creaLive hursts. Origami is no 
exeeption. Thc progress of origami design 
through Lhe 20 Lh century vvas one of steady, incrcmcntal ad- 
vance punetuated by occasional episodes of remarkable ereativ- 
it.y. This is a univcrsal phenumenon: It is as if some Lhreshold 
is reaehed, that a truly new approach to design is diseovered, 
then the techniquc or Leehniques arc so rapidly explored and 
exploitcd that a javv-dropping new field appears as if from thin 
air. Usually after Llie faet, historians can tease out thc ante- 
cedents of a part.itular revolution, but in the days and ycars 
leading up Lo the critical cvcnt, no one saw it coming. This 
phenomenon happens in many Helds of endeavor: Quantum 
thcory revolutionized physics in Lhe early 20th ccntury; lm- 
pressionism changed thc world of painting forcver. In origami, 
the most outstandmg example of a creativc burst was the mid- 
1960s appcarance of ür. Kmmanuel Mooser's Train, which ush- 
ered in an cra of m iilt.iple subjects from a single sheet, of origami 
representing man-made articlcs, and the eolleetion of tech 
niques that has enme to be known as box pleating. 



12.1. Mooser's Train 

In Lhe small, loosely kniL world of Western origami, Mooser's 
Train, shown in Figure 12. 1, was something of a bomhshell. 
Wliile many folders liad grown comfortable vvith the nol ion of 
using multiple sheets of paper to realize a single subjeet — head 
and forelegs l'rom this square, hind legs and t.ail from that— 
hcre was the far oppositc cxtreme: use of a single sheet of pa- 
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Figure IX I. 

MooKer's Train, foldcd by the author. 

pcr to realize many different objects, the engine and cars of a 
complete train! The rcsult was so unhelievable that folders 
scrambled Lo see how it was dnne. 

Such a novel rcsult was accomplished by an equall y novel 
approach. What set Moosers Train apart from the vast major- 
ity of origami designs was the folding style and t.echnique, as 
well as thc complexity of the resulting model. The differcncc 
was immediaLely apparent to even a superficial examination 
of the crease pattern. In nearly all uncient and early modcrn 
origami, the major crcascs were predominantly radial. They 
emanated, star-like, from various points in thc square: thc 
center, the corners, thc midpointa of the edgcs. 




Figure \2.2. 

Crease patterns of Lho Bird and Frog Bascs, illustratiiig the radial 
pattern of creases. 
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Dnt in Mooser's design, things were diffcrent. First, he 
gtarted from a long rectanglc; that alnne was not a novelty, as 
s everal t.raditional models bcgin with a rcctangle. Rut in con- 
trast to mosL origami, the ereases in Mooser's Train formcd a 
grid of mostly evenly spaced parallel hncs, occasionally bro- 
ken by diagonals running aL 45° to thc edges of the paper. The 
overall appearancc of the crease pattern was wholly unlike 
the patterns of conventional origami. 

Fortunatcly for Lhn curious, origami has by and lurge fo- 
mented a culture uf sharing of both results and how-Lo, and it 
wasn't long before a hardy folder, Raymond K. McLain, had 
constructed and circulated an instruction shcct for the design. 
In lieu oribrmal pubhcation — origami books were few and far 
bctween in the 196()s and 1970s— it was passed from person 
to person, photocopied, and recopicd íthis at a time whcn copi- 
ers were far from ubiquitous). Dauntingl y, Lhe instructions con- 
sistcd of a single page containing Lhe crease pattcru, oo step- 
by-step diagrams, and a smattering of tiny, handwritten ver- 
baJ instructions wrappcd aronnd Lhe edges of the pat.tem. Fve 
redrawn McLain's instructíons in Figure 12. «3 if you'd like to 
give it a try yoursclf; for the adventurous soul who'd like to 
experience folding from t.he original, they are reproduccd in 
Figure L2.4. 

The challenging diagrams and their lack of widesprcad 
availability only added to thc aura ol'niyst.ery surrounding Lhis 
ruodel, and soon atter its appearance it becamc onc of the LesL 
pieces against which the origami-hopeful must tcst his or her 
folding skills. And any folded Mooser s Train instantiy became 
a focal point for thc origami gathering at which it appeared. 

Mooser's Train fultílled a valuablc role: Its l'olding pro 
vided cvidence that thc folder had attained the piimacle of thc 
BTt That was itself a worthy role. But Mooser's Train was not 
the culmination of a new stylc; on the contrary, it was thc 
roadmap, lcading the way to an enLirely new approach to 
"rigami dcsign snd a new class of origami subject matter— the 
rnan-made object, It would inspire a small group of origami 
designers through a dccade of creative growth, of exploration, 
and of pushing Lhe boundaries of what was possible wiLhin Lhe 
one shcet/no cuts ongami paradigm. Their innovations, in tum, 
by showing t.hat truly any Lhing was possiblc wiLh folding alone, 
would lead to the near abandonment oí" multi-sheet, or com- 
posite, origami dcsign. And their work would go on to inspire 
an entire gencrution ofongami designers, inciuding thc au- 
thor ofthis book. 

Thc revolution that was initiated by Mooser's model be- 
gan in earnest when íts tcchniquea were adoptcd and expanded 
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Moosers Train Crease Pattcrn & Order of AtUu k 




Worked oui by R. K. McLain. 
March 20, »967 
Hindman,KY41S22 

Bep.in vvith (2) x (1 ) squurc. 

Divide í?) into 32 squaies. 

Divide 1 1 ) into 16 squuiev 

Removt 4 squarcs thc long vvav. 

You naw huvc 32 x 12 squares. 

Mtu. fold undcr l squarr rhr long way 
on each side. 

Now makr the ciease putlcrn as 
jndkitod. Euch box car requires 10 
squaies I01112 and 1 2 squarrs w ide. Thc 
locomottve requires 12x12. 

Now mould thr model mucli u> you 
would clay 

SeveraJ things must give at once so 
thal a firm crcase pattern without 
exlraneous ereases i<; helpful. Be puticnt 
& £entle. 

When moulding is 

♦ completed, squaxh áí paraally 
petul íold thc vvhcels á nirn 
under the r.nd points a little. 

(Makc catcher vvith A kA'.) 
Dent inwards the platform hetween 
cars. lock the end of thc last caj by 
v allry folding inwaids the platfonn 
pnrt. lock Ihc undcrside by toldins 
mwurd ihc cxtra material Srivveen & 
hehind the vvheels. 

Rend the locomotíve's snuut upwards. 
[HWWiflltp 1 with a cuti it tnwards ínto 
thc boilcr & hring it hack outwards 
(with another cut) l.and u vaJley fold) 
as a smoke stack. lí you succeed. you 
í?cl the prizc for diligence' f "11 tuke 
one too! This sinely is 1 clever model 
& points the way to iutuie 3D oripami. 

Perhaps the cmwe pnttcm roiiW be 
scratehcd onlo paper ímakmg v.illcy 
folds only on both sides oí thc pnper) 
with a knife denting hut not cuUin? 
through. 



Figure 12.3. 

Folding instructions for MoOMr'l Train. 
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Figure 12.4. 

Raymond K. McLain's oriffinal ¡nsinicfcions for Mooser's Train. 
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by anoLher innovaLive fnlder. Ry the mid-1960s Ncal Elias was 
already one of America's most invcntive folders and had dia- 
grarnriied luuidreds of his own ncw designs. Elias displayed 
an amazing ingenuity with thc traditional oriyami bases. Thc 
classic Bird Base— alrcady fccling bo some folders to have becn 
played out in Eiias s hands blossomed into new shapes. Most 
notably, Ehas had a flair fbr multisubject creations, for ex- 
amplc, a birdhouse with two birds peenng out, from a single 
Bird Base. When he saw Mooser's Train, hc immediutely saw 
itsvast poLentÍMl. 

Tu undersLand what this model signifíes, we have to rc- 
eall the state of origami design in the 19. r >0s and 1960s. Origami 
designers typically pickcd a subject, then chose one of scvcral 
bascs that had several ílaps to work with. By choosing a base 
with thc same numher of ílaps as the dcsircd subject, and hope- 
fully with the ílaps arranged in roughly thc same posit.ions as 
the features of t.he subject, the budding designer rould, with 
further shaping folds, massagc the base into some semblance 
of the desired subject. Thc dcsigners of the 1 950s and 1960s in 
hoth Japan and the VVcst had systematieally identified a dozcn 
or so known bases. Thcy had eombined pieces of two bascs to 
make hybrid bases. A few — notably Amcrican folder (and 
fricndly rival of Elia.s) Fred Rohm— had dcvised new bases of 
their own. 

But a three-car train bears no resemblance to any known 
origami base. uniaxial or not. Such a train comhines big, boxy 
shapes with the need for fourtcen identieal llaps to form the 
wheels. appropriatcly distributed along the botLoms of the Lhree 
cars ísix on the locomotive, four on each of the boxcars). This 
is pretty spccific. No one was ever going to fold a train from a 
convcntional base. Even Üiough throughout the 1950s and 
1960s ncw hases were continuously bcing discovered by trial 
and error. t.he odds of a given basc having the right. number 
and size of flaps in just the right piace to make a train werc 
inillions to one. Evcn fast-forwarding to the 1990s, the tech 
niques of uniaxial bases — circles, rivers, molccules, and trees — 
could handlc the ilaps but were not going to producc the Bolid 
clcments. What M<ioser had found, and displayed brilliantly 
in his Train, was a set of tcchniques for apparently making 
three-dimensional boxes and ílaps at will. 

How was this possiblc? WhaL is it about the rrease pat- 
tern oftbfl Train that bestows Lhis incredible versaLility? Tb» 
answer is not immediatelv obvious. The most distinctive as- 
pect of thc crcasc pattern of Moosers Train is the fact that 
most of the creases run up-and-down or leít-Lo right. Asniallcr 
number run at 45°. This is to bc contrasLed with other origami 
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bases in whieh the creases appcar at íírst. perusal to run every 
which way at many different angles and Hirections. Which 
pattern shows grcatcr tlexihility: the constrained, uptown/ 
downtown/crosstown paLteru of the Train, or the many-differ- 
ent-dircction pattern of'conventional origami? Clearly, thc rules 
by which the Train was constxncted werc morc restrictive Lhan 
the rules of eonveiitional ongami. ílow could it. he t.hat a more 
resLrictive set of rules leads to a less rcstrictive, more ílexible 
resulL? 

Paradoxically, it is the very Lightness of the constraints of 
box pleating that makes it. possible to fold such complcx dc- 
signs. The reason it has always been difficult to dcvclop ncw 
origami bases is Lhat. a base is agestalt, an inseparable whole: 
all parts of Lhe paLtern intcract with other parts, 80 that it is 
very difficult to make a substantial change in one part of the 
pattern without having to change nll ot.her rfs. The resem- 
blance of a crcasc pattern to a spider's web is an apt analogy; 
pluck a singlc strand and it reverberates throughout thc wcb. 
Perhaps a bcttcr analogy ifl a stack of apples: Movc thc wrong 
apple and the huap collapses. Move one circle in a circlc-pack- 
ing and the enLire pncking might need to rearrange. Chungo a 
single vertex in a crease pattcrn, and its effects propagal.e 
throughout the entire pattern. 

And those effects may very wcll procipit.at e a descenL into 
unfoldahility. Lets takc a simple example: the Frog Rase, shown 
in Figure 12.5. Suppose that for soine reason we wishcd to 
move the vertex that corresponds Lo the central point. Movc 
that vertex the tiniesL ainount. away from the center, changing 
nothing else, and the crease pattern becomes unfoldablc (or 
rather, un-flat-foldable; it can no longcr bc pressed flat vvith- 
out creating wrinkles). It is possible, howcver, to move otlier 
vert ices to return the base to flat foldnbility, as shown 0B the 
right in Fígure 12.5; but to do so requires that we shift the 
location of all thc other mterior verLices, resulting in moving 
nearly evcry crcase in the pattern. 

One seeiiiingly innocuous change in the pattcrn forccs 
changes throughout the design. And this was thc result of an 
attempt to shiíl the location of a single point. We have not 
even added any points. In the carly days of origami, design 
was incremental. a change at a timc. BuL if such a l.inv chnnge 
fnrces a complctc rcdcsign of the crease pattern, what hope 
has the designer of incrcmentaily creaLing a fourteen-wheeled, 
three-vehiclcd convcyance such as a train? How would a dc- 
signer of a real sLeel-and-wood train fare if the most minor 
change — say, moving a door handle -forced an unpredictable 
change in every dimeiision of evcry part of the structure? 



Chaptcr 12; Box Plcating 



425 



Figure 12.5. 

Lcft: the CMM pattern for a Frog Base. Suppose wc movc the central 
vertex upward. 

Kight: thc new flat-foldable creasc pattcru. Note that every other 
interior vertex hus ulso moved. 



Rut in Mooscr's Trnin, some changes don't cause so uiuch 
Lrouble. In the Train, Lhe creases don't run every whírh way. 
In fact, thcy only extend in one of four ditTerent orient.ations: 
up/down, left/right. diagonally upward, diagonally downward. 
And the creuses do&t fall just anywhcre: There is an underly- 
ing grid, so Lhat up/down and left/righL creases run solely along 
grid linee, while diagonal creases always conncct diagonal grid 
points. So Lhe creasc pattcrn Lfl quite Lightly constraincd. 

The constraint of the grid brings order to thc crcasc pat- 
Lern: It winnows tiie unimaginably vast spuce of possible pat- 
terns down to a manageable set. And most Lmportantly, it lim- 
its thc ways that different parts of t.he pattern can inLeract 
WÍth each other. The problcm with an old-style base like the 
Frog tíase is not just that thc ccntral point interacts with the 
surrounding points: It's that il interacts with each surround- 
ing point in a different. way. So one typc of change crcates scv- 
eral types of changes in it.s surroundings, which then crcate 
more changes in Lhei rs, and so forth. This ineans that the coto- 
plexity induced by a change quickly cascades as Lhe change 
propagatcs away from the onginal perl.urbation. But in a box- 
pleatcd pattern, by contrast, where dí ÍTerent parts of thc crease 
pattern correspond to dill'erent parts of the model, all interací 
in the same basic way. And so, a fairly small tool kit of basic 
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Bechniques can be combined and bwilt up into quito complex 
Kructures. 

Thc basic clements of this tool kit arc visible in Mooser's 
-IVain, the archetype for all the box-plcated models that fol- 
jo-wed. Thosc two elemcnts ure a technique for building and 
llrilüng boxes (uscd for the bodies of the engine and the two 
cars). and U'rhniques for creating flaps (used in thc wheels 
and, especially, the smokestack). Both hoxes and flaps grow 
Eut of the same reetilinear grid ofcreases which allows arbi- 
Etrary combinaLions of boxcs and flftpg to be created and eom- 
Kbined at will. 



12.2 Box Folding 

The techniques to create box like structures havc their ante- 
ccdent.s in well-known traditional models that include (per- 
hap.s not surprisingly) a simple box, known for dccades, if not 
hundreds of years. Thc box displays the underlying mecha- 
nism that enables box plcating as a stylc and that makes up 
the overall structure of Mooser's Train. Box-pleat ing as a stylc 
was sitting there all along, waiting to bc discovered, but thc 
most rommon folding sequence for the Lraditional box (ffivcn 
in Figure 12.6) and the diagonal onentation of the modcl ob- 
scure the undcrlying structure and its relationship to thc train. 

This is a fairly common occurrence in origami: the pub- 
lished folding sequence is usually constructed for ease of 
foldability, or in *ome cascs, for elegance of prcsentation (with 
a surprise move at the end). In either situation, the choice of 
folding sequence may well eoneeal, rather than illuminate, the 
underlying structurc of the rnodel. 

SuperTicially, what we have herc is simply a box with two 
handles. Rut lets look at itasa collcction of forms. We havc a 
linear series of forms: 

• aílatformíthehandle), 

• a transition from a flat íbrin to a three-dimensional 
form, 

• the thrce-dimensional form (the box it.self), 

• nnother transition from thc three-dimensinnal 
form to a flat form, 

• and fmally anothcr flat form (the oppositc handle). 

How docs this combination of two- and three-diraensional 
fomia arise from the flat sheet? The best way to find out ii to 
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L Bcp.in wiih a squarc. FoM 
and unfold ulomr ihe diagonals. 




5. Mounlain-told ihe top hult 
ullhc model hehind. 



2. Fold ihe lour corncrs lo the 
Lcnlcr oí Lhc paper. 




6. Fold one flap up to thc lop 
ed«e in front. icpcul bchmd. 



3. Kotutc thc paper 1/8 tuiii 
clockwise. 



4. hold the sides in tu thc 
ccntcr linc. 




7. Pull thc corners out to the 
sidcs as tar as possible aud 




8. 1'ull thc raw rurriLTs out 
completelv in famt und bchind. 




9. Fold thc corners in to the 
ccnlcr on existing creases. 
kcpcai behind. 




A 




II). Fold üic lop conier dowu. 
fuld üic rcsulting flap down 
again. kepeat bchtnd. 




11. CJra.sp the rwo white flap.«. 
and pull them in opposite 
dtrcctions, opening out the 
model 




12. Finished llox 

Figure 12.6. 

Folding sequcncc for the traditional box. 
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take thc model back to the Oat sheet, keeping Lrack of which 
part* camc from where. Tf we label thc features of the box— 
base. sidc, front, rear, handle — and note where each rcgion 
foiiies l'rom in the unfolded sheet, wc can establish a corrc- 
spondence between the foldcd and unfolded forms of the model, 
as shown in Figure 12.7. 




Figurc 12.7. 

Corrpspondence betwccn thc 
parts of the fnlded mndel and 
the crease jmLtern. 



If we examine the creasc pattern by itself, we see that not 
all of the paper is needed to makc the model. In particular, the 
top and bottom corners ( which are tucked down inside the bot- 
tom ofthe model) don't contribute much (other than a bit of 
cxtra stiflfness, owinf? to the multiple layers), and thc side cor- 
ners are tucked undcrneal.li the handle as wcll. 

Note that in this three-dimensional model, some of Ihe 
mountain and vailey folds make a dihedrul anglv — the angle 
betwccn adjacent BOrftwcB of 90° while others are pressed 
flat in the folded inodel. 

Examinaünn of the labelcd crcase pattero m Figure 12.8 
shows Lhat we don't nced the entire square to fold this box. In 
fact, we can fold what is essenlially t.he same modcl from a 3 x 
2 rectangle, as outlincd by dotted lines in Figure 12.9. 

AJthough a 3 x 2 reetangle is considered nonstandard in 
origami (or at least, less coramon) and is less pleusingly sym- 
metric than a square, it is a morc natural shape for foiding the 
box, since the edges of the papcr arc aligned with the sldes of 
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Fígure 12.8. 

Crease pattern ibr Üie box witfa 
features labeled. 




the box antl the layer.s are more evenly distributed. Wc can 
fold es.sentially the same box from a 3 x 2 rectanglc, as shown 
in Figure 12.10. Note, howevcr, that thc folding sequence is 
considerably differcnt. 




A 8 x 2 rectangle ídotted linc) enduses all the impnrtant elementt 0f 
Üie moriel. 
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1. Bcgtn with a 3 x 2 rectan^lr 
Fnld .inrl mtfi.ilJ m üurJs, 



— 1 
1 

- J 

1 








1 
1 

- 1 1 
1 









3. Fuld cuch cdgc to a crea.sc linc 
unii uufold. 





! 







2. Fold thc tup dowu tuid uníold. 























, — _ 


■ — 











4. Bnrtg thc bottom cdgc to thc vcrtkaJ ucaie liiie. 
cieaMi. and unlold Kepeal on the nght, ond in two 
placcs up top. 




7. Fold ihc sidcs down. K. l-mishcd Bnx 



Rgure 12.10. 

Kolcling aequence íbr the traditmnnl box f'rom a rcctangle. 
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This simple box is onc of tho builrlmg blockfl of box pleated 
models. It is a structure that can be stretched, squeczed, modi- 
ficd, and most importantly, coinbined with duplicates and varia- 
tions of itsclf to yielrl rernarkably complcx objects. Lets run 
throutfh a fcw of the sirnplest possiblc variations. 

The first varintion stems from the fact that there are two 
ways to fold the «ame box. If you fold steps 1-6 the same, but 
at step 7, wrap the vertical cdgcs around tu the other side t you 
get. h similar, but slightly diffcront, structure as shown in Fig- 
ure 12.11. 




7. Wiafj the ruw cdjies to the 8. Fold the «>ide flups down. 9. Fiuislied Box. 

inside, lurning vallcy rolds into 
nountum folds and vicc verca. 



Rgure 12.11. 

A diíTerent finish for r.he 8 * '¿ box. 

The two vcrsions of'the hox differ slightly in the handles. 
In the first, thc hanrlle.s are white; in thc sccond, they are col- 
ored. But thcrc is a more important difference: Tn t.lie B600nd 
form of the box, the raw edges of thc paper are exposed on the 
top side of Lhe box. We'll makc use of thie a bit later. 

Next, we can change its proportions. Wc can make it 
longer, wider, or tallcr, or any combination of thc thrcc. We 
can approach all three by way of a little thought expcriment. 
Supposc we wished to make it longer íi.e., shift the handlcs 
farthcr from each other). If thc papcr were made of rubber, we 
could simply stretch it, as shown in Kignre 12.12. 

But since paper can't strctch, we need another approach. 
Suppose we wanted to make the box 50% longer, that is, half 
again as long as it is now. An approach that docsn t require 
stretching is to cut the model iu two and add more papcr where 
we need it, as shown in Fignre 12.13. 

At this point, orígamj purists are howling in protest: 
Origami is the art of folding, not cutting and taping papcr! How 
can Lhi.s he called origami? For it to be pure origami, wc would 
have Lo íolH this box from an uncut sheet of paper. Rut this is 



432 



Origami Design Secrets 



I. To makc thc box longn . sireich 
ihe paper apart 



2. Like üiw. 



Figure 12.12. 

StretchiiiK the box to make it kto&t 




4. Join tlir i ul edges ... 5. Anri voila' A louger box. 



Figure 12.13. 

Lentfthening the box by cutting and inserLing more paper. 
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notlung more t.han grafting, which we did in Chapters 6 and 7. 
If you eonstnict a box according to t.he prescription in Figure 
12.13 and then unfold it, you will wind up with a flat sheet af 
paper composed of scveral segments. taped togcther at the edges 
to form a somewhat larger rectangle. Ilaving already resigned 
ourselvcs to using a rectangle. we can simply convert. t.he taped 
rectangle into a new, slightly longcr rectangle t.hat is once again, 
a singlo uncut sheet, as shown in Figure 12.14. 
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1. The unfolded rrt rnj mped model is a 
flat shcct of jviper 



2. So the modcl couM be folded by MurtiriL' 
wiüi an uncut sheet of tlie vimc sizc. 



Fígurc 12.14. 

The unfoldcd rnodel, and an uncut sheet that can be used to fold thc 
longer hox. 



So, the box can be made longer by adding more paper to 
the starting rcctangle. We have changcd its proportjons, of 
course- wc started wil.h a 3 x 2 (or cquivalent.lv, 6 x 4) rect- 
angle; we now are using a 3 l /¿ x 2 (or cquivalentiy, 7x4) rect- 
anglc. But if youVe folding from a rectangle, one rectangle is 
ncarly a.s good as anothcr. 

One might begin to suspect. that this technique could be 
applied universally; cverywhere you want to lcngthen a point, 
you simply add a segment. of paper to thc folded model, then 
unfold it to get the new creasc pattern. But Ihis is not always 
possiblc; in fact, it is rarely possihle with most traditional 
origami bases. As we saw with grafting, we were often forced 
to add paper that showed up in several different places. It's 
difTVult to add a local graíl in a radial-crcasc base, such as the 
kind we constructed with drde/river packing. To see why. let > 
take the traditional Bird Base, and try to lengthen just one of 
its points by the same grafting stratcgy. 

As Figure 12.15 shows, it doesn't work. You can certainly 
lcngthen the point by cutting and inserting a scction of paper, 
but the resulting shape, when unfolded, cannot bc flattened. 
Oílen in origami, we start with a flat sheet of paper and try to 
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1. Ciease pattern for ihe Bird tiasc. 2. Cm ihr pninr rhat we 3. Inseit a section uf 4.Tlieii unfold. 

want to lengthen. ptpd 10 lengllicri thc 

pouit. 




S. Tlie unfolded pupcr cunnot be flattcned. 

Figure 1115. 

An attempt to lengthcn q single Bird Base point by an inserted 
Kraft fails. 

rnake a model that folds flat; here, we have the opposite prob- 
lem: The model is flat, but the sheet from which ít spriugs is 
not! So one cannot willy-nilly use grafting as a means to change 
thc proportions of a smail portion of t.he model. 

But with the 3x2 box— with box-pleated models, in gcn 
cral— you can oílen change the proportions of parts of thc foldcd 
model hy changing the proportions of the rectangle frora which 
you started as if you had cut thc original rcctangle and in- 
serted a strip. What makcs it all possible is the angular rela- 
tionship betwecn thc cuts and ereases t.hat cross the cut (and 
here I refer only to ereases Lhat are folded, not to crease marks 
left over from some prinr fold-and-unfold step). If all creases 
that cross a cut do so at 90° to the cut, then onc can, in gcn- 
eral, add a strip of paper between thc cut cdgcs to alter the 
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proportions of tho model. We saw this whcn we addwl grafted 
strips to uniaxial bases; we cut along axial creases so that the 
only creases that erossed the cut werc thc hinge creases, which 
by deñnition cross at 90°. 

In a box-pleated modcl, nearly all the creases are either 
vcrtical or horizontal. So if a cut is made vertically or horizon- 
tally, then the creases arc ciÜwr parallel to thc cut, in which 
case they don't hit the cut, or they are perpcndicular to the 
cut, in which casc thoy hit it at the propcr angle. So, a.s long as 
you are carcful to avoid cuttmg through t.lie few diagonal 
creases, it's pos.sihlf» toenlarge and cxtend box-pleated models 
by rcpeated appHcation of thc cut-and-tape technique. 

Coming back to our 3x2 box, you should bc able to see 
now how to make thc box wider rather than longer by adding 
B sl.rip running horizonially through thc middle of the rect 
angle. This process, which changes the rectanglp from 6 x 1 to 
6 x 5, is showm in Figure 12.16. 
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\. To inukc thc box widcr, ndd I 
strip ol papcr horizontallv thninyh 
the crcasc pattcrn. 



2. Likc this. 




3. I ñe widcr hox. 

Figurc 12.16. 

Adding a strip to cnlarge Üie box in thc othcr direction. 
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What if wc wanted to tuake the box smallcr, aot larger? 
Thcn instead of adding paper, we would take paper away. Let's 
reduce both thc lcngth and the width of the box by a single 
squarc in each direction. We do this by cutting out both a ver- 
tical and horizontal strip. 

Bccause we've cut paper out, the flaps that fold toward 
each other in the handles now ovcrlap. Tt 'is desirable to avoid 
such overlaps; we can eliminate them by adding a few 
rcverse folds as shown in Figure 12.17. 
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L Cut out thc 
shapcd 



shaded ctoks- 



1 « 



• I i N - v 



2. Now fold the hox in the same way 
M heton* \ote rhnt the two side flaps 
ovcrlap onc another. 






3. Reverse-fold the 
corner so that the 
raw edge line.!» up 
with the far verhcal 
edge 



4. kcvcrbc-lold 
ín ihc samc way. 



5. Reprat steps 3 4 
on rhe near flaps. 



6. Fuld Üie flups 
uut tu Uie sidcs. 



7. Finishcd bux. 



Figure 12.17. 

Foldíng a .smaller box. 

The extra reverse folds add a few new fold* to the crease 
pattern. Thcy, too, are predoininantly vertical and horizontal. 
If you cut out a section of this hox (the shaded region in Figure 
12.18), you will come haok to the original 3 x 2 box cxactly haif 
the size of the original pattern ( with somewhat longcr handlcs). 

Comparing steps 4 and 5 shows that thc diñcrcncc bc- 
tween a shallow box and a dccpcr box is precisely the shaded 
region in step 2. Thus, wc can make a box wider or longer by 
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4. The crease paliern 5. Thc crease paltrrn 

from «Ltep I folds this. from step 1 folds this. 



Figure 12.18. 

Thc crcasc patLern (or the smaller box. 

adding simple strips of paper, and by adding a more compli- 
cated shape, as shown in step 2 of Figure 12.18, wc can make 
the box deeper as well. Thus, it ¡s possible, using basically thc 
same structurc, to uiuke Hny length, width, or dcpth, box. 

But this is still onlv a single box. We quickly cxcecd the 
intercst level of a single box. Howevcr, another nice property 
of box plcated designs is that if you are careful to keep track of 
thc raw edges of the paper, you can easily join structures in a 
way very similar to the way we expanded t.hem. 

Fiirure 12.19 shows how two boxes can bc joincd at their 
edges to makc a double-box. which can, in turn. be foldcd from 
a single 4 x 12 rectangle. 

It was possible Lo join the two boxes becausc tbe raw edge 
along one side ofthe paper lay along a single iine in the folded 
form of the model. That raw edgc could therefore be rnatcd 
a similarly aligned edge. 

It isn't neccssary, however, that the raw edges lie on a 
single line for two shapes to be joined. The raw edge can actu-^ 
ally take on any thrce-dimensional path whatsoever, as long^ 
as the mating part takes on the same path. This next. struc- 
turc (Figure 12.20) m at.es boxes and partial boxes to realize fl' 
fully cnclosed box. 
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1. Joining two hoxes. 



2. Joincd. 
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3. The crease pattem for the donblr-hm 



Figure 12.19. 

Joining two boxes, and thc rcsulting crcasc pattcrn. 

Two or three of these DOKM can be joined at Iheir ends. 
They can be lengthened, made taller, and butt-joined, and as 
the collection of boxes grows, the rectangle from which it. íh 
folded grows correspondingly. 

Anothcr way of thinking of this box is as a tube that is 
squeezed at the cnds, as shown in Figure 12.21. 

So now, we have a general-purpose way ofmaking boxes: 
long boxes, wide hoxes, open boxes, closed boxes, and chains 
of boxes. BOZM of all shapes and sizes. But as a starting point 
for origami, boxes are somewhat liraited: you can only us«- 
them to make things that are, well, box-like. Fortunately, 
what could be more box-like than— a boxcar? Or, in the case 
of Mooser's Train, a train of boxcars! It's not hard to scc how 
one progresses from a chain of hoxes to a train of boxcars. 
And while Mooser's Train isn't built from prcciscly this type 
of box, the main structural element, shown in Figure 12.22, 
is a small modification of it. 
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li Split u \w\ down 

the mkkfie, 



2. Likc this. Combmc 
ihe purü. with anothcr 

box. 



3. Now swing ihc sidc pieces up 
and join ihc raw cdgr\ 




4. A thrcc-dimcnsional hox and ils crcasc pattcm, 



Rgurc 12.20. 

A ftilly three-dimensional hox. 

This shapc doesn't look very much like a boxcar yet. Dut 
by using the tcchniques shown in this section, one can lengthen 
the car, add extra paper along thc bottom, turn the excess un- 
derncath— and suddenly, the model begins to look very box- 
car like. Connecting thc boxcars — by turning the single-car- 
square ¡nto a chain of squares, i.e., a long rcctanglc -yields an 
cntire train. The usc of primarily orthogonal creases allows 
relatively straightforward grafting of differcnt box-like struc- 
lures togcthcr. But the fínal element, which bloomcd in the 
hands of Ehas, Hulme, and othcrs, was that box-pleated struc- 
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1. huld Ihc crcasc pattcrn into a nihr 



2. Squcczc ihc top and 
boltorn ol thc tubc. 



J. A threc-dimcnsional 
box. 



Hgure 12 Jl. 

The box can also be thought ofas a püiehed Lube. 
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1. 1 hc basic creasr p.-mrrn t'or Mooser 's 2. Thc basic box íor Mooscr 's l rain. 

Train. 

Figure 12.22. 

The building-block crease pattern anri box for Mooser's 'lVain. 
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turcs allowed thc íntegration of boxes with naps: flaps for 
wheels, for legs, for arins, for cntire bodies. And so wc shsll 
now turn our attcntion to flaps. 

I^.Bax-PIeatedR^ 

Of coursc, we already know how to gcncrate llaps, at least 
those that are part of a uniaxial base: wc pack circles and riv- 
ers rcpresenting flaps and connectors, or we solve a set of path 
equations. In eithcr case, we fill in the resulting grid of axial 
polygons with molccular crease pattcrns. 

Rnt when wc eonstruct molccular crease patterns, thc 
creases often rim at strange angles, particularly in gussct 
moleculcs and universal molecules; they do not, as a rule, fit 
the modcl of box pleating, in whieh all crcases run at níul- 
tiples of 45°. Rut could thcy? ís there a sct of molecules that 
satisfy the box-pleating convention? 

Every rnoleculc is outlined by creases, so a box-pleated 
molccule must fill a polygon whosc sides run at multiples of 
45". But the situation is actually morc restrictive than thú, 
Every simplc molecule has at each corner a crease that is the 
angle bisector of the two sidcs forming the corncr. Ifthe angle 
between thc two sides is an odd mull ipk of 45°, then the angle 
made by the bisector is an odd rnultiple of 22.5°— not valid in 
a box pleated pattern. Thus, üie angle betwcen any two adja- 
cent sidcs of a box-pleatcd niolecule must be an even raultiple 
of 45 ü , that is, a multiplc of 90 c . This means that all convcx 
molecules in box-pleated patterns must be rectangles or 
squares. In particular, all axial crcases must he either up-and- 
down or side-to side. 

We already know of two molecules t.hat work in rectanglcs: 
the Waterbomb and sawhorse molecules, shown in Figure 
12.23. Both have the propcrty that the ridgeline creases lic at 
odd multiples of 45*, whilc the axial crcascs and hinge crcases 
he at evcn multiples of 45°. Thus, both molecules satisfy thc 
constraints of box plcating; both could be used to construct 
flaps within a box pleated modcl. 

Molecules wcre deímed and constructed in order to crc 
ate uniaxial bascs. Rox-pleatcd bases are no longcr necessar 
üy uniaxial— they may not even iie flat — but wc can still graft 
portions of uniaxial bases around t.he edges of the boxes to 
attach flaps to them. 

Thus, it would appcar that we could use circle packings 
to construct hox-pleated collections of flaps. But wc must. add 
an addit.ional condition: Since axial creases are íbniied whcr- 
cver two circles (or rivers) touch, in order to insure that th« 
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Rgure 12.23. 

Left: waterbomb molccule. 
Right: sawhorse molecule. Both 
saÜsíy Ihe definitions of n box 
plcated crcase paLLern. 



axial creases are valid box-plcating oreases, the touching circles 
must be either vertically or horizontally ahtfned so that the 
axial creases that connect Lheir centers run only vcrticully or 
horizontally. 

If all axial creases run vertically or horízontally, then the 
angle betwecn suecessive axial crcascs mu.st be either 90° or 
180°. y0 ü is obviously a corner; 180° is pnrhaps less obvious; 
this situation arises when thrcc or more circles or rívers touch 
along a single side, as ín Fifrure 12.24. This puts a circle in the 
middle of an edge. 

Figure 12.24. 

Left: trcc, crease pattern, and foldcd form for a six-flap moleculc. 
Note thnt two circles occur in the middle uf an cdge. 
Right: tree, crcosc patterri. nnd folded form when the edge circleg 
are replaced by n river. 

In both pattcrns in Kigure 12.24, the crcasc pattern may 
be obtained by applying the umversal molccule constructinn. 
Fortunately, all of th« computed creascs turn out to fulflll the 
box plcating requirement. 

liut the universal molcculc frequently does not. give a box- 
plcatcd crease pattern, evcn if one exists. For example, intro- 
ducing a bit of asymmetry inLo t.he two tree graphs in Figure 
12.24 Hignificantly distorts Lhe nniversal molecule, resulting 
in non-box-plcatcd molecules shown in Figure 12.25. 
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Figure 12.25. 

Lrife l.ree, crease pattern, and foldcd form for an awymmetric six 
ílap molecule. 

Riffht: tree, crea*e patt»rn, and folded form whcn thc circleH are 
rcplaccd by a river. 

lioth rnolecules, of cotirne, are fully valid molcculcs and 
could ccrtainly be used within origami figures; thcy just 
wouldn't be box pleaLed. Why the big conccrn? In box pleaLing, 
since all of the creases run at multiplcs of 45 u , they are (usu- 
ally) relatively easily constructcd by tolding alone. However, 
Lhe creases in the interior of the molccules of Figure 1 2.24 are 
at odd angles, and are fairly difficult to construct withotit re- 
sort to numcrical computation. Because of their simple angles, 
box-pleated crcasc patterns can be rauch easier to develop lin- 
ear folding sequences íor. They come with a cost, however; not 
all circle patterns possess hox-pleatablc molccules. In the two 
cxamples in Figure 12.25, the tree on thc lcft does posscss a 
box-ploated molecule that corresponds to its circlc packing, 
shown in Figure 12.26. The tree on the right. however, does 
HOt perrnit a box-plcatcd molccule. 




Figurc 12.26. 

Tieft: box pleuted molccule for the asymmetric six-flap trcc. 
Right: therc is no box-pleated molemle for this tree and eombmati 
of circles. 
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There is much t.o consider in the.se two examples. First, 
the molecule on the left does not resemble any of t.he molecules 
we have seen thus far, suggestingthat there is some new prin- 
ciplc at work. Second, the pattem on the right is certainly a 
valid circle/river packing; its lack of a box pleated molecule 
indicates that the conditions for existence of a box pleated 
molecule are aomehow different — and prohahly more restric- 
tive — than the conditions for existenee of a molecule based on 
circle/river packings. 

Incidentally, the crease pattern in Figure 12.26 is given 
in generic form, i.e., without spccifying thc dircction of all hinge 
crcascs. It is a plcasant littlc puzzle to cut out the pattern as 
shnwn and try to tínd the crease assignmcnts that asscmble it 
into a ílat-lbldcd base. 

In fact, the conditions that produoe box-pleated uniaxial 
bases are more restrictive than those for circle/river uniaxial 
bases. Consider three vertices, A, B, and C, that lie on the :ixis 
of the base as shown in Fiffure 12.27. In the crease pattern, A 
and C lic along a common vcrtical linc ( which must bc an axial 
crease). Similarly 13 and C lie along a common horizontal line 
(which must also be an axial crease), so that A and B arc di 
agonally olíset írom each other. Since verLex B lies on tlic axis 
of'the base, in the folded f'orm, vertices A, B, aod C mUflt lie on 
the same line (the axis). 



Cl 


D 


1 

I 


■ 




The question now is: If B is also an axial vcrtex, how far 
away from vcrtcx A can it lic in thc basc? 





Figure 12.27. 

Left: tlie square with axial 

vcrticcs A and B. 

Kight: schcmatic of the folded 



Figure \2.2S. 

Left: an angle bisector (not 
box pleatedi brings point B to 
line AC. 

Right: a vcrtical i 
lishes the same. 
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We must consider Lhe possible folds that could bring point 
B onto line AC. In Figure 12.28, we see that an angle bisector 
brings B to line AC, which makcs thc distancc bctwccn points 
A and B in the basc cqual to thcir separation in the crease 
pattcrn; this is thc limit sct by trcc theory. But the angle hi- 
sector is, in most cascs, not a valid box-pleating crease. The 
only valid crease that puLs B onto line AC (wíthout shorlening 
line AC) is the vertical crease shown on the right in Figure 
12.28. But with thifl crease, point B is coincident with point C 
in the folded f ottti , which means that even though B may be 
farther from A than C in the creasc pattcrn, in thc foldcd form 
it can be no farther. 

This analysis applics if thc vcrtical scparation between A 
and B is greatcr than thcir horizontal sepHration; a similar 
analysis applies if their horizonLal ¡separation is greater. The 
comhination of the two analyses can be stated succinctly as 
follows: 

Thc distance between two axial vertic.es in the folde.d 
form is less than orequul ta the greater oftheir verti- 
cal and horizontuL separutum in Ihe crease pattern. 

This sounds vcry similar to thc path condition that ap- 
plied to circlc/rivcr bascs, which was: 

The distance bctween two axial vcrticcs in the foldcd 
form is less than or equal to their absolutc scparation 
irt the crease pattern. 

In fact, we can modify and then use much of the machin- 
ery of tree theory to construct valid pattems of leaf vertices 
for lM>x-pleated designs. Recall that for existence of an ordi- 
nary crease pattern, we required that for every path between 
leaf vcrticcs u, and u„ the leaf vertices must satisfy the in- 
equality 

|U, -u ; | >ml t; (12-1) 

where l t is the distance between nodes i and j along the tree 
and m is the scale factor. For box pleatcd pattcrns, the analo- 
gous condition is: 

■MÍK-^I.K-n^Dsmi, (12-2) 

Wc call the set of modified equations (one for each pat.h 
ij) the bax-pl.patin.g path conditions. Valid pattenis of node 
vert.ices may be solved by the same sort of optimization wc 
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used in tree theory, namely, maximize thc scalc f'actor m sub- 
ject to thc constraints of the box-pleating path conditions. 
However, just as the path conditions of tree theory posscsscd 
a visualizable geoinetric analog in circles and rivers, so too 
do Üie box-pleatingconditions. Instead of paekingcircles and 
annular rivers, we will find that we pack squares, rcctangles, 
and a new type of river (shortly to be described) to constxuct 
valid crease pattcrns. 

Even better, while it was not at all uncommon for circle 
packings to result in distances and reference points that were 
dcfined solely as the roots of high-order sets of'polynomial cqua- 
tions, wc will see that thc square-river packings that define 
box-pleated patterns produce dimensions that arc simple lin- 
ear combinations of distances that appear in thc underlying 
tree, and thus thc reference points arc nearly always readily 
found by folding alone. 

12.4. Square/River Rackings 

We constmcted valid pattcrns of leaf vertices for uniaxial bases 
by packing circles and rivers that correspondcd to the edges of 
a Lree graph. Wc required that <a) the centers of the circles lie 
within the square of paper, and (b) the circles and rivers do 
not overlap. We can similarly construct valid patterns of lcaf 
vcrtices for box-pleated uniaxial bases hy packing squares and 
a ncw type of river subject to the saine niles: the centers of the 
squares must lie within thc paper and the squarcs and rivers 
oiust not overlap. 

Each element of thc tree graph has a box plcating ana- 
log. In circle/river packing, for a lcaf cdge, we used a circle 
whose radius was the length of thc fiap. Another way of de 
scribing the circle is to say that thc distanee from the center of 
the circle to its rim is the length of the flap. In box pleating, 
instcad of a circle, we usc a square in which the perpendicular 
distance frotn the center to the rim is equal to thc lcngth of the 
flap. That is, the squarc's side is twice the length of the corre- 
sponding flap. 

Branch cdges, flaps that conncct groups of Haps to each 
other, are a bit more complicated. In circle/river theory, a branch 
edge was rcpresented by a river, a curve of constant width, 
which we cominonly represented as piecewise continuous an- 
nuli. In box pleating, a branch edge is represented by an 
ortholüumr river, which, roughly speaking, is a river of con- 
stant width whose sidcs are either vertical or horizontal. Ex- 
amples of both leaf and liranch objects in both circle/river pack- 
ing and box pleating are shown in Fiffure 12.29. 
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Box Pleatiii.i! 
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Figure 1129. 

Correspondence bctwcen circles 
and rivers and thc squores tuid 
ortholinear rivers used in box 
pleaüng. 



Bnmcfa 






ít was necessary to qualify the definition of ortholinear 
river because the width— ordinarily taken to mean the shurt- 
est distance across the river— is nut always a constant in an 
ortholinear river. Ortholinear rivers always turn by 90% but if 
two such turns ure closely spaced, as in Fiprure 12.30, the width 
in the iniddle of the hends is actually larger than at the ends. 
A cleaner definition of an ortholinear river relies on thc 45 e 
lines at each bend (as shown in Fiprure 12.30); every straight 
line parallel to a bank of thc rivcr reflects at. each 45° line and 
maintains a constant perpendicular distance from each bank 
between rcflcctions. 



■ 



Figurc 12.30. 

An ortholincar rivcr can have 
two closely spaccd bcnds. 
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U \M fairly struightforwHrd to show that the box-pleating 
path OOOdÍttona are satisfied for a sct of nodc vcrticcs if and 
oaly if a nonoverlapping packing of squarcs and ortholinear 
rivers exists. Furthermore, such a valid packing can be used 
as the starting point for thc full crcasc pattern of a box-pleated 
uniaxial basc. Wc call such a pattern a square pavking or, if it 
contains ortholinear rivers, a aquare I river packing. 

Wc can now use the concepts of square packing to exam- 
ine the two molecular patterns shown in Figure 12.26. For the 
six-flap molecule, we pack six squarcs with their centers into 
the rectangle as shown in Fijrurc 12.31. They fit perfectly with- 
out overlap, which tells us what we've already seen: There is a 
box pleated moleculc that corresponds to this packing. 



Left: squarc packing correspondiug Lo a híx-ÍIhp rnoleculH. 

Right: thc packing for thc sawhorse inolecule doesn'L leave enouKh 

nwm for the ortholinear river. 

For the second molecule, if we pack thc four squarcs into 
Üie corners and examine the spacc lcft for thc orthohncar rivcr, 
you can clearly see that in the middle of the squarc, thcrc is a 
narrow rcgion that makcs it impossible to place an orthoÜnear 
rivcr of thc ncccssary width. ConsequenLly, there is no valid 
packing, and thus, no box-pleated molecule is possible. 

lt is possible, hnwever, to expand the rectangle to allow 
both Lhe packing and the box-pleated molecule; one such ex- 
panyion is shown in Figure 12.32. 

If you compare the arcas of thc shadcd objccts in Figurc 
12.29, you'll see that the squares and ortholinuur rivers of box 
plcating takc up more area than tlie circles and rivers of circle/ 
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Figure 12.32. 

Slightly lcngthening the rcct 
angle allows a valid square 
packing and box-pleated 
molecule. 




river packing. Furthermore, the sharp comers in squarcs and 
OTth oKne ar rivcrs can get in Lhe way of what might otherwise 
be an efficicnt packing. Thus, box-plcntcd designs tend to be a 
bit less efficicnt in thei r use of paper than those ha.sed on circle/ 
river packing. The difíerence, howcvcr, is not very large, and 
thc loss of eilíciency is often more than outweighed hy the sim- 
plifícation of t.he crease pattcrn. 

Yi.l unother advantagc of box pleat.ing that should not bc 
overl(H)ked ifl that it is often possible to work out an appropriate 
square packing with nothing more than a pencil and papcr. As 
we will see, it is frcquently advantageous to makc all flap lengths 
small integral muJtiples of a common distancc, in which ca.se 
the packing and the complete crease pattcm fit neatly onto a 
grid of squares and can he drawn on ruled graph paper. 

1 2.5. Filling in the Molecules 

The ftret step in constructing a box-pleated uniaxial molcculc 
is the square packing; we place all leaf verticcs into a squarc 
íor other starting shape, if dooirod) along with thc squares and 
ortholincar rivers tliat correspond to each flap of fthe baae. Any 
arrangcment of squares and rivcrs that avoids overlap gives a 
valid conríguration of the lcaf vertices, but the most efficient 
base is the one in which thc packing elernents are as large as 
possible relative to the squarc. Thi.s optimal pattern can then 
be tumed into a complete crease pattern by filHng in thc creases 
that. connect thc lcaf vertices. 

How do wc do this? Where do the crcases go? WcVe al- 
reariy sccn that the universal molecule is DOt always thc appro- 
priate algorithm íbr a box-plcatcd molecule; in fact, it is rarely 
appropriate. Fortunately, thcrc is another generaJ procedure we 
can use, which T will describc by way of a design examplc. 

Consider, for example, the l.ree shown in Figure 12.33, 
which corresponds to a type of longhorn bcctlc of the family 
Ccrambycidae. Longhorn beetles, though othcrwisc unreraark- 
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ablc, have exLremely long antennae. LeL s first look at what a 
Lraditional circle packing produces. If we choosc the antennae 
flaps to be three times thc length of Lhe leg and abdomen flaps 
and fnrther rcquire thaL hoth the antennae and lcgs come from 
the corners and edges of Lhe paper, wcll find that Lheir circles 
pack neatly around t.he outside of thc square, leaving plcnty of 
room in the interior for the abdomcn circle to ratLle around in. 




Figure 12.33. 

Lcft: tree for a longhorn bectlc. 
Right; iniLial circle pattern. 

Now, usingthe conventional approach, we can inflate thc 
abdomen circle until it makcs contact with four other circlcs, 
crystallizing the circlc pattem into a rigid pattcrn. The pat- 
ttrn can then bc filled in with molecules in scvcral ways that 
we have already seen. Two are shown in Figure 12.34. PüBng 
in each polygon wiLh universal moleculcs gives the simplest 
creasc pattern, while fiilly triangulating Lhe tree by adding 
extra circles and stubs allows us to flll Ln all polygons with 
rabbit-ear molecules. 

NeiLher of thesc crcase paLLerns is particularly foldable. 
The creases run at odd angles and emanatc from what ap- 
pear to be fairly arbitrary reference points in the interior of 
t.he DaDer 

However, we can also seek to find a box-pleated pattern. 
Thcrc are no rivers in this dcsign, so we will only l)e packing 
squares. Squares representing each of the flaps pack neatly 
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Fígure 12.34. 

Lcft: universal inolecule-hased crease puUern with the ahdomen 
circle maximizcd. 

Right: same rircle packing, bul with all molecules triangulatcddown 
to ral>l)¡t-eHr molecules. 



ínto thc overall square as in Figure 12.35. Rememher, as in 
circle packings, we only require that the center of each square 
falls wiUün the boundaries of thc paper. 

The lighter regions within the .square in Figure V2.33 are 
paper that doesn't belong to any feature of the trcc graph. Thc 
flrst. step in the algorithm is to soak up as rauch of this excess 
paper as possible by expunding squares in onc of two ways. 
We can uniformly expand any squarc, which ifl equivalent Lo 
lengthening the associated flap. This process is analogous Lo 
ínflating circles in circle/river packings. 

We can also turn a squarc inLo h rectangle by stretching 
it either vertically or horizontally, as shown in Figure 12.36. 
This alteration doesn't lcngthen Lhe flap, but it does absorb 
inore paper into thc flap. 

ín the beetle packing, we can stretch thc abdomen square 
horizontally, which eílectively absorbs all of the unaHsigncd 
paper as show T n in Figure 12.37. 

It is not always possible to absorb all paper in this way— 
Fll show an example (and what to do about it) in a minutc— 
but in this design, stretching the abdomen square into a rect- 
angle consumes all of the unused paper. and so wc are now 
ready for the next stcp. 
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Figure 12.35. 

Square packintf for a longhorn beetle. 

The next step is to start rílling in creases. As wc did with 
circle/river packings, wc will use a generic form in which all 
axial creases are mountain lhlds and all hinge creases are un- 
specified crcascs. Each object — square, rectangle, or ortholinear 
river— reccivcs a particular pattern of mountain and valley 
creases, as shuwn in Figure 12.38. 

Recall thal a moleculc is a crease patlern that folds flat 
in such a way that its perimcter ends up lying along a singlc 
line. Each uf the patterns in Figure 12.38 is a portion of a mol- 
ecule; it is hard to resist Üie temptation to call thcm atoms. 

Filling in thc box-pleated pattern with the upproprÍHte 
atoms givcs a preliminary creasc pattern, shown in Figure 
12.39. 
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Figure 12.36. 

A square can be stretched either vertically or horizontally into a 
roctanglc to absorb unused paper iri a packing. 



Figure 12.37. 

Scpiare (and rectanglc ) packing 
for a longhorn beetle. 
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Figure 12.38. 

Aloms for the elements of square/ortholinear river packúiKa. 
Lerl: a squarc atoui. 
Middlf : a rectangle atom. 
Uight: an orthohncar river atom. 




This creasc pattern Kl obviotisly incomplcto: Kor one thing, 
there are creascs that. terminatc in the niiddle of the paper, 
which we know is impussible. In other places, Lhe pattern of 
creases aronnd B vertex cannot fold flat. The next step is one 
uniquc to box plealing and its generalizations: there are fea 
tures of the pattern that add, exteiui and changc thc direction 
of crcasus according to a fcw simple rules. 

L Two perpendicular 45° crcases that meet launch a 
ncw hinge crease of the same parity (i.e., mountain 
or valley ) from the point of intersection. The new 
crease splits thc ohtuse angle betwccn the two origi- 
nal creases. Two 45° creases that mcct perpcndicu- 



Chaptcr I 2: Box Plealing 



455 



Figure 12.40. 

Illustration of Rule 1. 



Figure 12.41. 

Illustrntion of' Rule 2. 



larly can also terminate a propagating crease. 
Launching and termination are illustrated fbr val- 
lcy folds in Figurc 12.40. 



>— < 



2. If a crease liiLs a 45" line, it reflects across the line 
so that Lhe outgoing crease makcs the samc angle as 
the incoming crease and maintains the samc parity. 
The parity of the propagating crcasc matches the 
parity of the crease on the outside of thc turn and 
has the oppositc parity of the crease on the inside of 
the turn. This is illustrated in Figure 12.41. 



3. Acrease, once launched, propagates straight and 
through refleetions until it either terminates íat a 
junction oF two 45° creases) or runs off thc edge of 
the paper. 

4. A crease that C108DÜÜ another 0° or 90° crease ei- 
ther switches its parity at the crossing or switches 
the parity of one side of thc crosscd linc. Thc three 
possibilities for an incoming mountain fold arc illus- 




trated in Figure 12.42. 



Figure 12.42. 



Illustration of Rule 4. 



456 



Origami Design Secrcts 



5. A crcase that ero aae e 8 *P intcrsection (branch of 
threc creases) crosses and maintains the same par- 
ity, as shown in Figure 12.43, but ílips the parity of 
the 3 lines on either thc left or riglit side. 





Figure 12.43. 

rilustration of Rule 5. 



6. Tvvo parallel ereases of the samc parity launch a 
crcLLse of the opposite parity that il parallel to and 
Bpaotd halfway between the two original creases, as 
shown in Figure 12.44. 



Figure 12.44. 

Ulu.st rat ion <>f RuIh f>. 



7. Thc boundaries between afl atoms becomc hingc creases. 

These seven rulcs are probably noL all that are needed 
(they have not becn proven complete), buL they work for many 
square/ortholinear rivcr packings and they will work for our 
beetle dcsign. Applying Lhese rules to the preliminary crease 




Figure 12.45. 

Gcneric form crease pattern for 
thc bcctle. 
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pattern in Figure 12.38 gives the generic form crease pattern 
shown in Figure 12.45. 

Recall that generic form crease patterns do not typically 
í'nld flat; they arc approximations of thc base. Tn this pattcrn, 
the hinge crcascs are unspecificd <as are the resulting ílap 
directions) and some of t.he axial creases will necd to be re- 
versed to makc the hase fold flat. By further squash-folding 
and rearranging some of the abdomen layers, you can achieve 






Figure 1 2.46. 

Leffc creasc pattern. 
Middle: folded buse. 
Right: the underlying tree. 



the nicely flattened base whose complete crease paLtern is 
shown in Kigure 12.46. 

The act of squash-folding and rearranging layers creat.es 
three smaller points at the ahdomen, which yon can see in the 
basc in Figure 12.46. 

This same trce and arrangcment of circles and rivers also 
has a valid crease pattern based on the universal molecule, j 
shown in Figure 12.47. Howcver just, like its circle/river-packed j 
predecessor, it contains numerous creascs that run at arbi- 
t.rary angles. 

1 he crease pattcrn gets even more complicated when ití 
comes to narrowing flaps. In the box-pleated pat Lern, we catíl 
narrow the legs to a 1:4 aspect ratio (and the antennae toj 
1: 12) hy sinking thfi corners of thc base in and out with paral-J 
lel creases. The parallel creases cninLed by the sink íit neatlyj 
into the parnl lel lines of thc creaae pattern and pcrmit an evenj 
distribution of layers within the flaps, as shown in Figurc 12.46? 
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I.eft; sink the flaps of the base multiple tiines to narrow the flaps. 

Middle: the narrowed base. 

RitfhL: the resulting crease pattern. 

Contrast the regularity and elegance of the crea8e pattern 
in Figure 12.48 with the univcrsal molecule version t.hat has 
been subjected to thc samc sct of sinks, shown in Figure 12. 19. 

ln a box plcated basc, tho odgos of the tlaps are usually 
parallel; in fact, thc presenec ofsuch llaps in Lhc folded model 
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ia often a sign that the underlying ha.se was box pleated. Par- 
allel lincs are not common in nature, and their prcsence in an 
origami model can give it an unnatural appearance. In a natu 
ral subject, however, shaping folds can rcmove the artificial 
appcarunee of parallel sided flaps, and in repre.sentations of 
man-made objccts— like a t.rain— the parallel lines introduccd 
by box pleating arc frequent.ly an asset. 




Fígure 1 2.50. 

Oeasc paLt^rn, base, and ftridtd form of the Cerambyeid Beetle. 
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Insects and other arthropods lic somcwhere bet.ween the 
natural and the artificial in appearance. Their long legs and 
antennae work wcll from parallel-edged flaps, and the even 
distribution of laycrs in box-pleated flaps makes thcm casicr 
tu thin. But thc rounded head, thorax, and abdomcn WÍD nccd 
to bc shaped to kccp u rnnre natural appearance. A completed 
Cerambycid Beetle, with a creasc pattcrn based on the tree 
and square packing of Figure 12.37 is shown in Figure 12.50. 

12.6. Bouncing Creases 

One of the unique features of box plcatcd crease patterns is 
au unexpected coinplexity that ariscs when we start propagat- 
ing and refleíting the creases that run at 0° and 90°. Such u 
crease bounces from diagonal to diagonal and can describe a 
very circuitous path, doubling back on itself again and again 
before it closes. 

As an examplc, consider the tree in Figure 12.51 and two 
possible packings of squares into a rectangle that givc risc to 
it. üne packing is syinmetric about a horizontal Unc of sym- 
metry; it is most likely the ñrst packing that comcs to mind. 
The packingon the right in Figure 12.51 is equally valid, how- 
ever. In it, the bottom half of the packing is shilled lalerally 
with respect to thc top half. íTwo of the square centers are no 
longer in the corncrs of the bounding rectangle and the rect- 
angle must be slightly lengthened.) This packing is one of a 
continuous family ofpackings; it may be charactcrizcd by thc 
distance d, which is llie ofTset between thc top and bottom 
halvcs of the packing. The quantity d is cxprcsscd as a firac- 
tion of the lengt.h of the six flaps, so the rectangle has pi opor- 
tions 2x(4+d). For thc cxample in Figure 12.51, d = 0.190. 

Now, lets construct thc box-pleat.ed molecules for both 
packings; first, the symmctric packing on l.he le^ in Figure 
12.51. Figure 12.52 shows the box-pleat.ed molecule. 

This pattern is not at all unexpected. It consists of two 
Waterbomh Rases joined side-to-side. Now try to construct 
the box-ple;HÍed crease pattern for the offset packing. Each of 
the four pairs of 45° creases launches new vertical creases 
Lhat propagate up and down, thcn ricochct off thc diagonals 
on the other side to travcl from sidc to sidc, until thcy bounce 
again at anothcr diagonal. This process continucs for a con- 
siderable distance bel'ore the creases flnally tenninate by 
running off of the paper. The result, shown in Figure 12.53, 
is rather astonishing. 

This isn't a molecule; it's a labyrinth. Each of the axis- 
parallel creases bounces around thc rcctangle at considcrable 
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Figure 12.51. 

Tvvo packings of six squarcs with their centers in a rcctangle. 
Tbp¡ the six-star tree graph. 
Left: a symmetric packing. 

Right: the squures are slightly oft'set and ñt into a slightly longer 
rectangle. 



Figure 1 2.52. 

Rox-pleated molccule for thc 
symmetric packing. 
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lenglh; you might try tracing any one of Ihem to see where 
and how far it travels. It is also surprising that thc total lcngth 
of crease in the pattcrn does not vary smoothly with thc size of 
the offsct. In this example, changing the offset by just a bit 
cuts thc number oí'ereases nearly in half, as in Kigure 12.54 




Rgure 12.54. 

Box-pleated moleculc í'ur ofittt 
(/ = 0.143. 



The number of ereuses in the moleculc docs not vary 
smoothly with the size of t.he offset. As you vary tlie olTsel d 
bctween 0 and 1, simple and complcx patterns are finely in- 
tcrspcrscd. It t.urns uut that densc pattcms arise wheneverc/ 
approaches values [2/3, 2/5, 2/7,...}, i.c, d - 2/(2/7 + 1 ) for inte- 
ger n > 0. Conversely, rclatively simple patlerns arise when d 
takes on the valucs {1/2, 1/8, 1/4,...}, i.e., d = Un for n > 0. 

Tn order to keep thc crease patterns as simple as possible, 
it is desirable to kccp any off'sets between adjacent squares as 
simplc fractions of tlie square size. This is most easily done hy 
making all distances— all flap lengths small multiplea of a 
common unit; for example, ínstcad of making flaps 1 , \ ; 2, and 
2 unit» long as we might in a circlc/river packing, we could 
make thein 2, 3, and 4 units (or 5, 7, and 10), keeping nearly 
the saine relative ratios. Another henefit from such a choicc is 
that the crease pattcrn tits neat.ly onto grid paper and can 
easily be sketched. For tlüs rcuson, it is quite natural in box 
pleated dcsigns to make aJl ílaps integral multiplcs of the same 
length. Thc crease pattern falls naturally onto a grid of squares 
and thc major creases and reference points can usually he con- 
structed by dividing the paper into cven divisions by folding. 
Historically, the most common divisions have been powers of"2 
and/or 3, due, perhaps, to the existence of simple folding meth- 
ods for their division, but in fact, any number of divisions may 
arise from a square-packed design. 



12.7. Elias Stretch 

As you have seen, box-pleatod bases are t.ypirally charact.er- 
i¿ed by rows of parallel creases, or pleats, composed ofalter- 
uating mountain and valley folds. The pleats in the crease 
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pattcrn run vcrtically and horizontally, and groups of vertical 
and horizontal creases meet each othcr alot ig diagonal crcascs 
at odd-numbered multiples of 45". Oílen, there is a dominant 
direet.ion t.o the pleats; morc run vertically than horizontally 
or vice versa. When this is the case, there is a fairly siniple 
folding rnethod for creating the triaugular wedgcs of opposm^ 
creases. All plcats are first iormed running in the dominant 
direction, say, thc vertical direction. Then, by separating par- 
ticular pairs of plcats and stretching thcm apart, it is possiblc 
to add, one by onc, the pleats that run in the horizontal dircc- 
tion. This process is shown in Figure 12.55, 




turned into I gap 
heiwcen two flaps. 



Figure 12.55. 

Folding sequencc for an Eliax st.retch. 



This maneuver occurs often in the hox-pleated designs of 
Neal Ehas and Max Hulmc. Elias popularized the style of box 
plcating in the 1960s and early 1970s; for this reaaon, thc 
maneuver in Figure 12.55 has come to be known ra the Elias \ 
stmtvh. You wiB find many examples and variations of Elias 
stretch in thc two models whosc folding sequences appear at 
the end of thc chapter. 

12.8. Ortholinear Rivers 

Thc heetle examplc was relatively straightforward because 
its tree was a star trce with only a singlc branch node and no 
branch edges. In gcneral, a tree will have one or more branch 
edges, which must be represcnted in the packing by an 
ortholinear river. As we havc scen, ortholinear rivers can tum 
corners, go straight, or form a dogleg. With both a single cor- 
ner or a straight river, thc íbrm of the rivcr is complctely 
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spcciíled; there are no morc degrees q£ ireedom. Thc dogleg 
rivcr, however, can bc shifted r'rom side to side, as shown in 
Figure 12 56. 




Figure 12.56. 

Two equivalent dogleg rivera. 



The rtpecific doglcg conlíguration can often be fixed into 
position by strctching adjacent squares into rectanglcs, as 
shown in Figurc 12.57, where we show which objccts can be 
stretched. Notc thut an ortholinear river cannot bc strctched 
arbitrarily, but rather both sidcs havc to move together. 

There is frequently morc than one way to stretch rect- 
angU;s t.o ahsnrb all the papcr. Uittcrent choices will result in 





Figure 12.57. 

I.eft: n squarc packiug tliat includes an ort.holinear river. 

Middle: the pattern wíth stretehed rertangles. Th« river is now 

pinned in place. 

Right: the resulting crease pattcrn. 
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different width flaps, and soinetimes tas in thc exHmples in 
the previous section) more or less complcx crease patterns. 



12.9. Holesand Plugs 

Much of thc time, by choice of flap length (squarc size) and by 
stretching squares into rectangles, it \s possiblc to completely 
cover the squure with atom crcase patteraa; oncc this is done, 
thc rest of the crease pattem, including bouncing ridges, is 
fully determined. Howcver, there are timcs when it is not pos 
sibic to minpletely covcr the paper with atoms. A simple cx- 
ample is t.he tree and rectangle shown in Figure 12.58. 




Figure 12.58. 

Left: a six-flap suuare packing into a rectan¿pilar moloculc. Only 
two of the squarcs are Htrntchablo. 

EUgbfc there remains an unaccounted for patch ¡nsioV the molerule. 



The qucstion then arises: With what do we fill thc hole? A 
duc is provided hy examining the j>erimeter of thc holc; it con- 
sists of the houndary of various atoms. But the boundaries 
betwecn atoms turn into hinge creases in the folded base; thus, 
in thc í'olded moleculc, the boundary of any hole must fold ao 
that it lies along a single hinge crease. 

Tliis is vcry similar to thc original delinition of a mol- 
ccule, which is a crease pattern that folds ílat so that its pe- 
rimeter lies along the axis of thc base. So we could use any 
known molecule to fill the holc, hut in the folded form, it will 
be rotatcd 90° relative to the axis; its perimctcr will lie along 
a hingc crease, perpendicular to ihe axis. 
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ForUmately, in box-pleated patterns, residual holes tend 
to be fairly simple shapes, typically squares and rectangles. 
Such holes can be plugged by conihinations of thc two sim- 
plest rectangular moleculcs, Waterbomb and sawhnrse mol- 
ecules, shown in Figure 12.59. 



\ / 

\ / 

\ / 1 










Figure 12.59. 

Leíl: the Waterbomh molecule. 
Kight: the sawhorse moleculc. 



These shapes launch and tcrminate creascs in the same 
way that atoms do; byjoining, propagating, and rcfled.mg their 
creases with those emanating í'rorn thc othcr atoms, you can 
construct full, valid molccules and bascs. 

If you make your crcase pattern fali on a grid (by making 
all flaps integral multiples of the same common distance), thcn 
any holes will be assemblies of unit squares— often, only u 
single unit squarc. Jn this case, only the Waterbomb molecule 
is needed to plug each square hole. In fact, therc is an even 
sirnpler shapc that launches no 0° or 90° creascs; shown in 
Figure 12.60, it is the creasc pattern of a square íblded in half 
along both diagonals. 





Figure 12.60. 

The simplificd plu* for squar* 
holes in a box-pleatcd uioleculf' 
or baae. 



In thc simple squarc plug, the diagonal crcases come 
three of onc parity and onc of tlie other. With two possible 
parities and four orientations of each, therc arc eight pos- 
siblc patterns. Howcvcr, the only difference in thc íblded hase 
lies in the direction of a tiny pleat that is usually buried within 
thc interior of the base. Figurc 12.G1 shows the completc 
(generic-form) crease pattern for the example from this 
Meüoa usin* a square plug. If you cut the pattern out and 
fold it up, you can see for yourself how difTerent configura- 
tions of thc plug creascs affect the configuration of the 
foldcd base. 
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Figure 12.61. 

Tren. generic-foriii CTMN pattcrn, and folded lonn for a rftctangular 
molecule with a plu* in the interior. The X-ray linc thowa t.he foldcd 
edgcs of llie plug buricd in the intcrior. 

12.10. Box-Pleatíng versus Optimal Bases 

Box pleated bases can be used to realize highly complex struc- 
turcs with raany flaps. They are not, liowever, usually l.he most 
efficient. bases; as we have sccn, a ba.se constructed hy the 
method of path optimization will be the most cfficient uniaxial 
base. The difTerence in efficiency i.s often quite tmaH, howevcr, 
and box-pleated baaes are much more easily folded by a hnear 
folding sequcnce, as I will show in this scction. 

Anothcr example of a box-pleated design is the Bull Moose, 
shown in Figure 12.62. 

It is not obvious from the foldcd model, but the BuIJ Moose 
is, in fact, rnade from a uniaxial base. This can be more readily 
seen Jrom the basc, shown at thc middle of Figure 12.62. AIJ of 
the ílaps of the base clearly lie along the central axi», and closer 
inspection reveal* that the hinges are also perpendicular to 
the axis, thc two hallmarks of a uniaxial base. 

If the base is uniaxial, there is an underlying trce for the 
modcl. Further examination of thc base and thc crcasc pat- 
tem rcveals the trec shown in Figure 12.63. 

VVe could use this same trce to carry out a design using 
path opt.imization. If we use the circle/river met.hod of design 
< or rather, usc the numerical tree rnethod; thc circle/river pack- 
mg problem is probably too complex to solve manually». then 
apply the universal molecule, we arrive at the complicated 
crease pattern in Figurc 12.64. 
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Figure 12.62. 

Creasc patlern, base, and fohled model of the Bull Moo.se. 




Figure 12.63. 

Tree and uniaxial base for the 
Bull Moo.se. 



Beauty is in the eye of the bcholder, of conrse. Froni the 
perspeetive of eñicicney, Üus is actually a pretty nicc base; it 
i.s definitely more efficient than the box-pleatcd base. If we 
define the lcn¡firth of a leg as 1 unit, then the scalc— thc rela- 
tionship bctween 1 tree unit and Lhe side of the square— i.s, in 
the box-pleated pattern, 7/32 (.since a leg is seven srnall ftquarefl 
long and eaeh small square ia 1/32 of thc side of the square). 
That fractinn comcs to 0.21 88 For the tree method crease pat- 
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A moose hase crease pattern 
derivcd by Lhe tree method. 
filled in with univer.sal nohh 
ClllCB. 



Rgure 12.64. 




tern, the scale turns out to bo 0.2423, or about 10% larger. So 
the Lree method, as expecLed, gives a more efficicnt solution. 

But at what cost? The Lree method pattern is quite ir- 
regular and has several aesthetic dcficicncies; note Lhe long, 
skinny gussets cxtending from the forclcgs to the small antler 
points. Moreover. as is typical with tree method patterns, most 
of thc vertices oí'the crease pattcrn have no simple reference 
points associated with them. There are a total of 17 coordinate 
valucs Lhat are required just to specify the vertices of the axial 
creases (not including those pointfl t.hat can be obtained by 
reflection of anothcr in the symmetry line). Givcn that accu- 
rately locating a singlc reference point may takc three to five 
creases, one is looking at several tens of folds juat. t.o identify 
these rcfcrcnce points, let alone the crcascs that lie in Lhc in- 
terior of cach axial polvgon. 

liut, ofcourse, it is rarc that one works with a raw t.rec 
method pattern. As noted in thc previous chapter, one will typi- 
cally make small adjustments to the Himensions of the tree in 
order to massagc thc crease pattern into somcthing that is 
simpler and more symmetrlc. Tf we do this with thc moose t rce 
and its circle/river packing, we can arrivc at thc pattern in 
Figure 12.65, which Íi considerably simplcr. 

Howcvcr, in addition to distorting the b ranches of the Lrce 
(by amounts ranging up to about 6% of their original values), 
we havc also reduced the scalc, to 0.2240— now only slightly 
more elíicient than thc scale of Lhe box-pleated design. Ofeo 
can see where somc of the losL scale turncd into lost papcr: 
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Thi; triangles along the bottom left. and right are no longcr 
used.) Thus, we have traded efficiency for foldabihty. In the 
end, Lhe box plcatcd design is nearly as efficient as the cleaned- 
up Lree method dlMÍgn, but. ít is much easicr to fold, as you can 
see for yourself. You will find instructions for thc box-pleated 
Bull Moosc at tlie end of this chapter. Finding a folding method 
for thc tree method design— I shall leave that as an exercise 
for thc rcnder! 

12.1 I. Comments 

Box-pleating offers an all.ernative design approach for gener- 
ating bases with specified structure in which both thc design 
and thc folding method can be simpler than those generat.ed 
by the tree method; in fact, thc dcsign can otlen be worked out 
in its entirety with no morc than n pencil and paper. 

The payoff of using box pleating is twofold. First, the re- 
sulting crease pattern can, due to it.s regularity, often be con- 
structed by a lincar folding sequence with well defined rcfcr 
ence points. Thc crcase pattern is simplified and thc foldability 
is further enhanccd if all flaps have lengths that are intcgcr 
multiples of a coininon small quantity; in this casc, thc crcase 
pattern lies within a regular squarc grid, as in the Cerambycid 
Ucetle and Bull Moose pattcrns (24 x 24 and 32 x 32, respec- 
tively). Tn such models, onc can start the foküng sequenee by 
creasing the paper into equal divisions one way and/or the ot.her. 
at which point many of the creases of the model will exist. 
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Figure 1 2.66. 

Black Forcst Cuckoo Clock, 
a box-pleated dcsign from a 
1x10 rectangle. 

U'you erease the paper ínto, say, a 32 x 32 grid, you WÜl 
have created many of thc crcascs in the uiodel. BuL you will 
have also created many crcascs that aren't part of the base, 
and in faet, every flap or surface will he oovered with the grid of 
creases. These extraneous creases can he distracting to the uve 
in thc foldcd model. Although it. is harder to devise such a fold- 
ing sequence, it's preferable to minimize thc numbcr of unnec- 
cssary creases when precreasing the modcl. Takc a look at t.hc 
folding sequence for the Bull Moosc for an example of this. 

The second payoff for using box pleating is that box-pleated 
structures for obtaining flaps are coinpatible wiLh box-pleated 
structures for constructing boxes. Thus, one can makc coru- 
plex three-dimcnsionai structures containing both two-dimen- 
sional flaps and three-diinensional solids. Some of thc most 
fantastic and downright unbelievablc origami structurcs are 
dcsigned using box pleating: hundreds of dcsigns by Neal Elias. 
including human figures and compositions of several figurcs 
(a bull, hullfightcr, and cape from a single sheet); various ve- 
hicles by Max Hulmc (a Stephenson Rockftt train engine, a 
double-decker bus); and of course, the oiodel that started it 
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all, Mooscrs 'IVain. Rux pleating also combines nicely with thc 
usc of plcuts to define textures, a combination that has bccn 
exploited brilliantly by modern nmsters such as Eric Joiscl 
and Satushi Kamiya. 

Iu recent years, thc ethic ufune squarc for complex moH- 
els has grown strong, but during the 19b"0s, 70s, and 80s, the 
usc of rectangles was still reasonably common. Mooser's Train 
was foldcd from a rectangle, of course, as were many of the 
dcsigns of Neal Elias. In keeping with t.his tradition, in thc 
BOrfy 1980s, I Heveloped a Cuckoo Clock frora a rectanglc, which 
I subsequently enhanced with inany of the techniqucs I'vc He- 
scribed in this scction. I will close this scction with thii model 
and its instructions. It illustrates all of the techníques of hox 
pleating: thc crcation of Üiree-dimcnsional boxes, numeruus 
flaps, and their mmhination and connection. Its folding se- 
quence— at 216 steps, and ncver before published— is not for 
the faint ufheart! But if you succeed in folding it, you may find 
within in it inspiration for your own bux-pleated designs. 
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Folding Instructions 



Bull Moose 



Black Forest Cuckoo Clock 



Cliapler I 2: Foltling Instructions 
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Bull Moose 




L Beein with a squaie. colorcd sidc up. Fold in 2. Folcl thc edges U> thc center line; crease nnd 

half vemcally «ind unfold. unfold. 



476 



Origami Design Secrels 



3. hold tour times, dividinc thc pu|>cr mlo oiyhths. 4. Fold ei^hl liincs. dividing the paper into 

sixtcL-uths. Turn ihe paperovcr. 



5. Fold 16 timcs. dividing thc papo iulo 32nds, 
Make cach fold by bnneing the mounlain fold 
just below it to thc onc juM aho\e it (or vu r 
versa); ihis will iusuic lalcr that thc pleats all line 




6. Makc .i hunrh ot' iliagonal CTCtttCS. 



Folrling Inslmctions: Bull Moose 




7. Make two verticaJ tolds thiough exisliriK crcasc 8. Make anothcr verlicaJ fold through existing 

intcrscctions. Turn rhe paper over from top to creue intersections. Tuin Lhe paper hack over. 

bolloin. 
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9. Make l'our dia>zonal folds. 
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10. Malus fourmoix diagonal tblds. 
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II. Make three more veiticul ereu.\cx. again through 
existing Cfease inteiscclions. Turn the puper over 
from top t<> hortom. 




13. Make 1 5 vertical creases. mnwtiwg tfae crease 
intersections shown. Tiirn the paper back over 
from top lo rxHtom. 



12. Make anoilici \crlical crease. 
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14. Make 16 more vertical creases. coimcctinjj 
üic crcase imersecrions shown. 
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15. Add 12 diagonal cietftes 16. Fold and unfold in 32 places along thc ri^ht 

edge. 




17. IVcreasing is fumhcd. Plcal the top and 
bottom edges nn existing crcuses. 



18. Form a Watetbomb Basc-like shape using ihe 
existing crcases. You don't need lo press it fully 
rlat yct 
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19. Pctal-l'old thc edge in troni 
and hchind 00 tfae exísliqg crcascs 





20. Reverae-fold two edses 
on existing crcascs. 




21. Open-sink in and out. 
Rcpeat hehind. 






22. Open sink in and out acain. 
Rcpcat hehind. 



/ffn\ i\W 



23. Opeil sink the edge lo and 
out (and in and out, and ín and 
oul!) on ihc cxisting creases. 
Repeat behind. 



m 



24. Fan thc ed^es of the pleated 
luyers out to thc sides. Ihc nc\t 
step will bc u sidc vicw. 



VA 





25. Revcne-fold four corners; the 
diagonal creascs ulrcady cxist. 




26. Mountain-told pan ot the edge 
undeinealli usin^! Lhe exislin^ creascs 



Folding Inslructions: Bull Mcosc 



481 




29. Ctofic up ihe model. 




spneading the layeis s yinm c tri caHy, a side view. 
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33. StTCtch the sides apan so ih;ii 
three squuics worth ol thc lop point 

Qattem out. 





34. Dent (he top in two pluees. udding 
the creuses shown. Stretch the top 
lefl tow.ird the left a hit. 




35. Strcrch i\ hit more papcr to 
thc left and close up Ihe modrl 
Thc oext v'tcw \s from the leñ 
sidc. 



36. Turn thc modcl ovcr. 




A 




3X. ftill out a single layei ol' pupcr. 
folding the p.iir of flaps up ut right 
un^lcs to thc rest ot the model. 



39. Fold a rahhit ear trom 
Üie vcrficul laycrs and fold 
the upiijiht llups down. 




37. Fold a group of flaps 
upwaid as fui as possihlc. 




411. Steps U-5n will fucus 
on tfae top of the model. 
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T • s 




\ 





44. Reversc-fold the edge 
back to the lcl'l. 





í 


\y*\ v 


■fl 


i 

- 



45. Reverse-fold thc edge 
back to the nghi 10 th.it the 
edges aie uligncd wirh the 
oiher layeis. 




47. Sink ihc nexl pairof 
coraers, 




4S. Open-sink tbe fai edge 
00 cuch side. ( )vex Ihe next 
8 steps. yqu will stait with 
the faj edges and work youf 
way tO the neai oncs. 




43. Revcise-fold tho cdge. 




46. Repeat tfeps 42-43 oa 
the nextflapon Üiclcítand 
on both flapfl on llic ri^íht. 




49. Rcvcrsc-lold Ihe top 
hidden corncr ol llic nexi 
nearest layei 00 cach side 
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50. Hevvrse-fold ihe long 
edge on cach side (which 
tetniiniitci vviih i closed 

sink at tlte reverse lolds you 
just made). 




53. Mountain-fold the next 
pairof edges, again reverse- 
foldiog ei theíf top. 




55. Mountain fold the near 
edges underneath. 




51. Mounrain-fold the next 
cdgc. rcvcrsc-folding it ut 
ihc top to uliiin vvith the 

pievious tWO leverse folds. 















m/ 
P 



Er 



54. Repe;ir steps- 52-53 on 
the next putr of layers. 




56. Mountain-fold the near 
edpes underneath: reverse- 
fold thc 4 llnal ) puir of 

comen ut thc top. 




52. Vullcy-lold tlie oext puii 
üf ed>:es. a^uin reveise 
fblding ut their top. 




57. Pull out BOnK cxecss 
papei firom the long neur 

Qaps und crimp the excess 
paper upward at the top 
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58. Open-sink the lon¿: 
edges up u> ihc corncrs. 




4 




Ar 




59. Mountain-fold the 
oocncn iiukk their 
respcctive flaps. 



60. Pull oui lOflK loose 
paper in the same wa> 
you di<l in step 57. 




62. Fold all tour lcgs down. 
removing thc crimp at thcir base. 



61. Carefully fold thc modd m half, 
mukinp sure you don't splil ihe 
pupcr at the two markcd points. 
Rotalc the paper 1/4 tum clockwise. 




63. Reverse-fold thc tail downwurd. 
I -ih up the anllers so that thcy stmd 
up and out trom the hcad. 
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A 
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\ 


s. 
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64. Reveru-fold the tail back 
upward. Pull out some loose papei 
al Ihe shoulders. 




65. ( Yimp ihe h<xly wirh two parallel 
crcascs. Bc careful that it doesn t 
split tlong llic up(>cr odgp. 





66. Mountain -Ibld dic corncrs al thc 
shouldei. Rcvl-isc l'old llie curncr 
ot the cnmp. Repcat behind. 



67. Mountain-fold the belly inside 



68. Squa&h fold the tail. Shapc 
the chest with mountain lbldx 





69. Double rabbit-ear- 
fold the legs. 




70. Rcvcrse-fold Ihe four legs at slightly 
diffeienl an>íles for a w alking pose. 



71. Crirnp thc hooves. Reverse-fold 
the flap inside the nosc dowmvard. 



Folding Instruciions Bnll Moose 
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I 1 



72. Mountain fold ihe edge ot'the 
shoulder. Keverse-told the eornei 
undct llie chm. 




73. Deiail of head. Crimp the 
nose dovvnvvard. leavinn its 
uppei edge toundcd. 





74. Round the nose w ith 
reverse and mountain tolds. 
Crimp an edgc tO fonn un eye. 
Crumple the dangliiifc flups 
&Ughtty. 




75. Nanovv ihe slulk ol' the 
antlers: fold three point.s towaid 
the right and the reiiiaining 
ploais to the lert, The next vievv 
is from the top. 




76. Ibp view of head ancl 
anilers Ple:it the middle of 
thc antler and tan the pleats 
at the top. Kcpcal on the 
right. 




77. Keverse-fold the 
eorncrs along the top edge 
oí each antler. Piocll the 
group of llucc pofatS at the 
hottoin iütO a rahhit ear. 




1H. Spread the three 
points. Shape an<l rourul 
thc anllcrs. 




79. Likc this. Open oui 
the eais. 





80. Finishcd Bull Moose. 
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Black Forest Cuckoo Clock 
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1. Begin wilh u strip of paper in the proporrions 10:1, ul leasl 16 by 160 
cm (or K by 80 inches), colorcd sidc. up 

R>r Uvger models, it is diffkult to Bod papei of the necesury leneth. 
However. \ou can cut tonr strips that aie, respeelively. 16 by 33, 16 by 
45, 16 by 40. und 16 hy 42 and tape thcm togethei whcic nolcd by Ihc 
itaiit i/cd icxt. H you usc theic iciv.'ihs (o make you stafttag rectingle, 
thcn the tape seams will bc hiddcn inside the model. 

Stcps 2-IO of the modcl are devoted to luciling thc major horizontal 
creascs. There are two ways of getting these siartin*» proportions. Ifyou 
want to locutc ull thc crcases only by loldinu, begin with slcp 2. Howcvcr. 
you will cicutc inany unnccessar>' creases durinc the foldin» process thal 
will shovv up on the final modd und Ihat may be confusing later in the 
folding sequence. The easicst und cleancst mcthod ot loeaiing the major 
hori/ontal crcases is to measure and inatk mc locutions of the creases; 
if you choosc to do this, then you may skip to stc[> I I . 

The notef lloog ihc ri.uht sidc indicate trom which part of the papei each 
pari of the model is derived. 
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A 




2. Fold Ibe 
lower left 
corner up to lie 
along the right 
edge. 



3. Vlountaiii-lbld 
Ihi- bottom cornei 
bchind. 



4. Repeat steps 2-3. 



5. Repeat stcps 
2-3 eight moft 
tirnes (nntil _\ou 
run out ot p.ipei ) 



6. Un fold t<> step 

2. 
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7. Nuw ú>ld tlic 
puper iii half 

leagthwise and 

untold. 




8. Fold the sides 
in kl the center 
hne, erease 
lightly, and 
unfold. (The 
cieuscs in >teps 
8 lOureonly 
used tn get 
refcTvnee points 
in stcp 1 1; they 
nIkjuUJ Ih: madc 
as lightly us 
possible.) 



*). Divide the 
papcr into 
eightlis. u^uin. 
cteasinji lighlly. 
Turn the paper 
over 
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10. Divkleth* 
p&pcr iniíi 
sixieenths, 
ugain. c i e aai og 
lightly, and luni 
ihc paper back 
ovec 
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11. Uxmg rhe 
verticil and 
diagonal creases 
;is tzuides. add 
iht* horizontal 
ereases shown. 
(If you have 
skippcd steps 
2 10. you mav 

9 J 

measure thc 
lucatkxn of the 
borizontal 
creaaea») 
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49 
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12. Rw the icst 
ol llic model. 

ignore the ii«ht 
cieaaet yoe 

made in stcps 
2-10 and me the 
honzontnl 
cieaaéa frotn 
step 1 1 as your 

majof 

landmaiks. Fold 

and nnfbld 
vcnically, theo 
udd the indicated 
diagonul creases 




X 




A 



1 3. Now add 

somc vertical 
crMses, 
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16. A«lil more 
hon/nntal creases 
und turn the paper 




494 



Origami Dcsign Sccrcts 



N- 5 




IV. I 'he pNCVMBÍOfl is linishcd: 
iunv we beein tolding in eaincNl. 
BcgfafflÍIMJ at the top tHd using 
the exislin^ creases. fold the 
sides in as you fold the top of the 
rectangle dowa 




20. I i íkl the sides m ;is \ i iu 
fold the flnp upward. 



|I9 20,2*| 
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21. Continue narrowing 
thr flap by tepealiiiji slep 
1 9-?0 twice, then step 1 9 
oncc more. 




22. Swing the narrow tlap (whicfa 
will be tlie penduhmi) upward. 



i 
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23. Simiiltaneously l'old the 
NÍdes in and pleat hori/.ontally 
Ofl existing crcascs. 




24. Simultancously fotd the sides 
baek a.s you swing a layer down 
labove) und up(below). 



Folding bvtructions: Btack Forcst Cuekoo Qotk 
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25. Repeat steps 23-24 26. FolU the thick narrow 27. Repeat steps 23-24. 

iwit:e, then step 23 once tlap up rroin bchind. 

more. 



1 




28. IMeat. 




29. Sqiush-fold the lower 
coinets; simultaneouslv r'old thc 
top down and llic sidcs ahove thc 
squash rolds inwurd. 



I 



I 




V Y< 

30. Plcal Igwn 
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31. Squash fold the hiddcn 
colored edge on each side. 
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34. 1'lem 
















\ 














! 














\1 


















— r 



32. I old the flaps 
back to the oiit.suliv 





23-24 




35. Fold the sidcs inward. 
incorpoiating a revcise fold al cach 
top corner and squush folding the 
nearly hidden corners at the bottom 
similarly to steps 2*í- 3 1 . 
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33. Kepeat steps 2.t-24 on the 
ticxl rccLuii^ulur rci/ion. 




36. Repeul steps 33-35. 
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\ 






— j 




l — ¡ 





37. Repeul sleps 27-32. 




33-35 1 



-4* 



v 



~ í — * 



SS. Kepeai steps 33-35. 



Folding Instructions; Black Forest Cuckoo Clocfc 
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42. Turn the paper ovcr. 




43. Sqtiash-f'old thc eorner. 
All dI ihe pleated layeis go to 
the lcít. In this and 
succeedin^ steps. don't extend 
the veilicul crcases any hirrhei 
th;in you have to, >n Lliai the 
top of the papet reniuins 
unfoldcd íand the model ducs 
not Ue flat). 



44. Squash-fold the cinners 
and pull the tndicated edges 
downward. 
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45. Pull the ooraan out u> 
the side. 




49. Fold the flup up und 
hack. Turn the puper over. 




46. Carefully mounLuiii-lold 
the sides thiough ull luycrs. 




4K. Reverse-t'old the 
eorners. 




47. Pleat. The mountain told 
lies on un existing crcasc. 




\_ 1 ___ 



50. PuU out some 
loosc papcr. 



Folding Instructions: Black Forcst Cuckoo Clock 
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55. Tliis is whut the emin model 

looks like. Tuin il ovcr. 
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59. Fold the np down. Éfc Tum Ihe top inside out M. Pold the flapa oul io ihc sides 

and turn thc paper over. 




L Plciu tfae next layer to inutch. 65. Wrap one layer around to the 

fiout. Layer A ^rays in place. 



Foliling Inslructions: Bbck Foresi Cuckoo Clock 




68. Fold the right point downward on an 
existiiuj crcase and iwing it over to the lefl. 




71». Squash fold thc point. 




72. f-old one third of the edge 
undcrneath on eacli sidc. 




67. Repeat steps o3-66 on the lcft. 




69. Moomain-ÜDld both layers underncath 




73. Narrow furthcr with mountuin folds. 
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74. Dring the luyers on rhe leíi to the t'ionl. 




7f». Narrow the point wilh vulley folds. 




7H. hnld the poinl over to thc left 




75. Fold Ihe Icfl point down. Nore rh;it this 
is slightly difTerent ftom slcp 68. 




77. l<old the lowei half upwurd and tuck its 
lcft sulc under the white paper. 




79. Rring the other point tu thc fmnt. 



Fotólng Inslmctions: Black Forest Luckoo Clock 
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80. Fold Ihe .sides in. The ercases don't gu 
all the wuy to the other eod 



81. Pleat. Tiim tlie 
papei ovcr. 



82. Revene-fold 
Ihe corneis. 




83. Fold the lop dovv u. 




87. Swing the lower 
poition of rhe model up 
to tlie rijíht. I he model 
WÍIJ not lie flal. 




84. i^iiii oui onc layer 

Irom each lide. 



á 




85. Turn the paper 
OVCT. 













1 ■ — r^— 
/ 




r 




r 



88. Fold the left side over and the top cdpe 
dowii and ílarren. This fold connects to a 
crease on thc rvst of the moUcl. 




86. Sink the cdges. Thcse 
creases connect up with tha 
ones oo thc bottom. 




89. Pull out a sin^lo 
layer of paper. 
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• , ' olJ fte cdgC 91. F6M the edge up a¡L'ain and 92. Swing ihe rest of the 

ck down tuck papcr inside at tfae left model ovcr to the lef't. 




93. Repeat stcps 94. Sink thc hottom edge l this 95. l-old the flap to tlic k-ll. 

88-91 on this side conncets with creases on the rest of 

thc model, too). 




96. ( 'losed-sink the flap. 97. Swinj! the icst of thc 9«. Repeat steps 95-97. 

model owr to the tiglit. 



Folding Insti uctioiis Black Forest Cuckoo Clock 
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99. Pold the middle paii of edgcs out 
to thc sides (two layers together ut thc 
top). Símutameousty, squash told the 
top two points and thc hotiom point 



HMI. I nrn the papa 
ovcr. 




loi. Squash-fold the toppoints 
and fokl the edges outwaid (the 
vcrtical creases hne up with the 
edges nndemesth). 




102. Unwrap ihe two Uip closeíl not °P en) 

pnints Mouiitain-fold thc lop 
of theclock face. Closed sink 
thc honom point. 



I / 



105. Turu the modcl ovcr. 



TJ 




106. Squash f'old in two plaoes uud svving 
Ihe rest of the modcl around to thc right. 
Thc lcftmost vallcy fold occurs on an 
exÍNling crca.sc. In the squush fold, two 
layers go to the left und six go to the right. 



«.■Ugc\ 




107. Fold the vertical edgM 
out to the side and IWÍQg the 
rcsi of the modcl upwaid. 
Two edges go to the left; four 
ed>!cs go lo the right. 
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10X. Samc thing again; one layer 
goes to Ihe lefl. two to the righr. 




109. Wrap nne layer 
Irom íront to back. 




110. Fold down four edges and 
flatien üie inodel completcly. 





111. Finally, the model w ill lic flal; Ihis is whnt it 
looks like m its entiretv Tuiii it ovcr. 



■ C 



L 



cC v w 



í 





1 1 2. The clock luce is not shown in this step Fold 
rhe horizontal edges upwuid and downward; at the 
same time, swing the clock face BTOUod as neecssary 
and fold one layer al the right toward the í ight. 




113. Fold upward at nght angles on cxisiing crcascs 
tnd lurn thc model over (so that the clock fuce und 
body the two cnds — are pointing downward). 



TJ 



Folding Iristructions: Rlack Forest Cuckoo Clock 
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1 14. Pnsh m the sides; on 
eacfa sidc, told two of ihe 
edges upward, one 
downward 





115. Pull OUI ;i SÍllglc 

byer from ihe top and 
bottom of each side. 




116. l old two layers 
upwurd and one 
dowmvard on each side. 
l'he box-likc region 
bccomes tallcr and 
dcepcr 




117. Push thc sidcs 
in M you pull papcr 
out trom thc lop and 
push down thc 
bottom ot'the box. 
I 'latten Ihe modcl 
coniplelely. 



MS. Revcrsc-íold tlic 
top two points 
duwnward, 



119. Fold Ihesmall 
pomts down mto the 
poekets. 



120. Swing the clock 
fai e upwurd. 
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122. I 'old the sides in 
and the bottom up. 



121. Swing the clock face behind und 
fold the smaller hnndle of flaps upwurd 
in l'ront. 




LU 

124. I'old a sim'li' layer ilnwn 



125. Fold the side over and 
incorporatc thc rcvcrse told 
shown. 





r T¡ 

m 


í 












■ 











123. Turn the model over. 




1 26. Bring a layer to Ihe front 



Folding Inslruclions Klack Forest Cuckoo Clock 
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127. Repeul steps 175 126 
Ofl ihc right. 




130. I'leat the Údes of the top und 
í'old thc top m liull*. At the snnic 
time. pull tho sides ol tlie dock 
body out |o stand nt iij¿ht anglcs 
to Ihe clock buck. 




128. BrinjL' the elock 
face to the fronl and 
swing it down. 




129. lurn the model ovei. 





131. Squceze the lop of the 
model topetlier and siiHH)th 
out the layen alon£ the toof. 



132. Side view. Fold 
two laycrs over to 
thc lef't und release 
Ihe tnipped paperat 
tlic top 
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134. Closed sink 
thc cí\i,\c 




135. I'ull out b 

singlc layer. 



136. Níountain-fold ihc 
white layer inside. 






■ 



I 


















1 



137. (Jnwmp the white 
hood and reveise-fold 
tht- hoiiom eorner. 



138. Rcverse fold thc 
corner. 



139. Reverae-fold the top 
corner and mountuin-told 
the edge insidc. 



m 




140. Fold the 
ptVmt down. 






141. h'old ihc Ifft edce over 
to thc right und pull up the 
loose paper at the top lo 
make a hood 



142. Fold thc smull 
coloied point upwurd. 




143. Repeut steps 
1 32—142 on the far 
sidc. 









1 





144. Mountain-fold thc white 
strip (which connects tlic 
clock l.u e to the deei head) 
behind. íThe back of the 
clock will intertere vvith this. 
but donl woriy ul>out that.) 



Folding Instructions; Black Foresl CucfcooQoCk 



145. Outside reverse- 
fold Lhe white strip. 






146. Swing the elock facc around aod 
flatten tlic slrip; eVMyfbÍQg from the 
clock facc to just hclow thc deers head 
will lie flat 



148. Swing thc paircd tlaps upwaid and 
SWÍng the rest of the iihkIcI down betwccri 
tlic paircd Maps and tlic cloek face. 



149. Fold Ihc clock face 
up to thc rijzht, swinging 
it around from behmd. 





147. 1 'old the flap ítown, 





150. BlUlg the vertical 
slrip in front of the elock 
tace. 



151. Plip the cluck 
fucc around its centei 

axis. 




152. Again bring ihe 
veitical strip in front of 
the clock face. 



153. Fold ihc connection bctween the clock 
face and dccr head around and behind: at the 
same time. fold thc paired flaps down 
Ibnwgh the o[K'ning in theclock facc. At this 
point, Ihe clock facc no longer inteifcrcs 
with Ihc clock body, but should sit more or 
less wkhin ihe clock body. 
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154. This vicw ghows the relative 

positions ui thc clock tare and thc deer 
head. The eluck hody is not shovvn and 
thc vicw is of the back of thc clock face. 
Turn over. 




1 f/ 
















J¿_ l 




155. Thc clock face is not shown in 

this view. Mountahvfold the vcrtical 

putt in hall arul swing the a*sultin¿¡ 
llap up lo stand out at nght angles 
to the clock body. 



156. Cnmp thc T-shnped 
tlap dowuward. 




157. Open out the plcaÉed pari 




158. Fold the colored tlaps aluny thc top 
and bottom ot thc white reeion up and 
down, rcspCClivcly; turn thc model ovcr 
VVe vvill hc workiiu: on thc colorcd hack 
side ol thc white pleatcd tvgion Ibr stcps 
159-1 6S. 



Folding Inslriiclions: Black Forest Cuckoo Clock 
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161. Fold tlld unfold. 



íff} 



163. Kefold thc plcats you 
undid in step 157 and turn 
thc modcl over acain. 






166. Keversu-fold each 

horizontal pfeai upward 
between the \ei tieul 
pleats. There are 1 8 
Mich folds on each of 
(hc two pioe eones 



167. Squcezc 
the bottom of 
the pine cone 
togcther. 



164. Pinch the pleuled 
M.ips ut ihcir hase and 
lold thcm downward. 




w 



líiX. Mountain-fold 
ihe corners at the 
bottom of the pinr 
conc to lock it. 
Repeai on the other 
pineconc. 



162. Plcut. líarh mountain fold lies 1/4 
ol ihe uay bctwecn tlic two adjaccnt 
valley folds. 




165. Spicuil ihe sidcs ol the 
pleatcd flaps apart. Thcy will 
bccome the pme cone wcii'hrs. 




I $ 





169. Adjust thc 
po.siiion of the pinc 
cone wcumts so thul 
they hany straieht. 



17«. Suuash-told 
thc boitom point 
syinmetrieally. The 
vallcy lold lies on 
an exisling crease. 
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176. I-old the comen 177. RokJ Ihe 178. Squash fold 179. Like this 180. Crimp the 

ínto the interior (fold bollom corncrs the point so th.u n ipers.peetive sides of the leuf 

Ihe two far layers into the inteiíor. sLand.s pcrpen- view). downward; ít will 

logcthcr a.s one). dicular lo ihe not lie Plat 

pendulum. 




181. Mountam- 182. 1.ike this. 183. The peudu 184. Now wc'll work 185. Koldthe 

fold the edges to \am and pine cone on the elock lace. Fold corncrs in to mcet 

lock Ihe erimps weights are now one of the two flaps al Ihe center line. 

ínlo place. complclc. standing oul trom the 

tacc upward. 



Fokiing Instructions: Btack Forcst Cuckoo Clock 
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186. Close-up of 
the hird s head. Pull 
out thc loose flap 
of paper, 



187. Fold 
and untnld. 



188. Fold 
and unfold, 



189. Fold 
and unfold. 



190. lolri tbefkp 
ova lo Ihe nght. 







I9ím Uepeat 
steps 187-1X9 



192. I'old the top point 
down. mcorporating thc 
ereaso shown. 



193. Petal-fold. Hring 
the two puinis upward 
togcther. 



194. Squash-foldflÜK 
lialf ot a petal fold). 





1 



) 



195. Pull oul a single 
layer of paper. 



196. Fold the point 
l»ack upward. 




197. Fold íi rabbit eai tliat 
stands struight out from the 
clock face. 




198. IVrspective 
view of stcp 197 



199. Crimp thc 
head downward. 




200. Slkk thc 
lower half of the 
hcak downwaid. 



201. Finished bird. Nów, 
wc will attach the clock 
face to the clock bodv. 
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202. Place the clock face ovei tfae 
openÍHg in Ihc body. Tuek rhe four tahs 
along llie sides imo the slots in thc 
clock iace and hook them ovcr the 
edge.s mside the clock face. This will 
lock Ihe I'mlv securely to the body. 




203. Push in the ?.¡de of Ihc lop 
poini :ind hook it around thc 
Lippi-rniosi leaf-ílap. hetween 
Ihe layers of the roof. The right 
side is sliowu complctcd. 




204. Tliis shows ihc cnlirc 
model thus far. Now. we will 
work on ihc dcer's head. 



205. Squash-fold tht* 
topof the licud. 
wrapping the excess 
paper around the 
thiekncxses helow the 
ears. Rcpcat hehind. 




206. Push in the back of 
the ear (which is quite 
thick) aml sliiihrly squash 
Bnd pcial-fold it, leavinr; 
it thiee diiiiciisiotiul. 
Repe&t behind. 




207. Fold a rahhir ear 
Irom thc top of the 
white flap (whicli svill 

become an anüer). 



ñ 




208. Mountain fold the 
pohn behind. 



Folding hftructíonf: Black Forcst Cuckoo Clock 
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20V. Told anothei 
nihhit ear. 




213. Repcat steps 
207-212 on theother 
anilcr. 





210. Mountaiii-lold ihe 
rahhit ear to thc rcar. 



211. Fold anoiher 
rabbit ear. 





214. Squash-íold each ot'the flups 
downwaid íthey will he the leaves). 
Off'sei each squush fold, so the leavcs 
alternate and ovcr lup each other. 




212. Pnsh io llie front ot 
the antler (at the left ) hy 
niukin>> a paniul rahhil 
ear. Al the same tnne. litt 
np the points in back (at 
thc right) and spread ihem 
out. They will lie Ihree- 
dimcnsional. 



215. Cfimpand swivel fold each 
leat'as you did in sLcps 1HO-I82. 




216. Finishcd Black Torest Cuckoo Clock. 
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Folding Instructíons 



African Elephant 



Chapter I 3: Folding Inslructions 
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African Elephant 





1. Bcv;in wilh a square, colored side 
up. Fold uiiü unfold along one 
diaeonal. 





2. Fold thc top comer to the boctom 

aod Ullfold. makiiii?, a smnll pinch 
along rhe let't sidc. 



3. Mukc a fold ihat connects the lower 
riglit comcr witfa the pinch you just 
made. make the crcase shnrp where 
ir crosses the diagonal aod untold. 
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4. Fold the U>|> r¡^h( pomt dovvn 
to tonch the crease intciscction 



5. Turn ihc paper over and rotate 6. Folü ihe (op cdgcs down to meet 
it I /8 tum. along the centerlinc of ihc papcr. 




7. VV'rup ihc corner ot'rhe paper 
hom back (o íront and tlatten 
symmetrically. 




13. Sink the corner on the 
crcuses vou jusi made 




11. Kepe.it on (lic lcfl. 




14. Open sink thc two 
edges on existiin: creuses. 




9. I old and untold 
throuoh a single layer. 





1 2. Fold and unl'old. 




15. Open-ftink thc (wo far 
edges in the same wuy. 



Folriing Insimciions: African Clcphant 
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16. Rcverec-fuld i licr 
cdgca undcrncath. 



17. Reverse-lold the next sct 
of edgea in thc samc way. 



18. l old and unfold 
thmugh the near layeo. 




19. Open sink the corners. 




20. Open sink the next paii 
of edees in the same way. 



21.Tum tliL' model ovcr 




22. Sc]imsh-tolcl the doubk- 
edge, pushinj: up from insiüc 
and llatteiiiii)¿ syiiiinetiically. 



2J. I uek ihe smiill 
whitc corner up 
in>ide. 




24. 1 'old one flap 
back to the lett. 



25. Repcat steps 
22 24 on the rieht 





26. Fold and unfold 
along angle bisectors 




27. Fold and unfold 
along four more angle 
hisectors. 




28. Tui ii thc pupct 
ovei. 




29. Fold thc bottom 
poiBt up ovcr all thc 
layeis. 
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30. Bting thiee layets in 
front of the trianuular 




tlap. 



31. Fokl the raw edges np 
along ■ crease aligned with 
the hidden raw edges. 



32. Fold down the side 
corncrs. 




34. Rcverse-fold tfae two 
while flaps up along cieases 
aligned with raw and toldcd 

edges. 




37. rhe hidden crcasc (vÍKÍble 
oti thc hack ^idc) hils the cdgc 
halfway between two ciease 
inteisections. 




40. Swivel-íold. nsing the 
existing creases. 




35. Rcveise-fold the two 
eoiners. 




38. l nlold. 




41. Swivel-fold again The 
vertical crease alreadv exists. 




33. Bring iwo whitc 
flaps in front of thc 
colored trianide. 




36. Pold die comer down. 
Look at thc next stcp Ibr ihc 
prccisc referenoe point. 




39. FoM thc corncr down 
ulong a crease that runs 
thmugh thc indicated crcasc 
intersection. 




42. Swivcl-fold onc final littie. 



Folding Instructionsr Aírican HepliHnl 
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ihould bc vertfcal and pmalld. 




4*J. Sink thc edyes on thc 
Cieaset you just made. 




50. Pull out u singks layer of 
paper partway on eueh side. 




51. Mountaiii-lbld thc cdtics 
undemeadi oo each ride. 
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52. There is a Miiall 
í'rchminary Fold at tlie lupol" 
the licad. Valley-fold thc near 
edges and mouncain-t'oUI the 
far edges. 




5J. Pleat a single luycr ncar 
the hottom and swing the two 
pcrints out to the sides. I latten 

firmly. 




54. ReveiSC-fold thc corncrs. 
Repeal on rhe far laycrs. 




55. Mountain fold the ucar 56. Mountain-fold two cd.ues 57. Mountaiii fold the poinl 

pomt as far down as possible. to rhe cenrer line. as fnr hehind as possihle. 




58. Sink the eorners of the 59. Reverse fold two corneiv «». Mountain fold two cdgcs. 

eurs a hit. | urn , hc p ; ,p erove , | U)1I1 lof , 

l<t hoilom. 



Foldnifj Imtructiom: African Clcphant 



543 




61. Fold onc flup as lar up to 
ihe right as possible. 




62. Vallcy-fold rhe flnp out to 
the sidc. 



63. Pull out some l(X)sc puper 





64. Sink thc point whilc 
squash-folding one of thc 
white lokkd t'ílges. 



65. Close up the flap. 






f»6. Narrow the lcg a bit w ith u 
vallcv fold. 



67. Repeat steps 61-66 on the 
righL 



68. Curvc thc body so that thc sidcs 
arc parallel and thc middle is L'- 
shaped, 
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69. Rotutc Ihc head dightty by adjusting 
the loiution oflhe villey íold whcre it 
joins the body. 



70. Crimp thc ncck just behind the ears 
Ithe pleats tuck undci thc eurs) ¿uid 
rotate the head downwaid. 




73. Fold the tips ot the hind teet 74. Crimp the trunk downward anrt sprcad 

undemeuth. Round the hclly anrt shape the layers al its üp. Shapc the legs wilh 

the backa of the legt. sligbt mounluin folds. Adjust thc overall 

position ot the limbs to u nutuial ouc. 




75. Finishcd Atrican F.lephant. 



Folding Instructions: Alrican Hcplunl 
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ox pleat ing is a spccializat ion of the circlc/river 
mel.hod of flap generat.ion and uniaxial bases, 
but it is also a way of extending them; it ullovvs 
one to easily combine two-dimcnsional ílaps and 
three-dimcnsionsJ objects in tho BStme tuudel. 




one can inix and match diílerent stylcs and techniques in the 
same inodel, using particular design clemenLs where they arc 
needed. Many— perhaps most — origami deoigafl are of this 
hyhrid typc. Circle packing techniques are powerful, but fo- 
cusing solcly on ílap generation can be limiting; there arc only 
so many Bubjects out there with 28 pairs of appendagcs. Nearly 
all of the tochniques I've shown so fa r are based on the concept 
of a uniaxial base, but theru are many potential origami sub- 
jccts that do not fít into the stick-figurc abstraction that is 
part and parcel of thc uniaxial base. 

When faced with a subject that does not flt into the 
uniaxial mold, rather than starting over irom scratch, one can 
often adapt clemenLs ofuniaxial bases and combine them with 
other folding techmques to form a hybrid base, one that pro- 
vides both a better representation of t.he chosen subject and a 
more visually interesting physicul structure. 

The question thcn arises: In a hybrid structure, for whrt. 
should we use circle packing and tree mcthods? All ol these 
techniques are good for generating flaps, particularly long, 
skinny oncs. A subject that is coraposcd primarily of long, 
skinny appcndages is a perfect candidate íbr a pure circle/river 
or box-pleated design. But then the counter-question also ariscs: 
For what should we NOT use circle packing? And thc answer 
is, anything that isn't approximated reasonably wcll by a stick 
figure. Most notably, large, llat. regions are not usually pro- 




duced by a circle-packed base, because the proccss of maxi- 
mizing the lcngth of a IImp oft.en minimizes its width. Aridi- 
tionally, largc, bulbous, three-riimensional shapes do not typi- 
cally arisc from eircle packing, first. because uniaxial bases 
lie Ilut by design, and second, becausc (again) t.he process of 
optimizing the lengt.h of flaps tends to cut down nn t.heir width. 
WiLh subjects that havc large, two-dimensional expanscs of 
surface, other techniqucs must be employed. Attempting to 
design such a subject using circle packing is akin to using a 
pair of pliers to pound nails: It. oan be done, but thc result.s are 
often unsatisfactory. 

However, cirele packing can havc a plaee in such a de 
sign, ií'you 086 it when its appropriate. ín a design that com 
bines large, flat expanscs with niany narrow flaps, you cao 
allocate polygons of papcr for the ílat regions and thcn tie them 
all together with regions of circle packing to gcncratc the re- 
qirired flaps. 

13.1. Flats and Flaps 

Herc is un example of this hybrid approaoh. Wbile circle pack 
ing is ideal for the design of insects and other arthropods (as 
you niight expect from the many art.hropodie cxamples I've 
shown), it does not work part.icularly well for a hutterfly or 
moth. In the mcmbers of t.he order Lepidoptcra, thc wings are 
t.he dominant structure in t.he model; indeed, for many years, 
the only origami but.terílies consistcd of wings only. phlfl, per- 
haps, a fcw crimps and/or blunt points to snggest. a body. Legs 
and antennae were not even considcrcd. 

Ah the new geometric design techniques were discovered 
during the early 1980s, however, several folders cast thcir cyc 
on the butterfly for its unique challenge: how to create largc 
wings, plus small body, legs, and antennac (and, in some cases. 
even faccted eyes anri proboscis!). Artist and archit.eet Pet.er 
Engcl devised t.he first (and still perhaps Üie best. in terms of 
its usage of the paper»; by thc cnd of the 20 Ul century, several 
other í'olriers, including myself, had followed in his path. 

The problem of combining large flat wings with small legs 
and features providcs a nice cíiallenge. Both butterflies and 
moths havc four large wings, but since thc forc anri hind wings 
inevitably ovcrlap, one always has the choicc of representing 
the pair by one or two riistinct panels of paper. 

The observation that all four of a butterfly's wingfl are 
roughly triarigular suggests one approach: Create each wing 
flap írom a folded-in-half square region, as showm in Figure 
13.1. We will allocate four such squares (one for each wing^ at 




I / 

V 

Figure 13.1. 

The four wings of a bullerfly are roughly triuiiKular; each can be 
foldcd froni h square rcgion of paper. 

each of the follf corners of the squure hh in Figure 13.2. The 
rest of the paper betwecn the four wing flaps is thcn available 
to create head, thorax, abdomen, antennae, and legs. 




Now, having assigned the four corncrs region.s tu becomc 
wings, what to do with the rest of thc paper. We will nced flaDs. 
of course; but juwt as important: We need gaps. The four tnan 
gular WÍngB of a butterfly are jomed to each other only at the 
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eorners ncarcst thc body; therefore, vve need to intrnduce gaps 
bctwecn thc lett and right wings (and, if we want separatc 
forc and aft wings, betweon t.hose pairs as well). 

We saw hovv to introduce gaps back when we werc split 
tíng points in ChapLer 6; we added a strip graft bctween the 
regkms that oeodod a gap. The width of thc strip was twice 
the depth of t.he gap. We can do that hcrc using thc unaasigned 
paper for the graft. In Figure 13.3, IVe added diagonal ereases 
that delineate the gap. IVc also added half-circles. which do 
the same. A gap can bc considered to be two half-flaps, joincd 
at their base; conscquently, we ean use portions of circles (and 
portions of moleeular crease patterns) to construct the gaps u 
well as the flaps. 



Figure 13.3. 

BeLween adjacent. pairs of 
wings, we inLrodine gape ( pairs 
of halí-poinU ). The paper 
required to Ibrm the gaps i.s 
indirated hy the hali' eirclea. 




ln ihís inodeK TVe made the gaps two thirds of thc lcngth 
of the side of the wing triangles. Itii possible, of coursc, to ex- 
tend the gaps all the way to thc tips of the wing triangles, but 
iT I extend it only partway, then 1 can use the cornern ofthe 
wing triangles in a diflbrent way, as (bur puints of the cluster 
of points forming body, legs, and antennae. 

Thc hcad, legs. and abdomen all emanatc from the same 
point. To a reasonable approximation, thc antcnnac can also 
bc trcated as emanat.ing from the same location, which mcans 
that all I en flaps— two antennac, six legs, abdomen and head - 
ean be representcd by a simple circle pecking. But vve will now 
require that the circlcs not just flt intu the square, but that 
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Lhey not intrude into thc wing regions at least, nol beyond 
the circles Lhat. delineate the gaps. 

A bit of manipulation reveals that nine cireles fit neatly 
into the apace available, as shown ín Figure 13.4. Unfortu- 
nately, that's one circle loo few. Thc obvious next stcp is to 
roduee the circles and rearrange thcm to add a tenth circle. 
But. the nine-circle packing is so elcgant, it would bc nice to 
find a way to make use of it. Rather Lhan rearranging, we can 
jeLtison onc flap; a separatc flap for the head isn't rcally needed 
if we use Lhe presence of the two antennac flaps to suggest a 
hcad. This means that a ííiihI packing of circles for the ap- 
pendages and thc square íacets for thc wings can be solidifíed 
asshown in Figure 13.4. 



/ 



/ 




Figurc 13.4. 

Circle packing fbr LmtLeríly with 
flal. regions allocated for thc 
wíoks. 



In this packing, all of the axial crcases are orthogonal. 
which suggcsts that a box-pleated creasc pattem is possible, 
and indccd it is. We have a choice of how inany divisions to use 
in thc box-pleated sections. In the puhlished version of this 
model, 1 chose to use 12, as shown in Figure 13.5 in the creasc 
pattern, base, and folded model. 

The same packing and arrangement of flaps can also be 
tbmVd using more division», which givc narrower flaps. You 
might enjoy thc challenge of working out what. the erease pat- 
tern (and folded result) would be using 20 divisions, rather 
than 12, in the box-pleated portion. 

Note that our nine flaps would ideally come in thc form of 
four syiiunetric pairs of flaps for legs and antermae, plus a single 
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Fígure 13.5. 

Crease pat.tem, base, and í'ulded model of t.he Rutterfly. 

flap on the line of symmetry for the thorax. In this pattern, 
three oftlie ílaps fall on thc line of'symnietry, which mcans that 
Lwo of them have to bc manipulated to lie side-by side in the 
folded model. Fortunately, the layers allow this rearrangemcnL. 

In retrospcct, creating í'our separate flaps for the wings 
was probably representational overkill. Thc hazarrl of attempt- 
ing to crcatc Loo much in the way of appendages is t.hat inevi- 
tably, some other aspect of the model is coinpromtsed. It does 
no good artistically to gct thc point count correct. if thc rcsult 
is misshapen, clunky, or lifclcss. In subsequent butterfly de- 
tógna, I have gone back to representi ng both fore and aft wings 
hy | singlc flap. Even wit.h t.hat simplification, the case can 
still be argued that adding legs is an aesthetic mistake. Be- 
causc they are almost never as thin as a real buLLerflys legs 
(which are almost impossible to scc without an extreme close- 
up or sLill photo), explicitly created Jegs are frequently more of 
a disLraction than an cnhancemenL Lo Lhe modcl. But perhaps 
t.his is not an inhcrcnt limital áon of the subject, mcrcly a state- 
ment that an accuratcJy representational, yet artistically grace- 
fal, buttcrfly origaini llgure has yet to be designed. Perhnps 
by applying soine of t.he techniqucs I've outJined here, yours 
could bo the fí rst . 

Yef another example of aliocating extra paper to widen 
flaps is illustrated in the Dragoníly design in Figure 13.6. The 
consLruction of thc abdomen and legs is classic circle packing. 
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However, by adchng a rertangul ar segrnent into the middlc of 
each of tho four w¡ ng flaps, wc create extra papcr that allows a 
uniform width to the wings along their length. Can you find 
thc added paper in the creasc pattern? 




Figure 13.6. 

Crcasc puttern, base, and folded model of the Dragonfly. 

13.2. Multiaxial Bases 

One oi t.he biggcst misniatcfies between techniquc und subject 
i faat arises in thc use of uniaxiaJ bascs is that multillapped bascs 
tend to be skuiny, while rnany subjects have parts that are thick 
and chunky. In parliciilar. many animals have relatively stout 
bodics and hindquarters rclativc to their limhs: mice and squir- 
rcls, hippos and elephants. A purely uniaxial base, whilc pos- 
scssing flaps for all of thc major appendages, may not provide 
enuugh width in the flaps thut are used for the body. Further- 
more, fhe very cfficiency tiiat makes circle-packed bascs so de- 
sirable usually means that there isn't much, if any, excess pa- 
per availablc to pull out to widen thc dcsired flap. 

Another prohlem is a bit more subtle. If we create an ani- 
mal subject froin a uniaxial base that íf represented in side 
vicw as opposed to plan vicw, we will typically fold thc leg 
flaps out to the sides, thcn fold the model in half, as, for ex- 
ample, was done with thc Bull Moose in the prcvious chapter. 

When wc fold a uniaxial f)ase in half, the fold line OOCUTB 
on the axis of the hase, and this naturally beconies t he back 
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of't.he aiiirnal. The leg flaps extend duwnward from t.he axis, 
as in Fiffure 13.7. This means rhat the legs nced to br&verae 
the entire height of the body before they extend beyond it, 
and the portion of the ílap that extcnds beyond the body is 
shorter than thc original flap. In cñcct, a portion of the hard 
won flap length gets used up inside thc body, where it serves 
no uscful purpose. 




1. Slail wiih a r-ro.p Hase 
Reveisc-fold thc near pair 
Of pointsup and outward. 



2. Reversc-íold the 
irmaining two tlaps out to 

the sidcs. 




3. Mountain-lold thc 
model in hall and KNaftj 
1/4 turn i 



4. Ftntshcd basic animal 
fom. Notc how much of 
Ihc lcg tlap ts lost insidc 
the modcl. 



Figure 13.7. 

Folding sequence for a basic aiiiuial. Since thc axis ruiia nlori{; t.he 
spinc, portiona of the lcg lcngth are lost insidr- t.hc niodel running 
from the spinc down to the point whcrc tliey emerge. 



Tho wider the body rcgion, tlie greater thc fraction of 
the lcg flaps that. gcts consunicd. Obviously, wc could reduce 
the waste by narrowing thc body, but if we nccd a particular 
body widt.h. that option is not available. To compensate, 
the leg flaps must be lengthened in the original design, 
which ends up rcducing the relativc size of everything else, 
and making the overall model lcss ofricieiit than it needs 
to bc. 

Ideally, the leg flaps wouldn'L emanatc from the spine of 
thc subject. This goal can be realized in scvcral ways, by re- 
organi/ing the model so that the axis is no longer along thc 
spine, or by moving away f'rom uniaxial bases entirely. Sev- 
eral artists, notably John Montroll, have over the past f'ew 
decades deviscd numerous clevcr alternatives to uniaxial 
hases that sidestep this problem with retnarkable efficiency. 
Onc approach used by many artists is a natural outgrowth of 
two of the concepts I havc described in this book, grafting 
and uniaxial bases. As wc did with the Butterfly examplc, we 
coinbine portions of uniaxial hases with folded structurei that 



526 



ürigami Oesign Secrets 



provide the portions of the subject that don't fit neatly into 
the uniaxial mold. 

ln the casc of a vertebrate animal, we can creatc a large 
flat jxjlygon for the wide body of the animal and pack pieces of 
uniaxial bascs around it to crcate flaps for thc appendages; in- 
stead of distributing those flaps along t.he centerline ofthe poly 
gon as in a uniaxial base, we i:an distribute them around thc 
periphery, t.hus reducing or eliminating the wide-lx>dy penalty. 

The simplest way of accomplishing this would be to cut 
the ba.se along some uxial creases and insert. a sLrip graft, as 
we did in chapter 6, bul. instead of pleating the strip and turn- 
ing it into more pointd, we lcave it relaLively unfolded. Figure 
13.8 illustratea t.he surgical process performed on the Frog Base 
of Figurc 13.7. 




I I 




1 1 




1 
















1 






J I 


L 




tbraFmg R¡ih- Wc cut it 
down thr ccnter ... 



2. ... and ínsen a sirip. 



two uxcs. 




4. Extcnd CftWIM across 
tfH sirip ;ind told n into a 



3. Construct a modifird 
Frog Base íusing c.irrle 
nvcr packin^ i in thc pap 
strip 




5. fhe resultin>i ba&c is no 
kmgor uniaxial. 



Figure 13.8. 

Cnnstructiuu uf a mult.iaxial base. 
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By inserting thc Btríp, we have created two axcs within 
the base; it ia now mulliaxiaf. Ry using thc inscrted strip Ibr 
the body, we can ul.il i/.e riearly the full lcngth of the leg Qapfl 
by narrowing t.he uniaxial portions, whilc thc central strip re- 
taiüfl ir.s full width, as shown in Figure 13.9. 




6. Sink the edgcs in und out 7. Reverse-told rhc flaps 8. Observe that vcry hrtle 

to narrow them. out to thc sides. of the horizoiital flup is now 

hidden inside the model. 

Figure 1 3.9. 

Narrowing the edges that would conceal t.he. leg flaps still lcavcs 
pap«r availahle for a widc body. 

The example in Figure 13.9 ís a bit ccmtrived to illustrate 
t.he principle. But you can use this technique in many ways, 
varying the vvidth of thc inserted strip relative to thc paper 
remaining to vary thc ratio of body width to flap length whilc 
still prcserving eílíciency. 

l3.3.GraftedKite Base 

The region that you insert does not huve to he a rectangnlar 
strip, of coursc. Far from it: One of the most versatilc tcch- 
niques for creating animnl forms, used in designs by numcr- 
ous artists, inscrts a Kite Base <or modifícation thercofi into 
thc corner of a square. Or, viewed another way, it consisLs of a 
strip graft added to two sidcs of a Kite Base, similar to thc 
strip graft that created thc KNL Dragon in Chapter 6 Rut 
now, rather than simply using the etrip tu create small fea 
tures at. the corners of thc modcl, the strip is made wide enough 
that, when fíllcd with flap-creating molecules, it contribut«s a 
collection of flaps around t.he periphery of thc triangle that 
makes up thc silhouette of the Kite Basc. This addcd material 
thcreby produces much of the overall structurc of thc model. 
Bctter yet, it is highly variablc: By varying the width of thc 
grafted strip, you can add morc or fewer flaps, rnake them 
larger or smaller, and crcatc a remarkable variety of flat and 
t hree-dimcnsional fauna. I call t.he family of structures the 
graftcd Kite Base. 
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The concept of the grafted Kite Basc is illustrated in Fig- 
ure 13.10. The basic structural form is thc Kite Rase, whose 
crease pattern is cmbedded in the square. Tlie central triangle 
of the Kitc Basc will be preservcd in the íinal model, giving a 
large, flat rcgion frorn which to form the body. Instcad of run- 
ning the axis of the model down thc center of the squarc, we 
can treat the perimeter of the preserved triangle as consisting 
of axis; we then use conventional techniques, such as circle/ 
river packing, to create flaps from the region outside the pre- 
served t.riangle. 




Figure 13.10. 

Left: Kite Rase. 

Middle: crease pattern f'or thc Kite Rane. 

Kight: Kite Base emhedded within a lurKcr aquare. 

Not all of the theory carries ovcr; the molecular crease 
patterns we constructed were bascd on the assumptíon Lhat 
all axial creases wind up collinear in the folded model. This 
will assuredly noL he the casc if we keep the colored triangle 
from folding flat. Howevcr, we can still use circles to allocatc 
paper t.o t.he flaps that will lie along the creases. 

We can also incorporute ¡)ort.ions of the colored trianglcs 
into flaps, by allowing our circles to partially overlap the tri- 
angle; howevcr, these flaps will not bc axial flaps. That may 
not be a problcm; in f'act, it may bc quitc desirable. Thus, for 
cxample, in the Rabhit. shown in Figure 13.11, the two bottom 
corncrs of the einherlded triangle becoine the rear legs of the 
animal. Ohviously, they arc not axial ílaps, but for this figure, 
axial flaps would not bc very useful as the rear legs. On the 
otlier hand, axial flaps work very well for the head and ears, 
and the four circlc-packing— and thc crcasc pattcrn that rc- 
sults— should, by now, be very familiar to you. 

The ratio between the size of thc cmbedded Kitc Basc and 
thc original square is a design variable Lhat changtís continu- 
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Figure 13.1 I. 

Crease pattern, base, nnd foldcd modeJ uf the Rabbit. 



ously (which is why the grafted Kite Base is a family of hasey, 
rather than a single base). The smaller thc Kitc Ba.se » relRtive 
to the full sqoare, the morc paper is availahle for ot.her flaps. 
Thu.s in Figure 13.12, whcrc I have drawn three different sizes. 
you can see that in the image on the lefl, the four circles at the 
l.op nf the square (and thus their cnrrespondinp flaps in thc base) 
are relativcly small compared lo t.he lower flaps; compare circles 
A, B, and C in Figure 1 8. 12. Reducing the Kitc Basc rclativc to 
the largcr square allow.s the four typc A flaps to cnlarge, as you 
can see in tho progretfsion in the figure. 




Figurc 13.12. 

Tlue^ different ratio cmbcddings of tfo *í™fted Kitfl Batt. 
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VVhat. is less obvious hut also a consideration is thc lcngth 
ofthe gap between cirde pairs A-B and R-C. In thc fírst two 
patterns, the B-C circles are touching, indicating that their 
corresponding flaps are joined at their base. Conversely, in the 
last pattern, circles A and B arc touching with a gap hetween 
B and C, which rneans that flaps A and B arc joined at their 
base. By adjusLing thc size of Lhe Kite Base cmbedded within 
thc square and manipulating Lhe circlcs that allocate papcr 
for flaps, you can adjust not only the lcngth of Lhe flaps, but 
also their topology. 

You can also grail other shapes into squares in a similar 
way. The dcsign shown in Figure 13.13, for example, grafts 
the diamond of a Fish Basc into a square. 




Figure 13.13. 

Crease pattern, base, and folded OMXM of the Mouse. 



Tn all of thc grafted Kite Basc cxamples, the top point of 
the Kite Base bccomes a relatively thick rniddle flap. In thc 
previous two models, t.his middlc flap ends up unused, sunkcn 
down into the model. Rut it would also be possible to usc it for 
features, for example, by point-spliLLing, as wc will see shortly. 

Onc of the üiings you should always do when you learn a 
new tcchnique is to ask: How can Lhis bc gcnerali/ed? In the 
grafted Kite Base, an obvious generalization is to vary the size 
of the Kite Basc relative to that of thc bounding square. An- 
other generalization, perhaps less obvious, but equally power- 
lul, is to vary thc upex angle of the Kite Base. Different angles 
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give a ditTerent OBpect ratiu Lo the einbedded triangle. Per- 
haps more int.erest.ing, other angles allow crease pat.t.erns with 
different symrnetries. You might fínd it interesting to explore 
thc possibilities of some of these other angles; an apex angle of 
60*, in partieular, oñers several fruitful possibilities. 

1 3.4. Míxing and Matching 

Throughoul thifl lx>ok, I have chosen exarnples t.hat were pure 
illustrations of" t.he various mathematical design t.echniques. 
The real world of design, however, is rarely so pure. More of- 
ten than not, an origami design is best served by employing a 
mixture of tcchniques: box plcating herc, circlc packing there, 
grafting, molecules, point-splitting, pleated textures — and oth- 
ers beyond the ones shown here. 

The varinns desi¿»'n terhniqoes are, at the end, Lools; and 
just as a paint.er may nse nn assortment. of brushes and pig- 
ment.s t.o realize his design, the origami artist can employ a 
variety of design techniques within the same modcl to realize 
a single unified vision of the subject. 

This last design brings together several of thc dcsign tcch 
niqucs I have shown. As in the Rabbit and Mouse in this chap- 
tcr, 1 use the grafted Kit.e Base to embed a large t riangle int.o 
the crease pattern, frnm which the massive hindqoarters come; 
I emplny pnint. splitting t.n turn t.he large middle flap into a 




figure 1 3.14. 

Crcasc pattem, base, and Iblded model uf the African Elephant. 
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forehead and tlapping ears; 1 use eircle packing to specify the 
creases in the forelegs, trunk, and elsewhere; and even hear- 
kcrung back to the first designs in the book, I make u.se of the 
various elephant hcad designs from Chapter 2. The result is, 
nfcnur.se, yet another elephant. From thc simplest to thc com- 
plex, the African Elcphunt spans the spcctrum of origami tcch- 
nique, and scrves as a fitting final exainple for our foray into 
origami dcsign. 

13.5. Wrapping It Up 

Dming the great westward migration of the mid-19»' century, a 
saying arose among the American pioneers who werc setting 
out on the Oregon Trail: "I am going to see the elephant." The 
elephant was a metaphor for all oí'their goals, their hopcs, their 
dreams, their aspirations. They did not set out unequipped; they 
brought with them the tools with which to make a new life, 
break new ground, and wiLh luck, make thcir fortune. 

Despite its antiquity, the art of origami is still in its pio- 
neering days. The practice of new crcation began within the 
last century, via thfl works of Yoshizawa, Uchiyama, and 
Unamuno, thcn .spread around thc worlrl ■ r i its own westward 
expansion. It was led by names that have hecome legendary in 
ongami: Oppeiúieimer, Ilarbin, Randlett, Solorzano Sagredo, 
Montoya, Rohm, Elias, Crawford, Cerceda, and othcrs too nu- 
merou.s to mention. The carly pioneers of origami crcation had 
little more than a handíül of traditional designs and their own 
inluition to guide them But as thc art and the knowledge 
spread, a collection of lore and techniquc has arisen, akin to 
the blazing of the westward trails. 

WTiat I have attempted to provide in this book is a collec 
tion of tools to help you on your way down the path of origami 
design. These tools, like any others, are only useful with the 
knowledge of how to wield them. And they becomc morc useful 
with practice. You can apjily the concepts I've shown hy 
«U constructing the things you see. If you fold a clever or ap- 
pealing model, pull tt apart, examinc thc crease pattern, look 
for signs of structure. What paper goes into the flaps? Ts there 
an axis? Are there multiple axes? Are soine creases more im- 
portant than others? 

Just as tools become more useful with practice, as thcy 
become more widely used, they get improved, extended, and 
even replaced. I have no doubts that thc mathematical meth- 
ods of origami design tliat once seemcd strangely foreign— 
splittmg, grañing, tiles, circles, rivcrs, square packing and 
trecs— will eventually be augmented, if not supersedeíi, hy 
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raore powcrful and morc general techuiques. We now look upon 
the origanii dcsigners of l.he 1950s and 196üs as the pioneers, 
but we may find in tlie lut.ure that the entirc 2ü ül century ifl 
seen as the era ofurigami pionccrs as new and wondrous cre- 
ations arise t.hrough the use of thcsc new techniques. 

Whfle the early American pionccrs hlazed the trails, the 
next. wHve turncd them into roads using hetter equipment and 
the knowledge of what was possible. Bach wavc of origami de- 
signers takes the art to new heights, creating not just niore 
complex structures, but ut.ilizing the inhercnt capabilities of 
thc folded paper in new and unexpected ways. In this work, I 
havc iocused on a fairly narrow sct of concepts, tied tngether 
hy the common theme of obtaining a hase with a specifíed con- 
íígurat.ion of flaps in a controiled way. Rut new designs go far 
beyond this narrow concept; sorne — snrh as the intncatc geo- 
metric patterns of Chris Palmer, the curved and swirling masks 
of Eric Joisel, and the organic crumpled forms of Vinrent 
Floderer — redefinc the houndaries of ongami itsclf. 

Each journey into origami design is personal and origi- 
nal. It is my hope that the mathcmatical ideas in this book- 
thc tools, geometry, structures, and cquations — will help you 
on your own journey into dcsign. At the very least, they pcr 
haps oííer a new way to look at origami, a way of looking bc- 
yond the final appearance, beyond the linear folding scquence, 
to understand thc structure, it.s constituent elcmcnts, the build- 
ing blocks of folding. 

To thc Cahfornia Forty-Niners, "sceing the elephant" was 
thcir grand, glorious goal. Thosc who wcre ill-equipped or un- 
lucky.wcre tumed back, saying that they had seen no more 
than the elephants tracks or tail. On your origami journey, 
the tools of systematic dcsign can equip you to overcome the 
challenges posed by any origami subject and bring you succcss 
in your own qucst to see the elephant. 
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Algorithms 




14.1. Mathematical Model 




jjj optimization, a fcype of problem that has been 

A thoroughly studied by t.he computer science 
couununity and for which i.here are many known algorithms 
for solution. 

The kcy quantity here is efficiency; the goal is to make 
the most cfficient model (i.e., largcst in proportion to Lhe start- 
íng papcr). The quantity to maximizc ís therefore the scale, 
which is the size of a one-unit flap compared to the si/.e of the 
square. There are two families of construints that must be sat- 
ísfied for any valid crcasc pattern: 

• The coordinat.es of every vcrtcx must lie witiiin the 
square. 

• The scparation hetween any two vcrticcs on the 
square uiust be at least as largc as thc scaled lenglh 
of the path between their corresponding two nodes 
as measureíl along thc trcc. 

If therc arc A r leaf nodes in a figure, thc first condition 
sets 4A r linear ¡nequality constraints whilc the second sets 
AfUV 1 )/2 quadratic inequality constraints on the 2i\ vertex 
coordinates. In addition to these constraints, the designer cun 
set a iiumber of othcr constraints to enforce various symme- 
tries in the model: 

• A vertex can have íts position set to a fixed value. 




• A vertex can be coristrained to lie on a line of bilat- 
eral symmetry. 

• Two vertices ran be constraíned to lie symmetri- 
cally about B line of symmetry. 

• Three vertices can be conatrained to be collineax, 

• An edge can bc constrained to a fixed length. 

• Twq edgea can be conatrained to havc thc samc 
tlistortion (strain). 

• A path ean be forced to be active. 

• A path can havc its angle set to a fíxed value. 

• A patfa can have its angle quantized to a multiplc 
of a given angle. 

Thc problcm is solved hy eonverting Üie path conditions 
of the tree theoren) and nll const.raints into mathematical equa- 
tions, speciíically, a oonetrained nonlinear optimization. This 
BOCtÍOIl enuinerat.es the equations that definc cach typc of 
optimization. 

14.2. Definitions and Notation 

Dctinc u to be the set. of all vector-valued vertex coordinates 
u, ÍC /' , where /" is a set of vertex indices: / " ~{1 .. n n }. 
Each verte.x u baa coordinate variablea u and u . 

Define E to be the set of all edges c . , / e V wherc I * is a 
set of edge indices /' = {1 . . . /i r } . Each cdgc contains exactly 
two nodes n^n^ e e k . Each edge has a lcngth and a l'ractional 
distortion, callcd strain, (T,. 

Each vertex u ., corresponds one-to-one with the node rc. 

Define U' to be the set of leaf vertiees, which are those 
vertices t.hat. correspond to a node connected to exactlv one 
edge. Define l m to be thc sct of lcaf nodc indices. Clearly, 

i/'qu and r^r 

Defíne P to bc thc set of all paths, P., ije I", 
Each path is identified by the indices of the nodes at each end 
of thc path. Each path has a length, L, which is given hy thc 
sum of the st.rained lengths of the edges in the path; that ia, 
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Deñnc P' to be t.he set of Itafpaths, whk-h arc thoso pat.hs 
that connect Lwo leaf nodcs. 

Defíne m to be thc overall scaie of thc trce. 

Deflne w\ /i to bc the widlh and hcight of the paper. The 
paper is a rectangle whose lower left corncr is the origiri (0,0) 
and whose uppcr right eorner is the point (ip, h). 

14.3. Scale Optimization 

The most basic optimization is the optimization of the posi- 
tions of all leaf verticcs and the overall scale of the design. 
This ¡fl equivalent to solving the problem: 

miniinize (-m) over {m, u g U' } s.t.: ( 14-2) 
0 < u ia < W for all u ( £Í7' (14 3) 

0<m, v <h forall u,fí/' (14-^) 

forall p^l* (14-5) 



14.4. Edge Optimization 

Edge optimization is used to selectively lengthen flaps by the 
same relative amount to fill out a creasc pattern. The scale m 
is fixed, and a subset of the edges E 1 is suhjected to the same 
variable strain a Asubset of the leaf vcrtices U* is allowed to 
move. Thc edge optimizer solvcs the prublem: 

minimize(-<7)over {tf\u, «= í/ f }s.t. (14-6) 

0 < n u £ w ibr ull ( 14-7) 

i)<u !V <h forallu <=U' (14-8) 



m 



for all f P.' (H-9) 

Equation U4-9) can be broken into a fixcd part and a 
variable part: 
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«•£[»*]+ g m Xi/j+w Xm+g, ^i-y 1 "'., -u,j 1 h*,.,-u i .,) ! <o. (]4 _ 10) 




fimá n*á fixrd 



Note, however, that the last term may or may not be a 
mixture of fixed Hnd variable parts depcnding upoi) which ver- 
tices are moving. 

14.5. Strain Optimization 

iStrain optimization ia naed t.o distort the edges of the tree rnini- 
mally in ordcr to impose other global constraints, e.g., syrnme- 
try, particular anglee, etc, on thc overall crease pattera. As 
with edge optimization, the overall scale is fíxed, but in this 
case, raLher than maximizing the same strnin for all affected 
edges, Lhe strain optimization should rninimizc the RMS strain 
for ñ Inrge set of edgcs with each edge potentially having a 
diíTerent strain. As with tho erlge optirnization, therc is a sct 
of strainablc edgesrV'and h set of moving vertices V\ The 
strain optimizer solves the prohlem: 



minimizc £V/ over {<?„ r u , e £/'} s.t. (14-11) 
ü<w. r <w forall b^C/ 1 (14-12) 



0<u iy <h forall u,6t T 



(14-13) 



M* 1 



-<J(»,*-*jJ +(«,-., -«;..)' <0. forall p„c/*. (14-14) 



Equation (14-14) can also bc brokcn into fixed and vari 
able pai*ts: 



2* «¿ 

vmiahfe fhed 



I fW 



Juxdo/ ■vanabíe 



v 
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14.6. Optional Conditions 

ln addilion Lo Lhe conditions sperified above, whieh are always 
required to be satisfied, one will commonly impose additional 
conditions on thc crcase patLern that arc typieally strict cquali- 
ties. These additional conditions arc placed to enforce various 
symmetrics, cither .symmetrics of the subject (that thc model 
is bilatcrally syuimetric) or symmetries of the crcase pat tern 
(that major crease», i.e., activc pnths, lie at fixed angles). These 
conditions are easily incorporated into the nonlinear con- 
sLrained optimization machinery as additional equality con 
strainLs. Several conditions and rclatcd equations commonly 
implemented in troe theory are listcd below 

1. Vcrtcx position fíxed. 

A vertex u, that has one or both of its coordinates fixed to a 
point a must satisfy one or both of'the equaLions 

u i.r-a lx -0, (14-16) 
"°- (14-17) 

2. Vertex fixed to corner of paper, 

A vertex u, that is constrained to lic on a corner of the papcr 
must satisfy boLh equations 

Kx-h')-w,,=Ü, (14-18) 

K,-/0 =0. (14-19) 

3. Vertex fixed to edge of paper. 

A vcrtex u, that is lixed to lie on the cdge of the paper must 
satisry the equaLion 

K, w)-u u <(u tv -h)u, v -0. (14-20) 

4. Vcrtcx fixed to line. 

A vertex u, that i.s mnstrained to lic on a line Uirough point a 
running at angle fx, such as a line of symmetry, must satisfy 
thc cquation 

(u, r -aj cos a - (u i v - u v ) sin a - 0 . (14-21) 
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5. Two vcrticcs paired about a line. 

Two vertices u and u f that are con.strained Lo be mirror sym- 
metric about a lino through po¡ nt a running at anglc ot, such 
as a linc of symmetry, must satisfy the t^vo equations 

(",, -mjjcma-iftj -u j x )üua = 0 (14-22) 
(u Lx +Hj, x -2a I Á )sin a-(u, v +u Jy -2a f v )cosar = 0 . (14-23) 

6. Thrce vcrtiees rnllinear. 

Three vcrtices u, , u , , and u A that are constraincd to be col- 
linear must satisfy Lhe equation 

<«,>-«,.>)<"*, -«/.,)-(«*,. H M )-0. (14 24) 

7. Edgc lcnffth fixed 

An edge e k whosc lcngth ifl fixed must have its strain satisfy 
rhe equation 

cr,=0. (14-25) 

8. Edgcs sanie strain. 

Twuedges e t and c, that have the same strain must satisfy 
Üie equation 

CT; <7 4 =0. (14-26) 

f). Path active. 

A path p it hetwecn two vertices u, and u ,that is constrained 
to be active must satisfy the equation 

»Zl(i + «i>'J /(«,. ~"J + (",,-«,, n4 - 27 ' 

10. Path arigle fixed. 

A path , between two vertices U, and u , that is constrained 
to lic at an angle a must satisfy the equation 

<m, , ^ x )cos £?-(//,,- « ia ) sin a = 0 . < 14-28 1 
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11. Puth angle quantized. 

A path p t . bctwcen two vertices u ( and u , that is constrained 
to lic at an angle of the form a k =a 0 +k ¿kx where 

N 

rnust satisfy the equation 



? 4 \K-*m? m 



nk-"/,) a k - (u, v - u , v ) co6 a k ] 

4 0 



= 0. <14 29) 



This function has the property that ít goes to zcro whcn 
thc path is quantized, goes to ±1 in betwccn quantized paths, 
and has no gradient component in thc direction of shortening 
the path (whicfa can cause problems when there are many BUCD 
constraints). However, the code for tlie gradient of this func- 
tíon is rather complicated. 



14.7. Stubs 

A siub is a leaf node and edgc addcd to the tree — usually ema- 
nating frorn the middle of an existing edgc — such that the uew 
leaf node creates exactly four activc paths to other nodes in 
the tree. 

When a stub is added inside of an exist.ing AT-sided poly- 
gon it breaks thc polygon into i'our riew polygons that all have 
fewer than N sides. Thus, hy addition of stubs, high-order poly 
gons are converted to lower-order polygons, until eventually 
all polygons in the crease patterns arc trianglcs and can be 
filled with rabbit-ear molecules. This process is called trian- 
gulation of a crease pattern. By rcpcatedly adding stubs, any 
crease pattern can be fully triangulated. 

I introducc a few more deíínitions: 

A polygon Q is deflned by a set of leaf vertices U* 2 that 
form thc vcrticcs of the polygun and a set of leaf paths P Q , 
which are all paths that. span U Q . 

Deline the set of vertices U° and cdges E Q as all verti- 
ces and edges whose nodes are containcd within one or more 
ofthe paths P Q ; U Q aná E Q constitute the xuhtrev of polygon 
Q Define U' Q as the vertices in U Q í\ml are also leaf vertices, 
i.e.,U ,Q ^U Q nU m . 

Lct be an edge of the subtree with u the vertex at 
onc cnd of t , and the u h vertex at the other end. 



Chapter 14: Algorithms 



553 



In gcneral, for every edge e a) . and sct offonr distinct ver 
tices u. , u Jt U| , u, , t.here is a stub that tenninates on a new 
vertex u„, ; the stub is defincd by four quantities: 

• Thc vertex conrdinates 'V-.and U m % ; 

• The distancc d m from node u at which the new 
stub emanatcs from edge e ah ; 

• The length l m ofthencwstuh. 

These four variables are íbund by solving the fbur simul- 
taneous equalitics 



m\ X^ í + i 



-VV,,-«,.J^(»,,-/Vv) 7 =0 (14 30) 



for each of the Ibur vertices o f , u ., u, , u, . Although a solu 
tion can potent.ially be found for any four vertues, not all are 
valid; the only valid combinations of vertices u , u . u u 
and edges are those for which (a) the four verticcs are dis- 
tinct, and ÜW both signs of d tn are represented among the four 
equations. In addition, solutions for <f that are negative or 
greater than thc icngth of e ah are nonphysical and must be 
discarded. 

Note that for these equations to be used hs written above. 
there can be no unrelieved strain in the syst.em. Thcy can 
clearly bc modifled to include strain. 



14.8. Universal Molecule 

The umversal molecule is a crease pattern that is constructcd 
by a series of repeated reductions of polygons. The construc- 
tion is carried out by insetting the polygons and constructing 
rcduced paths and fracturing the resulting nctwork into still 
smaller polygons of lowcr order. As with triangulation, the pro- 
cess is guaranteed to tcrminate. 

We use the sanie polygon definitions u were used in the 
description of stuhs. In addition: 

Assumc the vert.iees u c U° are ordered by their index, 
i.e., the A'-sided polygon contains the indices u,,u,,...u 
ordered as you travel clockwise around t.he polygon. Construct 
thc following: 

a is half of thc interior angle at vcrtex u, . We dellne the 
quantity C, 3 cota,. 
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Dcfine /? w as the operator that. rotates a vector clockwise 
by 90° , i.e., o (u M , u f ) * («, -w x ) . 

üellne /V as thc operator that normalizes a vcctor, ¡.e., 

"°"*íÜí- (H-3D 

r. is the scaled bisector of the angle fbrmed at u, , point 
mg toward the interior of thc polygon witli magnitude csca . 
Thc vcctor r, as well as g t can be constructed according to the 
following prescription: 

r^Vc(r, r r,), (14-32) 
r'-Vo(r, +1 -r,), (14-33) 
r^No/^o(r*-r'), í 14-34) 

' r'k u r'] (14-35) 
fi"íV. (14-36) 

The inset distance h is the largcst valuc such that 

1. For every path p 9 of length between nonadjacent 
vcrtices u, and ñ Jt 



^íw, f /ir r ) J +(w v +/i/;)- <m[/ (> -Afc+f))]. (14-37) 

2. Forevery path bctween adjacent . vertices u, and u Jt 

. (14-38) 

u r 

wliere 

U = u, -u r (14-39) 

r = r.-r. (14-40) 



Although this problem is also a nonlincar constrained op- 
timization, sincc there is only one variablc and the numher of 
paths is typically sniall, it can be solvcd directly by simply 
solving for each equality for all possiblc paths p x} and taking 
thc smallesl positive real value of h found. The second rela- 
tion, Kquation (14-38), gives the value for h by replacing the 
inequality by equality. The solution for equality for (1), Equa- 
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tion 114-37), which ís quadraticin h t is given by thc following 
sequential substitutions: 

*»*$+$> (14-41) 

ar-r r-w\ (14-42) 

b-VT+lfW, (14-48) 

c = uu-/¿, (14-44) 



-b+\!b 2 -ac ( 14-45 ) 



Obvioualy, negative or complex values of h should be 
ignored. 

Once a solution is found, we create a set of new rcduccd 
vertices u ; and rcduced patfal //, oflengtb l¡¿ 

u t =u.+hr n (14-46J 

5 m k "Ifti+tf/). (14-47) 

The reduoed verticcs and reduced paths may thcn be 
checked for active status and subdivided into polygons, and 
the process repeated. 
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Glossary of Terms 



A 

Active patli ípa£e a path whose length ou tliti creasa pattern ia 

euuaJ tn iT,s rninimvm leugth as specified by the tree graph, 

Acfciví 1 reduced puth ípaRC. 3&Í)): a rodyccd puLh withm a utiivérBaí nioi- 
«ajle whoso lcngLh un the creaise pattírn lb equal to its minimuui langtJi aés 
specifíed by Llit' tree graph. 

Arruwhead moJeculí* (paye 344]; a creaae patt.ern within a quudriIaL- 
erai tliul coiiaisr.R of fl Waterboxiib molecule. comhined with o«. auylud dart; 
it alluwij an arbitrary tmir-circle quadrilateraJ t.o ba collapsed whilc aliffn- 
Lug Lhe four tanRftnt poínla. 

Atom tpagn 453); u purtion of a CfeaKo pattera tkat c-01'reíipou.dtf Lt) a flftg- 
inent nfa aingle ñap wilhin a molecnlf*. 

Axial ercasc ípatfe 232): a orea&o in o. ciyuye pattern that. Ete& aJong thc 
axis in tho fulded form of a uniasinl bflae. 

Ajtiul polygtm rpage 233): o pülygonai region oípapnr in n crcuse pattern 
uuLlined by axial crpaseii. ln Lhe folded form, the ent.ire pcrimetcr v( tm 
aiiuJ pülytfun lifiR along tho axis of Lhe baafl. 

Axis 4nage 230): íi line arj u buae ulnng which. the edgCS »f flups lie and Lo 
^hich the hin^e& oí'üapíi ure perpendícuJar. 

B 

Base (page 51.): a reguiar gtunietric shape that haa & alructure BÍniiiar to 
that of the desired fillltfftet. 

liírd JBasc (pagtí 52): oue uí the Clafiftin llasos. formed by petaldblding the 
fmnt. and buck al'u Preliminary FoJd. 

Blintxuig ípajfe 56): toldin^ r.he four L-orntirs of a áquare tn t.he ccntcr. 

Blintzed hasfi (page 56): aiiy buüt 1 in which thft íbnr cnmers of tiic square 
are fbld«d í.o the centci' prior tu Lolding the hafift. 

tíranch ed^c <pagc in \t t.roe g-raph, an cdge thnt is conaected lo two 
hranch nodes. 

Brnnch node ípap* *17G): in a Li^u ^raph h a node connected to two nr moro 
edgea. 
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Kranr.h vwrtox (page :íS3 > t a point in the nrcase püLtCru LhuL cyrrtíüjjuiida 
Lo a hranch nnde on the trcc graph. 

Book symruetry (pajfc: 39 1); tlte aymmetry f>f a rr&afif! pñtu-m that i* 
mirrw-aymnieLrÍL; ubout a tine parallel tn an edce and papf.in£ thrcinph iho 
cjeoler of Lh* papcr, 

Border grnft ípaffe 133): modifyinjj a creaae paiteru as if you aaded a 
sLrip uf'paper fttúftlg onf nr more sides of the 3quarc in prdcj tn ndd ft:uujri. , ü 
to the base. 

Uuit pleating (pngc 4 J9h a atyle uffolding cKaracterfied by all folds nin- 
ning at mulí.ipleñ of 45°. wiih thc nnyority runitill£ at muitipleí fií'O" and 
90° on a regular grid. 

C 

Circle/river method (page 352); u de&ign Lechniuue fbr uniaxia] beaeg 
Lh^t cnnñtnictP t.hfi rcrea&e paucrn by packiug iiuuuvurljippinK circle.s and 
riverfi intn 3 equare. 

Circle paeking (puge 282): placíng circJe¿ on a square íor othe.r ^h.ipef bo 
tbjflt they do uot overlap nnd their centerg are únüide t.h^ squarfí. 

CIuhsíc Baües tpaRe 52 the four ha.sps nf ant.inuiLy fKito, Fisli., Bird. and 
Froya) thttL are rtdated hy a cnmmnri pftnictur* 

Closed sink foJd ípafff> 353: .i .sínk fnld in which tbc poJjjt to bc suuk musL 
be popped frnm convex t,o concavc; it cannoL bc eiitirely fluLLeued. 

Compositc moJccule (pagc 344): a inül^ule that Cüntains axial creases 
in its iiit.crírn', 

Cumer tflap fpage JííjI: ai flap whose tip comef; frnm on* ofthé eornéra of 
th<: Squüre:. 

Crease < page 1 1 ): a mark lpft the pa]>cr aftcr a fold liíüj bftru uiiA>ld«d. 

Crftns* n^it^nment (page 22 >í dr'.vr iHiri.tkUuri íjÍ wÍjeLhtr each creasa is a 
mountain foJd, vaÜey Ibld, ur Jlnt íun/olded) crease. Also call^d crftaío piríiy. 

Creasc pattcru (pu^tf 21): thepjiLtern of rnpafiftf; Iflft. h^hinrl nn thetsquare 
nftjc.r Ei inudel haa been unftdded. 

Crimp fold (pa^e 31); a t'ntri forrncri hy twu pfjrfillcl ur ueurly parullel 
mountain and vaJley fhlds nn thñ near layers of o ftap oñth tbeir j.xiirrüi' 
image ftjlda fnrm^d ori t.he f'ar layers. 

CryetíiUÍEation ípagc á©4): L-he proc*sa uf fixing the locatírtnF nf circlpfi tn 
a circlr- pocking b> eulur^üig some pí the arcles untiJ they can nn Jonger 

mnve. 

Cupboard Base ípa^e í>5í: a trnditínnal bsee coneisting of a square wiih 
Iwu uppoaite fHÍfrpp. frtlrif*d taward eflch othcr to mcet in thc middlc. 

D 

nflereif-iiiiiií ([jit^u 143): rearTanping several trapped layars nf' papor so 
t.híit ne Jayer is Wfúpptjd tiround another. 

DvLuil fuldai <pa»e ftl ): folds thnt. traneforiTi thc flaps of a basc iuto dtVailá 
uí' the ümshed subject. 

iJÍA^onnl symmetry (pagc 292): the ayniintLry of tt crtase paUem that is 
UJirTor-syTrimel.ric uI-kjuí. uiic of thc diagonal? of the square. 

DihtídruL un§Je Ipage 42í)): the an#Je bfttwfsn t.ho two turfaeefc tui tiLber 
sidc of a crtuatí. defined as Lhe anglfí bp.tnh'f-e.n the surfsc.e nonnals 
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Diuiortftd hase (pfcfe 671: a modijied hn^: furwed by shiftLng thp vertkey 
of Lhe Cré&M paltem eo that ihe pappr tan íold llat, Lhe Dumher of crea&^a 
and vertke* remaina Ihs anitie, bnr. the angW between thpm changc, 

DniibLe-bLmtuintf (page 312): faidimr the four corneré oi'a aquure to the 
center twicti iu succfififiion. 

Doubk rahhit.-e:»r fold (jmye 2ti>; a íbld in which tht' creaaea oí 'a Tdbblt 
eur are made on t.he. near liiycr of a ilap and the mirror-uua¡íe ctmrps arc 
mude on the fsr laycr. 

Douhle "511111 fold {pajfe 3ft)í tws sink foldá fuc unjd in surceeGÍon ou, ihe 
samp flap. 

E 

Edffe ípagfi 376 h in q trce tfraph, 3 aingle lmc- scgmeiiL. Each «dge corrc- 
apnnds to a uniquc flap or conn^ctor bctwccn Elups in the base. Noc Ifcaf 
edge, branoh cdge. 

Edgc flup tpa(fCH 103); rs flap whoae tip comes from one of thc edgea íbut 
not a cornerí of the p.quarp_ An cdjj_¡<j flap has twice 36 mnny layera as a 
saniíí-yiay eorner flflp, 

Edtfe weight tpagc 376): u iiumhfir aseigned to írtuh, edgíj of a tree graph 
that repreñeiits t.hc leugth of the a&sojciatacl fktp. 

Efflciency (pnge 41): a iaeasure nf liow mueh paper la ufced tO obtnin 
featuros of' the subjcet veraus üxt.r.i paper thot is luerely hidrie i n iwfly. 

KIímsü ütrc'tch (page 4fí4V: A mancmvyj- uaed in bmc ple.ir.ing to crealc flapa 
frorn n pleuted region of papcr. by L'bunging the direction nf t.hi: pleatd by 
SG C wiLhin wedges üf pnper. 

F 

Fish Base Ipage one ofÜLC ClaMaig Bases, formed hy (nldiag ull four 
edf^€ of a squjire to a cominon diagonuL and gJithp.rine r.he excess papcr iu 
two ñapa. 

Flap f'pa^A S2)j a region of paper in an origijmi shapc that i» utLnched only 
ulong onft ed^e so r,hat il uan be flMÜT manipuktúd by itself. 

Foldfd (»d gfc <pajíf 15): an orip;p creatcd by Mdkitf. 

Four-oirclc quudri lntnr.il (pagc 841): u quadnlateral formed hy ron 
nncting Lhe centera of íbur pair^iau tungcnt cu'clea; such n qiifldrilflteraJ 
can hc folded 30 that all edgfes lic on n hne and th« tangpnt. points bctwccn 
pQh a uf circles tmirh. 

Fim^j» Rfljí^ (pújíc 52); oue of th* t^l*«Íí Cascs, furuitid by auuayh- aud 
petal-folding f.hc fouredgea of a Prelimin^ry Fold. 

G 

Generic form (pagc 238): u crease pattern wit.hin fi mulecule or Jgroup of 
molecules in wbicli <ui ull uxia] creasop ars sbown as vallcy creaaed; (b) all 
ridgftlinp r:reflses arc sliuwn us mount.im crca&c&, nad íuj all hingfl cToasAR 
are shown ag unjblded creases. The gwinric foraj ia an uppro3ümation of the 
actual crease patLcrn of a iblded baso, 

frrafting (pajfc 133): tnodifyiiibí a creuac patteirn a.s if'yo>n bad spHced into 
it a itiiy or aLripií nf' paper in ordci' tu add new fflat.nreí: to an cxisting basc 

Grufted Kite Baso <,p«gc C28): u family nf ha^eí. compo^cd by addiug a 
horder grafí. í.n two sides of o KiLe Bttse. 
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GiMKRt ípag^ HS>: ojjg w more narmw fcnaTigles of' papcr, usuully formcri 
hy «¡tretchinff a plcat or crimp, 

tJussct moLccuLe (page ¿HGfi a rroase piiLlem wHhin a quadnlat^rfll 
thal FoSfeüiblw a partiaJly Rtrp.uihod WuLerbomb Doolecuíe vrith a gu&et 
running across ÍLb Lup^ Tho £us&et moWulc, like Lhc arrnwheaff irinlccule, 
alloifi's any fuur-tirclc quadri Jntc.rnl Lo be collapscd while alipninjR; thf 
taogent puints. 

H 

Hingc ípuge 230); a joifit hct.wccn twu flaps 

HLrtge creases ípago 3ít4)s cryasea. that in a unijaxinl base flre perpen- 
diculiir to the AxIb. Hinge crcascs dufiiie Lhe bflTindjflrie.5 of ilaps ur stíK- 
jUienwi of u basft, 

Holfi (page 466 h a region nf papor fn s box-pJeíJteu" urease pattern Lhat 
does not bclúng to uny atom. 

Hybriü butíe ípage 519>: n hinic thtiL iy constructed usinp nnilí.ijiU' doh¡urJ 
roclmiqucíi. 

Hybrid reverjw fnlij ípuge 24): a fflívre cnmpji^te.d form of reverae fotd 
Lhtd cnmhinftñ a&pccts of hoth iuyide and outside reverse íúldü. 

I 

IdeaJ flplit ípage &8í: a tccJuuque for splittiuf a KÜtc Basa flap. which 
givefi thfi Innge.Ét poasibk- pair of flapE. 

lnflation (pagc 294); the procGRft of nddÍQgcircLtó Lu a cre&ae patterrj i cor- 
reepfjnriing bo ndding flaps to a basfi) and pxpuuding the circle ílen£t.jWiinp 
thp flap') untll it touchea thrfeft or mnre others. 

Infeide; rcverse fold ípage 23h a nicthod of cLiaciííinp; r.hf direction of a. 
flap, wberaúl ihe mnvinjT layers arc jíiverteú 1 and tucked bfítvrecn thc stn- 
tíouuo' layers. 

K 

Kitc BtLue (pag« ñ*2h the siiaipkíjt of Lhe Classic Baseí, f'nraicd hy íüldm^ 
twu adjnccnt edpes oí a square Lu Lhc aame dia^onal. 

L 

Lcaf Biige fpa^fí ;i7C); in a trec ^riiph^ an edpe tonncct^d tú nt hasi ga? 
leaf node. 

Leaf nndfl {ps^re S7fi)í in ñ tree praph , a node coiujcctcd tu only a aingls 

Leaf vertcx (iJujíe H7R): a point in tJic cryatsfe pattern thíit i'OrreepoadLs ta 
a lcaf iiodt: un the tree ffraph. 

M 

Míddlc flup (pa^ei \u:í)i a ílap ívtujS« Lip Eomes from t.hc intcrior uf Lh« 
fiquarc. A niiddle ílap h.TR t.wir/: ay inany layers as. a íam«-RÍasftd odyc ñap 
and four timea as many ae a corner ílap. 

Míied. sink fol<l (pugc 37 )í a sink fnld containing aspccts of both oppin 
and dnsfld sinks. 
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Molcculc íuage íiílK): a creasc paUern which whetl folded flüt lnm ita 
pcriiutier lie alnng ñ coramon LLq« btiid for whicb specifi^d puinLd aJong the 
purijiieler Ithe tangenL pninis) beLXjmt comcident in thp-. folded Jurm. 

Mountain fmld (page 18}; a crease that ie concavc downward. Usufllly 
indicar.fld by a dot-dot-dash hne (hlack line in crensc paUerns). 

N 

Node (pagp iti ti Lrcc graph, an endpoint cf a hne denment. Sfifl leaf 
niíde, hraneh node 

0 

Offset haBfl (page tiG): ü iiiudífied hap-p. fhrraed by shifUiix Lhe enLirR nreafte 
pat.t.ern on the squaru whilc pr^fierving angJcs between crease^ f¡o that 
extra papcr ia creaLed íd some iocatiíinfi wlulc othtírs lose papñr. 

Opt-ji siuk fgld (page '.ídj: n s in.lt fuld in which the point ro be sunk can be 
enLirdy ílattened during t.he coursc of Üie sink. 

Origami ípagfl I Jj the firt uf fuldmp? papflr inr.o decoratjVe ¿diapes, uauaJJy 
from uncnt Síiuares. 

Origazni sekkci: aee Technioal folding, 

Oi thdinear river (page 447): tbe analog of n river in box-plcated dt¡- 
*lgns, The river has cnnstrtnt vertical and horizontaJ wídr.h and beuda unly 
at 90* uiyfles. 

Outside revors* frdd (pagc 2*)- u niethod of ehaflgíng thc diitctUm ufa 
flap, wharain the moving layera are invert.ñd and wrappcd around the ata- 
t-ionary layertv 

P 

Parity: sefl Crease nssigjunent- 

Tath ípage u line hetwefin t.wo lc-af vcrlktiü in the crease pattern. 

Patk conditions (paj^n ü«-t); thc _sct uf ull inequalities relalinfí the coor 
dii.átea of th« leaf vertice^ thndiatuiicea betweeDtheir corrAsponding nodes. 
Lii.d u ^cale íactor. Thé di/n.ance bctwccn uny Lwu verticea mi.Rt he í^^íiter 
thau ur e^jual to thfs f.r;aled difitancc bctwtjmi their correspO'Ddií.t- 1 ' nr.d (.r afr 
nieaauu:ed along Lhe tree. 

Potal íold (page 538): a coinbinatiuii of' two liquash folda in which a f¡f.rnftr 
U lcrtgthtiued and narrowed. 

Haue of projectinn (pa^e 376): & p]une üunLaining the axift of the base 
aud the axia] edgss ol all Raps, nud Ll_ut is perpendicular lo the layerfi of 
Üie bnsc. 

Plun view (page 2Í>Í)>: a model is fpldcd ín plan view if whsn it liu flAt 
you are louking at. the top of thc subjeet. 

Pleat foid (page :«)): a fold iómacd by two parailel urnearly parallei moun- 
tüki and valley foldft formed thruugh all layers of a flap. 

Pleut gruftinff ipa^e lflíl): adding oae ui mure pleata that nin acrosa a 
crcaae patLern in orrier to add fcaturea or texturei. Formfld hy t.ho intftrflpc- 
tfoai yf the pleats. 

Plug (page 467)1 a crsasñ patleni that is used to filJ in hoJcn in hox-pieatori 
puUerns, 
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Preereasing ípage 12): folding and unfolding lo creuLt; Lhv creuaty re- 
quircd for a iusually conaplesO step. 

Point-splitting (pngc í)l>: nny of u vftfiely tff M^ímiuut^ for foldillg a 
sing'lc flnp sü thfit íl Luras iuttj Lwu or mnre smaller flaps, 

Prfllhminary Fnlrl (|jagt? 5-1): a. LrLidititaia.] bujat? formcd hy bnrjpng the 
fotíT corners of-the fiquarc togcthcr. 

R 

Kabblt-ear fold ípagft 2f*>: pl way ofturninfffl lliangülftr cdrner into a flap, 
ram¡=i*tinp¡-of folrling- along all thrcc anglc biscctors of thc trianglc and gulli- 
erinp the exc&ss pap#r ínto a ñap. 

Rabbit-ear moleculp (pag* 33»): the pall*rti ofcruuyetí wiLlün a Lriunglc 
r.hat. cnllapROF. it* edLgea to lic on a singjc línc, 

Raw edpe ípagfl 15): r.hc originai cdgc ofthc papcr, as uppo¿k«d ly un tdj¿o 
created by Folding. 

lleduced píith (pagt* ítíift J: a pat.h betwe&u two ijj&et vertkoti crcated dur 
iriR thfi conRtnict.inn of the universaJ molcculc. 

Redueed path ijnprpialiry (page 3£9); an incquality condition analogous 
to the path conditityn fchst applicp t<i inftrt. vertíeta íiüd LJtiLliy tu tlit; univtjr- 
sal ntalec.ule.. 

Rídgeüne creAR* (.pagfl. 335): a rrftftíie withlri a rjúolcculc thatprupagatcs 
inward from thflforners of the molccuic. Ridgciinc crcaacs aro alwsy^ vaj- 
ley ÍCrldfi when vicwrd frnm t.ho im.críor of a molecult;. 

River (page 242): an Rnnular sflrrinent or reclaugulur culorcd rcgion in a 
titfl or rxfiafip pattflm that creatcs a scgrnent bctwccn groups uf fliips hi Lhi¿ 
fnldpd fonrt. 

S 

Satvtiurse mutecule ( page 351): a crsasp pattnrn wit.hin a quadrilaterai 
aiinilar to the Waterbomb moJecuie, but with a Reffment. Mfwratingr.he twa 
p&ira of flaps. Akú kn<s^wti as thfh Mankawa mnlflcnlfl. 

Scak- (pngtf^84>: n quantitative mftaRurfi of flffidfinry. The fic.ale of a creaee 
paLLern i$ the ratio between Üie len^th of a foldsd fiap and thc lcngt.h nf ita 
corresponding ed^e in the tres graph. 

Side view (pa^e 2!)!»: ^ modcl ír foldfld sn ftirtfl vi^* ifvrhen the modc] lics 
ílut you arfi lnofcinjr at. t.he sirj> of t.he ^uhjeít. 

Sínk fold ípa^í* m .V¿)i invernion of a point Sink folds coinc in &cvom] rlüTur 
ent types. 

Splitting poínts: Sfte point-fsplitting 

Spread sink fold (pa^n H^): 3 aink fold in which the edgee of the point arc 
üpread and thp pnint. fistt^nfld. ñimilar |.o a equash fbid. 

Square/river parki ng <pa^p 44«í)j the analo^ of circlc and i-ívct packmg 
that ailows boX'pleated crease pattarnR. 

Squash fold (page 27): a f'old in whirh t.hfi prijjps nf n fl^p um bj.nx'ud. 
ua.uaJly symmíítrically íind t.hp edgflfi ftattened. 

Standard bas«s I.pagfi54): the TOoetoomnionoriganii ha&cs, usuallv Lakcn 
to include the Clasfiic liafsc^ plnñ t.hc: VYíndmill Rnñe. nnpbobird Bbit>e. Prc- 
liminary Kold, and Wtwrbornb Base. 
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Stretched Bír*l Basc (puge 55): a forrn of thfl lürct lia.sc ia which twu 
üppo&iLc conicia are pulled apart to straiRhten out t.hr diagoiia] Lhat con- 
uoct£ them. 

Strip graft ípngc 13&h niudifyiriK a craanfl patt.^m a?s if you splict'J Lu uue 
< i ■" morc stripíi u-f p&per running acroa* a creaBc pattcrn iu urdtr lo add 
feaLurcw to Llie haae. 

SLub (puge 3S5p: a ncw cdge added w thc trpfl grraph attnchcd U> n nuw 
nodc introducud mLu üie middle al'an ftxte.J.ing edgc and üíjMutiaLed cjreaaes 
uddcd to Üiii creaae paUem. Addinfí a stuh nllows frji r j r paih tOPiCÜlióIUi to be 
simullpuwgualy yutisfied as equaiitips. 

Subbase (patfe 3H5): a porLiúiL uf u but;e p usually eonaiíting of a sínplft 
axia! pclygon. 

Subtree (page 385 >: tht tree Kraph that i* t.he projection of a subba^c. 

Swivid fuld Ipage 27): an flftyrrimetric versioíi of u squuuh fuld in which 
the Lwy valley folds are not cnllinrnr. 

T 

Tangent poiuts {pagc 3ítBI: poioLa along axíaJ polyrjons wbere circles íor 
rivorg} touch yuch oLher and are tangtmt to t.he. hinge creascs. 

Technical folding (pagfi -i(í)i origarni desigxw LhuL ure haavüy baaed im 
gaometric and ftlathemaLicíiL prinríplcs 

Tiie 'patfe 23fíí: n pnrtlon of a creaae paLtern, usually consiátin^ of nne or 
morn axial polygons and dccoratcd by iurcl«M and rivers, that can he afi- 
semWpid imo crcasc patlcroy by uiuLchmg circJe and rivar hounriaries 

Tree ípage 376): ^hurL fur Lree ^raph. 

Trtu iíruph. (paRe fSíti): a sr.ink figtifé that D epicsent^ a uniuftiuL i>v.¿*¿, 
"m whjch «Mch edge of the tree reprcf,r¡nts n mi ¡cpie ftap or t'uniiecLion 
bctwecn flupg. 

'lVee theory (pag^ S75h the body Df knowlcdgt; thüL destrifcíia ihe quanti- 
tai.iv* fíiinatnirt.'ion of croasc patLorus for untajtiai baae.i hased on a onrrfi- 
rtpondence between foar.urcs of a tret giaph and feaLures in the crease 
p4tt*m. 

Tree Lheorem ípage 38 ÍJ); the theorem Lhat ft&í.ahlíahtí? that SflMsiyin^ 
the path condititni^ ia bulh utíteysary and sufñciftnt for r.h^ r.nnít.n.icrion ot' 
a crcasc paUern tur a given Uee graph. 

Triangulatioii tpage U9(>)3 L.hti procnññ of fJccnmpnsing liigh-urder ajaal 
polVHOns VJQ a crease pattom inta Pii^ller pulygons that arc alJ ordcr-3, i.C- f 
triansltiii. 

U 

Unfokl (puge 11); removirLg a vailey nr moontain folri, Isaving hnhind a 
crcase. 

Líniuxiul Uase (pa^e 230): a hañ^ in which all ílaps lic aluu^ u aiu^le tiíiüi 
and bD hin^en ars pflrpfindicular to thc ojiIs. 

Unlversfll molecuLe (page 398); u («n«raliz*tlOn of Lhe Rfusfiet rnolecuJe 
that can hfi applifld to ever y valid axiai polygon. 

Unsink (pngc 38): reuiuvin^ a iink fold, or turnintf a t-Jnsfiri wmk rroirj 
concavo to convcJt. 



V 



Valley fold Ipafíe 13); ü crHase that is coucuvu upward. [ "snally juidicaUid 
by u dashed ime ÍKnlid colorcd line in weasc püLttrnsi. 

Vertex (patfei 22,]: a puint m a creap.fi pattcrn wherfl mnltiplc ci«tt»es come 
lofj.ether. Ho^ l^af vcrltx, branc.h vcrtci. 

W 

WindmiU Báüí» ípagc G4J: ü tradilional bítee that. looks ük-e w windmill 

Waierhfimb Bnsc (pafíe 54): a trüditiuna.1 hase formed by hnn^ing Lhc 
míripnirHs oPtlit; íuur t*dp,ft& of a aquare uspeth^r. 

W;*Terboinb cnnriition (|mgc ^41); o quudnlaí-eral -Síit.iyfLes the 
Wa&ertouiüb coüditinn if ajjd only if thn f.iiru& of {jppositfi RÍrW arc tqunl. A 
quadriluteral thaí &ütisfie-3 ihis r.nnífitiorj can bt foldpri iní.o prj anaiop of 
the Lrttditional Watcrbomb Basfl. 

Waterhomb molecule (page 340); u crcsase patUbfJl within a quarlrilst- 
eral that. rcrn.caiLiies the trariií.ionu) Waterbnmh Also caLItíd Lhf lhiHmí 
moleeulfl. 

Y 

Yoshizawa spVii (jja^e a tAetLaiquc for sphr.ting a Kitc Base flap. in 
vvlnch tln k point i& fj,raL dunkfln, fnhowcd by two spread shiLí. 
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Index 



A 

A bases, Uchiyama's 56 
ABCs of Origami, The 60 
Acronnu.s lonrjimanus 

creaso nnttern, ho.so. nnd fulded 
model 303 
uctiou figures 1 

active path 382, 385, 389, 398- 

400, 402, 551, 553, 573 
active reduced path 399, 573 
African Klephant 

crease pattern, ba&e, and foldcd 
model 533 
Alumu Stulliou 

creaae pattern, baae, and folded 
model 407 
anglft m'Aftctors 25, 237, 341-342. 
351, 388, 578 

Ant 

creuse putteru, buse, und folded 
model 362 
arrowhead molecule 

344, 387, 396, 573 
nrrows 

fold and unfold 20 
mouutuin fold 18 
push herc 16 
rotate the paper 16 
turn over 16 
nnfolri 20 
vnllcyfold 18 
arthropods 461, 520 
utom 453, 466, 573 
axial creaR«R 232, 332, 334, 
382, 442, 453, 470, 573 
creasc assignmcnt 355 
uxiul pulvKous 233, 235, 237, 

247, 283, 303, 320, 335, 353, 



367. 375, 385, 393, 398, 442, 
470, 573 
M\ih 573 

B 

B base6, Uchiyamas 56 
base 7, 573 

BirdBaac 52 

blintzed 573 

Cupboard Base 55 

df»fmition of 51 

diatorted 67, 575 

Fifch Ba&e 52 

FrogBase G2 

hybrid 8, 519, 576 

KileBuae 52 

lizard 228 

Montroll's Dog Base 230 

multiaxial 525 

oflaet 66, 577 

Preliminary Fold 54 

turtle 228 

uniaxial 579 

Waterbomb Base 54 

Windmill Hase 55 
ba*í>l¡neof a flap 93 
bascs 

relationship between standard 
56 

Uchiyama a A and R "Sti 
basic folds 6 
Bar 

Rhoads's 55 
Bcrn, Marahull 29 
Bird Buse 52, 228, 233, 309, 

315, 333, 377, 424, 434, 573 
as narrowed Waterbomh mol- 
enile 251 



lllillliul 55, 60, 312, 314 
equivalence to stub-divided quad 
396 

inVulcntinc 65 
strctched 55, 579 
strip ^r'aJu i iL' 234 
with squares added to corners 
133 

Nlack Korest ('nckooClock 473 
hlinl/. 56 

bliutzed Bird Basc 312. 314 

blintzing 573 

body between flaps 243 

book aymmetry 291, 574 

bookworm 

in splitting points 96 

in trcc thcory 378 
bordergrufl 133. 574 
bouncing creuses 46 1 
box 

from rectangle 430 

traditional 427 
box pleatinp 8, 41», 574 
hox-pleating path conditions 446 
branch cdges 376. 447. -164. 573 
brunch uodcs 376. 383, 387. 

390, 393, 464. 573 
hranch verticea 

383, 387, 390, 574 
British Origami 60 
Bug 

Rhoads, George 312 
BugWara 367 
llull Moose 
crea.*e patT.«rn, base, and tolded 
modcl 468 
Butterfly 

creuse puttcm, basc, oud foldcd 
model 523 
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c 

Centipede 

OTMLM pattcru, buse, and folded 
modcl 264 
Ceranibvcid Beetle 

crease pattern, base, and fnlded 
model 461 
Ceruinbycidae 450 
Ccrccdu, Adolfo 888 
cirele method 284 
Ofrdl packinga 7, 277, 282, 285, 
,338, 349, 3K3, :I75 ; 442, 522, 57-1 
bases from equaJ circle packin^? 
307 

Hquivalence t.n mathematical 

circle pac king 303 
limitatinns of 519 
limits fnr large numbers of flaps 

290 

nptimal parkings. l-10circles 
904 

three regular 287 

circWriver met.hod 
7, 352, 408, 574 

circle/river packingg 431 
moiecule* for 319 

cirrle/river pattcrns 255 

circles 

rnnnection to tilcs 283 
in circle/river puekings 385 
in Clas8Íc Buse triangle 61 
minimum boundarv uf u ílap 
279 

overlap. impermissibility 281 
Classic Bases 52, 574 
rlosed sink fokl 35. 574 
Coek roacb 

crcasc pattern, buse, and fnlded 
mudel 362 
complcxity 40 
composile iiiolecules 

344, 364, 574 
curnerflup 103, 277, 574 
Curreia, Jean-Claude, crnssing 

pleats 194 
Crawfish 

crease pattern, hase, and foldcd 
model 155 
Crawford, Patricia 533 
crease assignmcnt 22, 574, 577 

arnund a vertex 350 

within molccules 353 
crense pnttirns 7, 574 

lines nttd in 22 
creases 574 

nxial 382 

defiiiition of 11 

binff. 334 



ndgeline 335, 578 
creativity, nature of 5 
crimpfoid 31, 574 

ín a ffusset molecule 349 

gtretching 32 
Crow 

folding sequence for 128 
crystallizatum 294, 296, 451, 571 
CuckonClock 173 
Cupboard Base 55, 574 

D 

decreeping 143, 57-1 
degenerate vertices 400 
dogrees of freedom 395 
desigri, basic principlca 46 
detail fbldfl 51 , 574 
diagnnal symmetry 292, 574 
diagramming symbols and teniw 13 
(ÜAgrams, level of detuil in 46 
difficulty. scalc uf 28 
dihcdral angle 429. 574 

dtotanM 

betwecn vertiecs ín bux pleaünfí 
446 

in folded fonu versus crcase 
pattcrn 149, 446 
distorted buse 67, 575 
Dug Buse 230 

doublc rubbit-cur fold 26, 576 
double aink fold 35, 575 
doublc blintzed Frog Base 312 
double-blinlzing 312, 575 
Duuble-Boat Base 55 
Drngon, Robert Neale's 137 
Drugunfly 

erease pattern, base. and foldod 
model 525 

E 

edge flap 103, 277, 575 

splittmgof 103 
edgeweight 370, 575 
edges 376, 575 

braneh 376, 447 

folded 575 

leaf 370, 447. 576 

raw 578 
pfricieney 4G8. 575 

in plentnd ti-xt.un.is 199 

of a eircle packing 28Í3 

of middlc fiaps 307 
elegnnrr 41 
ftlephant 

Afi 'ican Elepliant 40, 533 

Flephant's Head 42 

Elcphant's Head with lonper 



tusks 43 
F.Jephant's Head witli tusks 42 
Elcphant's Hcud wilh white 

tusks 49 
exhibition of 1 
going lo aee 533 
One Crease Elephunt 39 
Elias, Neul 46, 62, 424, 
440, 464, 472, 533 
Elius strctch 464, 575 
Emu 

crease pattern, base. and folded 
model 308 
Engel, Peter 40, 40, 520 
Euclid 338 

Eupatorus gTaeilicornue 

crease par.rern, base, and foldcd 
model 307 

F 

famiJies of creases 335 
Fish Base 52, 149, 228. 
233-332, 531, 575 

constructed from t.wo tiles 239 
Five-Sided Hquare. MontroH's 286 
ftva itjT graph 393 
flap 575 

corner 574 

definit.ion of 52 

edge 575 

middlo 576 
Flnderer, Vinccnt 534 
Mying Cicada 

crodfsf pattern, buse. und fulded 
modcl 301 
Flying Grassliopper 

CVMM puttern, base. and folded 
modcl 406 
Flying Ludybird BeeÜe 

crease puttern, base. and folded 
mudel 301 

fuld 

threc types of 11 

and unlbld, lymbala for 20 

closed sink 35 

crimp 31 

double rabbiT-ear 2(i 
doublesink 35 
hybrid reverse 24 
ínside reverse 23 
mixed sink 37 
mountain 577 
mountain, symbol& for 18 
multiplc sínk 85 
npen sink 33 
outsidc rcverse 23 
petul 28, 577 
plcat 30, 577 
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rabhit-ear 25. 578 

reverse, crease patterns for 24 

sharpnnf.* nf 12 

sink 32. 578 

spread sink 33. 578 

squash 26. 578 

swivel 27, 579 

unfnlding. syuibols for 20 

unsink 38 

valley 580 

valley, syiubols for 18 
fuld angle 

definition of 12 
fuldededge 15, 575 
folded form 7 

four-circle quadnlateral 341, 575 

four-star graph 390 

FrogBase 52, 103, 140, 156, 
228, 233, 278, 286, 309, 
312, 334, 335. 425, 527, 575 
in Hummingbird 65 

Fujimnt.o, Shuzo 46 

G 

f?aps 

allncation of paper in splitliug 
pointK 97 

delineat.inn by circles 522 

in multiple point splils 108 
generic fnrm 445. 153, 575 

flat.-foldability 355 

t'nr creasc patterns 356 

fnr mnlecules 354 

ofatile 238 
Georgoot, Alain 39 

exhibitiou 1 
gestalt 425 

Goldbcrg. Michael 314 
grafted Kite Base 528, 575 
grafting 7, 128, 575 

along edges 144 

border 133 

compurisou of strip and border 
140 

in box pleating 434 
pleat 577 

strip 139, 522, 579 

stnp, to create t.exture 1 87 
graph 

five-star 393 

four-star 390 

sawhorse :t90 
Grasshopper 

crease pattern, base. and foldcd 
mndel 112 
grasshopp«r 

choice nf circles in dcsign 293 
gusset 576 



in a stret.ched plcat or criiup 32 
gusset moleculn 346. 387, 
391, 401. 442, 576 

H 

Harbin. Knbert 533 

diagramming syuibols 13 
naming nf Prolimiiiary Fold 55 
svmhol for repeated steps 17 
versions of stretchud Bird Base 
55 

Hayes. Barry 22 

I ledgehog, Johu Richardson s 194 
Hercules Beetle 

crcase puttern, base. and tblded 
inodel 259 
lunge creases 

334, 442, 445, 453, 576 

creaae assignment 354 

in moleculeg with rivers 390 
hmges 230, 576 

in uniaxial baees 376 
hole 576 

iu box pleating 466 
Houda, Isao 

diagTammuig symbols 13 

use of cuts 92 
Hulme, Max 46, 410, 464. 472 
Husimi, Koji 337, 338. 342, 397 
hybrid base 519, 576 
hybnd reverse fold 24, 576 

I 

idcalsplit 98, 576 

Moutroll's sequcnce for folding 
100 

inflatiou 288, 365, 451, 452, 576 

iii tree theory 393 

ofcirclcs 296 

sclective 294 
inscribed circlc 

in Wuterbouib inolecules 343 
ÍBttCtl 461, 520 
inact distance 

iu universal molecule 399 
inside reverse fold 23, 576 
ínatructions, verhal 14 

J 

Jupancse Horned Beetle 

creuse pattern, hase, and fnlded 
model 156 

jig 

for circle packing 2KH, 868 
Joisel. Eric 473, 534 



Pangolin 194 
Justin, Jacques 

338, 342, 355, 397 

K 

Kuuuya, Sutoshi 46, 473 
Kasahara, Kunihiko 

Dragon 137 
Kasaliara-Neale Uragon 137 
Kawahata. Fumiaki 46, 337, 403 
Kawasaki, Toshikazu 

337-338, 397 
Kenneway, Enc 60 
Kitebase 52, 92, 109, 
195, 228, 332, 576 

grafted 528 

in Snail 64 
KNLIlragnn 528 

crease pattern, base, and fnldnd 
mndel 139 

Koi 

creaso pnttorn, hnso, and fnldnd 
mndel 195 
kozo 15 

L 

labyruith 461 
leafedges 376, 447, 576 
leaf nodes 

376, 378, 380, 547, 576 
leafvertaces 378, 380, 576 
length of a path 382 
Lepidnptera 520 
line types m diagrams 15 
Lizard 

crease part*rn, hase and folded 
model 115 
hzard hase 228, 247 
lnkta 15 

longhorn beetle 450 

M 

Maekawa, Jun 46, 337, 

342, 351, 365, 403 
luapping froiu square to tree 378 
Margulis Napkm Problem 315 
matching rules 7 
McLain, Kayinond K. 421 
Meguro, Toshiyuki 

46, 319, 337, 351 
Melissen, I lan* 314 
middloflap 103, 153, 260, 

277, 298, 531. 576 
relative efficicncy 307 
split.tingof 103 
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Milano.R. 314 
Mftcfatll, Dave 39 
inixed sink fold 37, 576 
molecules 8, 338, 385. 577 

urrowhead 844 

compoaite 344 

gusset 346 

in box pleaiing 442 

quadrilateral 3.19 

rabbit-ear 889, 578 

sawhorse 351 

simple 34-1 

triangle 338 

univerfial 398 

Wat.erbomb 340 

with rivers 349 
Mollard. Miehuel 314 
Mnntoya. Ligiu 533 
Montroll, John 46, 526 

haguftricks 4 

DogBasc 230 

Five Sided Square 266 
IfOQMr, Euunanuel 419 
Mnosers Train 419 

building bluek for 439 
mnuntain fold 577 

definition of 11 
Mouse 

crease pattern, base, and folded 
model 531 
uiulliaxial base 525 

N 

Neale, Robert 

Dragon 137 
nndpfi 376, 577 

branch 376, 573 

l*af 376. 576 
nonessential paper 146 
NP eomplctcness 22 

0 

offset 

IJÍTd Base wit.h pruburved 
corner6 67 
offsct basc 66, 577 
nnp-rut prublein 336 
open sink fold 33, 577 
Oppenheiuier, Lilliun 533 
optimizution 385, 446 
Orchid 

crease pattern, base. and folded 
model 361 
origuini 1, 577 

age of 3 
Ongami Dokuhon I 93 



origumi sekkei 5, 9, 46, 577 
ortholinear nver 447, 577 
outside reverse f'old 23, 577 

P 

Palnier, Chris K. 194, 534 
Pangolin, Enc JoíboI'r 194 
puper coloration 1 I 
parallel creases in box plealing 
458 

purity 33, 577 
path 577 
uctive 382 

herween leaf verticcs 382 

of the honkwnrm 379 
par.h cnnditions 

384, 385. 387, 577 
pat.h equalities 394, 395 
par.h inequalitics 394, 399 
path optimization 468 
Payan. Charleb 314 
Pegasus 

crcasc pattern. base, and folded 
model 245 
Periodical Cicadu 

crrnso puttern, base, and folded 
model 262 
petal fold 28, 577 

nn edge 28 

m u combination of swivel fold* 
28 

Pill Bug 

crcasc pullern. base, and folded 
mudel 264 
plun view 299, 406, 525, 577 
planc of projecüon 376, 382, 577 
pleul fuld 30, 577 
pleat grafting 193, 577 

pkati 463 

coaleHcence of 154 

in strip graft.s 151 
plug 467, 577 
point.-splitting 

7, 91, 128, 140, 259, 578 

four from a corner flup 129 
Praying Mnnt.is 

creafie pattern, basc. and folded 
modcl 260 
precronsíng 578 

ingusset uioleculc 351 

in petal folds 28 

minimizing unnecessary 472 

value of 12 
IVeliminury Fold 54, 578 

appearance in fish scale 198 

Rimilanly to Five-Sided Square 
287 
Pt.ernnudon 



crease pattern. base, and fnlded 
model 100 

R 

Rubbit 

creusc pattern, hase, and folded 
model 529 
rabbit-ear fold 25, 578 
rabbit-ear molecule 

339, 387, 388, 402, 451 
Randlett, Samuel I.. 533 

diagramminr; symbols 13 
raw edge 15. 578 
rectangle, in Mnoscr's Truin 421 
redured path 578 
redured path incquality 399, S78 
reduced pnth lenglh 399 
rednred polygon 398 
reversc fold 

hyhrid 24. 576 

inside 23, 576 

outsidc 23, 577 
Khnnds, George 

Rat 55 

Bug 312 

use of blintzed Bird Base 62 
Richardson, Julin 

Hedgehog 194 
ridgrihn creases 

335, 390, 407, 442, 578 

creuse aasignment 353 
rivers 242, 349, 57H 

in cirele/river packings 303, 385 

ortholinear 447, 577 
Ruhm, Fred 62, 424, 533 
Roku-un 133 

S 

sawhorse graph 390 
suwhurse mnlnrule 

351, 387, 390, 442, 467, 578 
scale 384, 469, 578 

of a cirrle packing 284 
scales, repre.sent.ntinn with pleats 
196 

Schaer, Jonathan 314 
Scorpion 

creafie pattern. basc, aud folded 
model 405 
Sea Urrhin. Lung's 60. 319 
shadow of a unioxiul buse 376 
Shafer, Jcrcmy 143 
Shivn 

crease pattern, base, and folded 
model 259 
sidc view 299, 578 
silver rectangle, definition of 251 
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simple molecule 944 
sinkfold 32, 57K 
closed 35 

different ways of making 37 

double 35 

mixed 37, 57fi 

multiple 88 

op«n 33, 577 
Solorzano Nogrcdu, Vicente 533 
Songhird l 

crease pattern, buse, and folded 
model 136 
Songbird 2 

crcasc putteru, baae, and folded 
mudel 310 
split, idcul 576 
spliuing 578 
spreud aink fold 33, 578 
squurt: puckinR 449, 450 
square/nver packing 449, 578 
squashfold 26, 578 
slubility of a ciir.le packing 311 
atandard bases 578 
Stephenson Koeket 472 
atick figure 

252, 277, 356, 361, 368, 375 

rules for conptruction 253 
stretched Hird üasc 112, 156, 579 
stretching 

a crimp or plcat 32 

a parallelogreuu uiolecule 264 

crossing pleuts 196 

in box plcating 452, 466 

the simple box 432 

to form a sprcud sink 33 

to form a stretched Bird Base 55 

to foim un upen aink 33 
string-of beads method 403 
strip graft 579 
stub 395, 402, 451. 579 
Mjbbase 385, 579 
subtrec 385, 388, 579 
surjective mapping 378 
swivel fold 27, 579 
s\ mbols 

for actions 16 

point of view 17 

repetilion of step8 17 

rightangle 17 
symmetry 

book 291, 57-1 

diagonal 574 

in circle-packed hases 290 
in cnmputed hases 40G 
left-right, in moleculfts 34d 
ofasquare 291 



T 

tanrípnt circles 332 
tangent point¿ 

333-334, 343, 385, 579 
Tarantula 

crease patlern, base, and fotded 

modcl 300 
syniuietry of 290 
tecluiical foldmg 5, 9, 577, 579 
thrcc-luggeu unimals 54, 95 
tile 579 

us element of pleated texture 
199 

connecuon to circleR 283 
dimensional relationships within 
2H1 

generic form 238 

matching rules 239 

methods of narrowing 249 

ofcreases 23fi 

paTallelogram 263 

rect.angle 237 

subdivision of 250 

triangle 396 
tilinp; 7, 385 
tree 37fi, 579 
Tree Frog 

crease Dattcrn basc and folded 
model 144 
tree graph 376, 579 
tree mcthod 468 
treetheoreui 380, 398, 401, 579 
tree theory 8, 348, 375, 446, 579 
Trcehopper 

crease puttern, busc, und folded 
modcl 156 
TVccMaker 405 
t.riangle 

appearancc in Clussie Buses 59 

mnlrciilc 338 
triangulutiou 396, 451, 553, 579 
Turtlc 310 

crease puitem, base, and folded 
modcl 188 
turtle buse 228 

U 

Uchiyurau, Kosho 46, 533 

syateni of buses 56 
Uchiyaraa, Michio 533 

system of basea 56 
Uuainuno, Miguel de 533 
unfold 579 

us a type of fold 11 
uniaxial base 7, 230, 280, 37G, 

442, 468, 525, 579 
univcrsal molecule 398, 442-443, 



451, 468, 579 
unryu 15 

unsinkfold 38, 579 

V 

valency 287 
Valette, Cuy 314 
vallftyfold 5R0 

definition of 11 
vertices 22 

hranch 383, 574 

leaf 378, 57fi 

W 

VValrus 

crease pattern, hase, and folded 
model 112 
washi 15 
VVaterbomb base 

54, 156, 308, 342, 580 
as a uniaxial base 231 
as limiting casc nf rcctnnplc t.ilc 
238 

off'set, nse in Raby G7 
VVaierhomh condition 

341, 351, 580 
Waterhomb molecule 340, 387, 
390, 402, 442, 467, 580 
as limiting case of sawhorsc 
raoleculc 351 
wcdgr of creoscs in split point 108 
weight. of an cdgc 376 
VV'cstcrn Pond Turtlc 

rmisc ijatlern, buse, and folded 
model 193 
VVLndmiU Buse 55, 230, 580 
in Sleallh Fighter 62 

Y 

Yonhinn, Tssei 46 
Yoshizawa, Akira 533 
Crah fiO, 312 

diagTamming symbols 4, 13 
optimum longth split. 93 
splitt.inpterhnique 92 
Yoshizawa split 98, 580 
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I . lntroduction 

While tho numbcr of oritfami elephant.fi runs in thc hundreds, Lherc 
are puhlished folding instructions for only a fraction of them. Fold- 
iag inst.mctions for thc models iu Fitfure 1.1 may he found in thc 
following publicat.ions: 

Lionel Albcrtino, Safan Ongami, Gieres, l'Atelicr du Grésivaudan, 
1999, p. 5 (Albertino's Elephant). 

Steve and Mcgumi Biddle, The Mrap ürigami, Ncw York, St. Martin's 
Press, 1993, p 156 (Biddle's Elephant). 

Dave Bnll, Briliiunl Origami, Tokyo, Japan Publicntions, 1996, p.148 
(Brills Elephant). 

Vicente Palacios, FusvinutinM Origami, New York, Dover Publica- 
tions, 1096, pp. 53, 57, 144, 147 (Cerceda'a Elephants 1-4). 

Paulo Mulatinho, Ongami: 30 Fold-by-Fold. Project.x, Grange Books, 
1995, p. 32 (Corries Elephant). 

Kobert Harbin, Origami 1, London, Corouet Books, 1977, p. 81 
(Elias's Elcphant). 

Peter Engcl. FoldinM the. Universe: Origami from Angelfish to Zen, 
New York, Vintagc Booka, 1989, p. 277 íEngel's Elephant). 

Rick Beech, Ongami: The CompUt* Guide to the Art ofPaperfolding, 
London, T.orenz Books, 2001, p. 96 (Enomoto Elephant i 

Thomas Iíull, Hussiun Origumi, New York, St. Martin s Press. 199K, 
p. 81 (Fridryh Elephant). 

IsaoHonda. The World of Origami,Ti>ky<}, Japan Puhlications, 1965, 
p. 168 (Honda Elephant). 
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Kunihiko Kasahara, Orígami Omnibus, Ibkvo. Japan Publicatfcmi 
1988, p. 162 (Kasahara Eleph*nt). 

Ibyoaki Kawai, Origami, Tokyo, Iloikusha Publishing Co., 1970, 
p. 10 (Kawai Elephunt). 

Mari Knncgae, aá.,A Arte Dos Mestres De Origami, Rio de Janciro. 
Alianca Cultural Brttóil-JapSo, 1997, p. 119 (Kobayashi Elcphant). 

Robert J. Lung, The Cnmp/ete liook of Orígami, New York, Dover 
Pnblications, 1988, p. 88 <Lang EJcphant). 

John Montroll, Ongami f'or the Enth.usi.ast. N~ew York. Dover Publi- 
cations, 1979, p. 67 (Montroll 1 EJephant). 

John Montroll. Animut Origami for the Enthusiast, New Ynrk, 
Dover Publicat.ione, 1985, p. 70 (Mont.rol) 2 Elephant). 

John Mont.roll, Origurni Sculptures. New York, Dover Puhlicat.ions, 
1990, p. 180 íMontroll 3 Elcphaol.i. 

John Montroll, African Anim.als in Origami, New York, Dovcr Pub- 
licalions. 1991, p. 79 (Montroll 4 Elephant). 

Jnhn Montroll, Bringtng Origami to Life, New York, Dover Publica- 
Lions. 1999. p. 90 (Montroll ñ Elephant). 

John Montroll. Te.nrh Yourself Origami, New York. Dovcr Publica- 
tions, 1998. p. 109 iMontrnll 6 Elephant). 

John Montroll, Origanu Inside Out, New York. Dover Publicationa, 
1993, p. 75 (Montroll 7 Elephant). 

Kobert Harbin, Seerets of Origami, Lnndon, Octopus Books. 1971, 
p. 224 (Neale Elnphant). 

Thomas Hull and Kobcrt Neale, Ongami Plain and Simple, New 
York, St. Martins Press. 1994. p. 72 (Neale Elephant Mujor). 

Thomas HuJl and Robert Neale, Origami Pluin and Simple, New 
York, St. Mart.ins Press, 1994, p. 89 (Neale EJcphant Minor). 

Robcrt liarbin, Origami .7, London, Coronet Rook<;, 1972, p. 121 
«Nnhlp Elephant). 

SamucJ L. Randlett, Rest ofOrigurni, NewYork, E. P. Dutton, 1963, 
p. 131 (Uhoads EJephant). 

I lector Rojas, Ongami Animals, New York, Sterling Publisliing Co., 
1993. p. 37 (Rojas Elephnnt). 

Robert Hnrbin, Origami: the Art of Paperfolding , New Ybrk, Funk & 
Wagnalls, 1969, p. 182 (Ward & Hatchet.t. Elephant). 

Kobert J. Lang and Stephen Weiss. Origumi Zoo, New York, St. 
Martins Press, 1990. p. 95 (Weiss Mammoth). 
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An extensive and eontinually npdated list of published Lnstructifliui 
for elephants <and niany oLher subjects) may bc found uL an online 
origami model database, currently at: 

w ww.origamidat.abase.com 



2. Building Blocks 

Tbe now-standard systcm of origamj lines and arrows is callcd the 
Yoshizawa-ÍTarbin KandletL aystem. It was devised by Yoshizawa, 
QMxlÍfied nnd popularized in thc We.st by Robert Harbin and Samucl 
L. Kandlett, and is desmhcd in 

Akira Yoshizawa. Oliganú Dokuhon, Tokyo. Kamakura Shobu, 1957. 
Kobcrt Ilarbin, Secrels of Ongami, ibid. 

Samuel L Randlett, TheArtofOrigami, New York, E. P. Dutton. 1961. 

3. Elephant Design 

Dave MitchcH's Üne-Fold Elephant, along with several othcr 
minimaliwt elephant designs, may be found in: 

Faul Jaeksun, "An Elephantine Challenge: Part 3," Britíah Origumi 
#761, August. 1993, pp. 4-7. 

4. Traditional Bases 

The Sea Urchin is coutained in 

John Muntroll and Robert J. Lang, Origami Sea Life, New Yurk, 
Dovcr PublicaLion.s, 1990, p. 117. 

Eric Kenneway s column, "Thc ABCs uf Origami," wbich originally 
appeared in British Ongami in 1979-1980, has been expanded and 
rcprintcd as 

Eric Kenneway. Camplete Origami, New York, St. Martin s Press, 1987. 

More on thc systcui of Lriangle dissections and their relationship to 
origami design can be found in 

Peter Engel, Folding the Universe, ibid. 

KobcrL J. Lang, "Albert .loins t.hc Fold." i\'etv Scientiat, vol. 124, no. 
169671697, Dcccmber 23/30, pp, 88-67, 1989. 

Robert J. Lang, "Origami: Comploxily Inereasing," Engineering & 
Science, vol. 52, no. 2, pp. 16-23, 1989. 

Jun Maekawa, "Evolution of Origami Or^anisms," Symmetry: Cul- 
ture and Science, vol. 5, no. 2, pp. 167-177, 1994. 



Several novel treatments of thc traditional bases niay be foond 
among the work of Ncnl ElÍM and Frcd Kohm. See, for example: 

Robcrt Ilarbin, Secrets ofOrigami t ibid., p. 2 12 (Rohm's Ilippopota 
mns). 

Kobert Hurbin. OrÍMami 4, London, Ooroner. Rnnks, pp. 132-133 
(Elias's Chick Ilatching). 

Kobert Harbin, Origami 4, ihid., pp. 184-135 (tilias's Siesta). 

Pete Ford (edj, Thr World ofFftd Rohm <BOS Booklet §49), Lon- 
don, British Origami Society, 1998. 

Pete Ford (ed.), Tht World of Fred Rohm (BOS Bonklet §50), Lon- 
don, British Origami Socicty, 1998. 

Pete Ford (cd.>, The World of Frv.d RnhmiBOS Booklet #51), Lon 
don, British Origami Society, 1998. 

Thc otTset Bird Base has heen t.horoughly explorcd by Dr. Jamcs 
Sakoda in 

Janie¿ Minoru Sakoda, Modorn Origami . Ncw York, Siinon and 
Schustcr, 1969. 

Yoshizawas Crab. an example of a double-blintzed Frog Buse, muy 
bc found in 

Akira Yoshizawa, Sosaku Origami, Tokyo, Nippon Hoso Shnppan 
Kyokai, 1984, pp. 72-73. 

R.hoads's Elephant, an cxamplc of'a bünUed Bini Base, may be found in 
Samuel L. Randlctt, ifeaí ofOngamt, íftricL, p 184 

5. Splítting Points 

The Yoshizawa split is shown in his Horse in 

Akirn Yoshizawa, Origami Dokuhon, ibid., p. 61. 

For an cxample of the middle-point. split shown in Figurc 5.15, scc 
the Praying Manlis in 

Kobert J. Lang, Origami Insocts and their Kin, New Yurk, Dover 
Publications, 1995, p. 106. 

A full folding seqnenre for the Walrus of Fijíurc 5.28 may be found in 

flohn Mont.rnll and Kobcrt J . Laug, OrÍMami Sea Life, ihid., pp. 81-33. 

A full folding seípieiure for the Grasshopper of Figurc 5.29 may be 
found in 

Robert J. Lang, Origam.i Insrcts * Their Kin. ibid., pp. 59-65. 
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6. Grafting 

Thc tcchnique of fnlriing from squarcs joined ouly aL their corners is 
described in a two-volume set that includes a rcproducLion of ÚM 
1797 original tcxt of StmboMuru Orikata: 

Masao Okaniura, Hiden Sembazuru Orikata: Fukkoku to Kaisetsu, 
Tokyo, NOABooks, 1992. 

Sen also 

Masaki Sakai and Michi Sahara, Origami Hoko-an Style, Tokyo, 
Heian Internatinn.il Pnbhshing, 1998. 

Kasahara's Dragou may be found in 

Kunihiko Kasahara, Creative Origumi, Tbkyn, Mew York. Japan 
Publications, 1967, p. 86. 

Rotart Neale's Dragon may bc í'ouud in 

Kobert Nealc, "Dragon," The Flapping Üird/An Origami Monthly, 
Ohicago, Jay Marshall, vol. 1, no. 5, p. 27, 1M9 

A full folding sequence for the Crawfish of' Figure 6.30 may be 
found in 

KobertJ. Lang, Ori^ami Animals, Ncw York, Creacent Books, 1992. 
pp 52 55. 

A í'ull folding sequence for the Treehoppcr of Figure 6.31 may he 
found in 

Robert J. I.ang, Origami Insects & Thvir Kin, ihid., pp. 10-13. 

A full folding sequence í'or the Japanese Horned Reetle of Figure 
fi.MI may be found in 

Robert J. Lang, Origarni lnsev.ts & Their Kin, ibid., pp. 132 142. 

A bird with individual toes that appcurs to have been constructed 
using point spliLLing t.eohniques appcars in: 

Akira Yoshizawa, Origami Dokuhon II, Tokyo, New Science Sha, 
1998, p. 3. 



7. Pattern Grafting 

John Richardson'a Hedgehog may bc found in 

Eric Kenneway, Origami: Paperfolding for Fun, London, OctOpUft, 
1980, pp. 86-87. 

Eric Joisels Pangohn may be lbund in 



Michael G. LftFotM, Ongamido: Masterioorks of Pape.r Fnlding, 
GloucesLer, RockporL, 2000, pp. 15-16. 

F.xamples of Chris K. Palmer's tcsscllation patUnna may be found m 
Chris K. Palmer, "Extruding and Lessellat.ingpolygons froni a plane," 

Origami Sciencc & Art. ProectcJmg» <>f the SÍcond Internatíonál 

Meeting nf Ongami Sciencc and Sdéntífic Origami, Korvo Miura, 
ed., Olau, Japan, Nov. 29-Dec. 4, 1994, pp. 323-331. 

Michael G. T.aFosse, Papcr Art: The Art nf Sculpting ivith Paper, 
GloucesLen Rockport, 1998. pp. 26 33. 

Further cxamplcs may be foimd at 

h 1 1 p : // w \ v w . s h a ( 1 o w f o 1 d s . c o m 

OLher patterns of intersecting plcats may he found in 

Pauln Taborda Barrclo, "Lines meet.ing on a surfacc: the 'Mars' 
pap^rfolding/' Origami Svienve £ Art: Proccedtngs of the Sevond 
Internat.iona.1 Meetnig of Origurni Science. and Sdentífic Origami, 
ibid., pp. 343-359. 

Alex Rataman, "Computcr tools and alyonthms for origami tcsscl- 
lation desigrC in Ongamr, Thomas Hull, ed., Natick, A K Peters, 
2002. pp. 121-127. 



8. Tilíng 

Two origami masters who havt* extensivcly utilizcd tiling as a de- 
sign mcthodology in Lheir work are Pet.cr Engcl and Jun Maekawa. 
You can find both thcory and manv ele[;ant examplcs of diñ'crcnt 
Liles and models incorporating Lhem in the following: 

Peter Kngel, Folding the Unwerse: Origami from Angel/lah io Zen, 
ibid. 

Kunihiko Kasahara, VioaJ Origam.i, Tokyo, Sanrio, 1983. 
See also examples of grafting in 

Peter Engcl. "Brcaking SymniHtry: origami, architccture, and Lhe 
forms of nature," Origumi Science & Art: Procecdmgs oft/te Second 
lntern.at.ion.aJ Mecting ofOrigami Science and Scientific Origami, 
ttrid., pp. 119-145. 

Both t.iling and grafting arc describnd in 

Jun Mackawa, "Evolution of Ongami Organisms," Syrumetry-: Cul- 
ture and Science, vol. 5, uo. 2, 1994, pp. 167 177. 

A design example using circlcs for alloeation of points may be 
found iu 
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Fumiaki Kawahata, "Seiyaku-eno chosen: kado-uo oridashikata 
IChallenge to reñtrictions: how Lo make pointsl". Oru, uo. 2 Aut.umn 
1993, pp. 100-104. 

A full folding sequence for the Shiva of Figure 8.47 may be found in 

Jay Ansill, Mythical Beings, New York, HurperPerennial, 1992, pp. 

70-75. 

A full foldiiiK sequence fnr the Herculcs Beeüe of Figure 8.48 may 
be found in 

Robcrt J. Lang, Origami Insects and their Kin, ibid., pp. 82-89. 

A full folding sequence for the Praying Mantis of Figure H.49 may be 
found in 

Robert J. Lang, Origumi Insects and their Kin, pfcrid., pp 106 llü. 

A full folding sequence for thc Pcriodical Cicada of Figurc 8.52 may 
be found in 

Robert J. Lang, Origami Insects II, Tokyo, Gallcry Origumi House 
(to be published). 

A full folding sequencc for the Pill Bug of Figurc 8.55 may be found in 
Robert J. Lang, Origami Insects II, ibid. 

A full folding sequence for thc Centipede of Figure 8.5G may be 
found in 

Robcrt J. Lang, Ongami Insects II, ibíd. 



9. Circle Pácking 

Montroll's Five-Sided Square may be found iri 

John Montroll, Animal Orixami for the. Rnt.husiast , ibid., pp. 21 22. 

Toshiyuki Meguro describes a circle/river desÍKii of u flying insect in 

Toshivuki Meguro, "'Tobu KuwaKuLamushi'-to Ryoikicnbunshiho 
í'Flying StuK Beetle' and t.he circular arca moleeule niethodl", Oru 
no. 5, Summcr 1994, pp. 92-95. 

See also 

Seiji Nishikawa. "'lbra' Suiko [Tiger' Reconsideredr, Oru no. 7, 
Winter 1994, pp. 89-93. 

A full folding scqucnce for the Tarantula of Figurc 9.24 may be 
found in 

Robert J. Lang, Origumi Insects II, ibid. 



A fulJ folding sequencc for the Flying Cicudu ofFigure 9.25 raay be 
fountl in 

Robert J. Lang. Origumi Insects II, ibid. 

A full folding sequence for thc Flying Ladybird BecUe of Figure 9 2G 
may be found in 

Rohert J. Lang, Origami Insvcts IL ihid 

A fuli folding sequcncc fbr Lhe Acrocinus longimamts of Fitfure 9.27 
may be fuund in 

Kobert J. Lang, Origami Insects II, ibid. 

Vanous mathematical circle packings may be found in 

Jonathan Schaer and A. Meir, "On a gcometric ext.remum prublem," 
Canadkm Mathtmatical Bulletin, h. 1965, pp. 21-27 

Jonathan Schacr, "The densest packiiitf of nir.e circles in a square," 
Canudian Mathematical Bulletin, 8, 1965, pages 273 277. 

Miciiael Goldbcrg, "The packing of oqual circles in a square." Math- 
ematics Mugazine, 43, 1970, pages 24-30. 

Benjamin L. Schwart/., "Separating points in a square," Journal of 
Recre.utional Mat/wmatics, 3, 1970. pp. 195-204. 



Jonathan Schaer, - On the packiiitf of ten cqual circles in I square," 
Mathemaücs Mugazine, 44. 1971, pages 139-140. 

Benjamin L. Schwartz, "Scparating points in u reetangle/ Math- 
ematics Maguzine, 46, 1973, pagcs 62-70. 

R. Milano, "Confignrations optimales de disques dans un polvgone 
regnlier," Mémoire de Liccnce, Unversité Libre do Bruxellcs. 1987. 

tmy Valette, m A bettcr packing oi' tcn equnl circlcs in a dquare " 
Discrcte Muthemtttics, 76, 1989, pngcs 57-59. 

Michael Molland and Charles Payan, "Some progress m the pack- 
ing oí equal circlcs in a square." Discrete Mathematics. 84. 1990 
pages 303-305. 

Murtin Gardner, "Taiijsenl Circies," Frncta! Music and Hypercards, 
W. H. Freeman, 1992, pp. 1 19-166. 

Hans Melisscn, On the Paeking ofCircles, Ph.ü. Thesis, Knivcrsity 
oi Utrecht. 1997. 

George Rhoads'a Bug, madc from a nine-circle pueking hase, mav be 
found in: 

Samucl L. Randlett, The Best ofOrigami, ibid., pp. 130-131. 
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Most of th« discussion, counLHrexample, and soluLion strategy for 
thc Margulis Napkin Problem is captured at Uavid Eppstein's Ge- 
ometry Junkyard, 

hLtp: //www.ics. uci.edu/-cppst.ein/jimkyara7napkin.hLinl 



1 0. Molecules 

A full folding sequencc for the Ant of Figure 10.43 may b« found in 
Rohert J. Lang, Origami Inse.cts 11, ibid. 

A full foldhiM sequence for the Cockroach of Figurc 10.44 may be 
found in 

Robert J. Lang. Origumi Insects II, íbid. 

A ftill folding sequence for the F.upatorua gracilicornus of Figure 
10.51 may be fouud in 

Robert J. Laiig, Origami Insects II, ibid. 

The Maekawa-Justin thcorem ia descrihed ín 

Thoma* Hull, 'Thc combinat.orics of flat folds: a survey," in Origami\ 
ibid., pp. 29-.17. 

Tbshiyuki Mcguro describes circle packing and aeveral types of mol- 
ecules in: 

Toshiyuki Mcguro, Mitsuyou origami sekkcihou (Practical met.hods 
of orifjami designsj, n Ongami Tanteidan Shinbun, no.s. 7-14, 1991- 
1992. 



I I . Tree Theory 

A partial description of trce theory is given in 

Robert J. Lang, "MatherriHt iral algorithms for origami design," jSym- 
me.try: Culture and Science, vol. 5, no. 2, 1994, pp. 115-152. 

Rohert J. Long, The tree method of origami dosÍKn," Origami Sc.i- 
ence & Art: Proceedings of the Second Intemational Meeiing of 
Origami Scien.cr and ScUnUffc Origami, ibid., pp. 73 82. 

A more complctc and more formal trcatmcnt may be found in 

Robcrt J. Lang, U A computational altforit.hm for ongami dcsign," 
Compulutional Geometry: I2th Annual ACM Sxm.posi.um, Philadel 
phia, Tennsylvania, May 24-26, 199C, pp. 98-105. 

A iull folding sequence for the Scorpion of Figure 11.86 may bc 
found in 



Robert J. Lttig, Origami Insecta IP ibid. 

A full folding sequence for the Flying ürasshopper oí' Figure 11.36 
may be found in 

Robcrt J. Lang, Origami Insects II, ibid. 

The proporLics of distorted Bird Base crease patterns and associ- 
ated quadrilatcrals are lummariMd in 

Tbshikay.u Kawasaki, "The g«*nmet.ry of orizuru," in Ongami\ ibid., 
pp. 61-73. 

Fumioki Kawahata's string-of beads method and the associated 
molecules are described in 

Fumiaki Kawuhuta, "The technique to fold free flaps of formative 
art 'origami,'" in Koryo Miura (edJ, Origami Sciancm & Art: Proc.ecd- 
mgs ofthe Second Intvrnutionui Mctting of Oritfumi Sciencc and 
Scientific Origami, ibid., pp. 63 71. 

Fumiaki Kawahata, Fantasy Origami, Tokyo, Gallcry Origami 
House. 199r>, pp. 174 179. 

Additional papcrs on thc underlyiug matheinaües ai drigami inrlude 
t.he following: 

Estlier M. Arkin, Michael A. Bender, Erik D. Demaine, Martin L. 
Dcmainc, Joscph S. B. Mitchell, Saurabh Sethia, and Steven S. 
Skicna, "Whcn can you íbld a map?," Procuding* vf the 7th Work- 
shop nn Algonthms and üata Structures, edited by F. Dchnc, J. R. 
Sack, and R. Tamassia, ÍAT.ture Notes in Camputer Scicn.cc, volume 
212,1, Providence, Rhode Tsland. Auijust. '2001, pp. 401-41S 

Hideki Azuma, "Rome mat.hematical nbservations on flat foldings 
íabstracL.l " Abstmcts for the Secnnd Intcrnationxil Meeting ofOngami 
Science und Scientiric Orif>ami, Otsu, Japan, 1994, pp. 4f>-46. 

Marshall Bern and Rarry TTayes. 'On t he rnmplexity of flat origami," 
ProemdingB ofthé 7* ACM-SIAM Symposium on üiscrete Algorithms, 
Atlanta, GA., 1996, pp. 175-183. " 

Marshall Bern, Erik Dcmainc, David Eppstcin, and Barry Haycs, 
"A disk-packinc algont.hm for an ongami magic trick * in Origami'. 
ibid., pp. 17-28. 

Marshall Rern. Frik Demaine, David Eppstein, and Barry llaycs, 
"'A disk-packing algorithm for an origami mngir t.rirk," Proccrdwgs 
of the International Conferencp on Fun with Algonthms, Tsola d'Elba, 
italy, Junc 1998, pp. 32-42. 

Therese C. Riedl, Erik D. Demaine, Martin L. Demaine, Anna Lubiw. 
and Godfried T. Toussaint, 'Hiding disks in folded polvgons," Pro- 
ceedings uf the Wth Cuiiu.di.an Confcrcnce on C.omputational Geom- 
ctry, Montrcal, Queuec, Canada, Au^'uyt 1998. 
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Chandlcr Davi.s, "The *et oí non lincarity of a convex piecewise lin 
ear function, " Scripta Mathematica, vol. 24. 1959, pp. 219-228. 

Erík D. Demaine and Martin L. Demaine. "Foldmg and unfolding 
linkages. paper, and polyhedra," Proeeedings of t.h.e Japan Confer 
ence on Discrete and Cnmputational Gevmetry; Lecture Not.es m Com- 
puter Science, Tükyo, Japan, November 2000. 

Erik D. Demaine, Martin L. Demaine, "Planar drawings of origaiui 
polyhcdra," Proeeedings ofthe 6th Symposiurn on Crnph Drawing, 
Lecture Notes in Computer Science, volume 1547, Montreal, Que- 
hec. Canada, August 1998, pp. 438-440. 

Erik D. DemuLne, Martin L Demainc, and Anna Lubiw, "Folding 
and cutting paper," Re.oised Papcrs from the Jupan Conference on 
Discreteand Computational Ceomet.ry. edited by Jin Akiyania, Mikio 
Kano. and Masatsugu Urabe, LactUTt Notes in Computer Science, 
volume 1763, Tokyo, Japan, December 1908, pp. 104-117. 

Enk D Dcmamc, Martin L. Demaine, and Auuu Lubiw, "Folding 
and one straight cut suffice," Proc.eedings ofthe Wth Annuul ACM- 
SIAM Symposium on Discrete Algorithms, 1999, pp. 891 892. 

Erik D. Dcmainc, Martin L Demaine, and Anna Lubiw, "The CCCG 
2001 Logo," Proceedings ofthe J.lth Canadian Conferencc on Cornpu- 
tational Geometry, Watcrloo, Ontario, Canada, Augusr. 2001. pp. iv-v. 

Enk I) Demainc and Joseph S. R Mitcheil, "Keaching foldcd state.s 
of a rectangulnr piccc oí' paper," Proce.e.dings of the iSth Cunudiun 
Confere.nce on Computational Geometry, Wat.erloo, Ontario, Canada, 
August 2001, pp. 73-75. 

Erik D Demaine, Martin L. Demaine, and Joseph S. B. Mitchcll, 
Tolding flat. silhouettes and wrupping polyhedral packages: new 
rcsults in comput.ational origami,'' Compututionul Geometry: The.ory 
and Applicativns, 16 1, : 3-21, 2000. Preliiuiuary versions in Pro- 
ceedings of the 15th Annual ACM Sympomum on Computulional 
Geometry 1999, 105-114 aud Proceedings ofthe 3rd CGC Workshop 
on Computational Geometry 1998. 

Erik D. Demainc, "Folding und unfolding linkages, papcr, and poly- 
hedra," Rcvised Papers frvrn the Japan Conferen.ce on Discrete itnd 
Computatwnal Geometry JCDCG 2000,, ediled by Jin Akiyama, 
Mikio Kano. and Masatsugn Urabc, Lecture Notes in Compute.r Sc.i- 
ence, volume 2098, Tokyn, Japan, Novcmbcr 2000, pp. 113-124. 

J. P. Duncan and J. L. Duncan, "Foldcd developahles," Proceedings 
of the Royul Society ofLondon, SencsA, vol. 383, 1982, pp. 191-205. 

P. Di Francesco. "Folding and coloring prohlems in mathematics and 
uhyáka" Bulletin nfthe American Mulhematical Society, vol. 37, no. 
3, July 2000, pp. 25 1-307. 

D. Fuchs and S Tabaehnikov, "More on paperfnlding," The Ameri- 
can Mathematicai. Monthly, vol. 106, no. t, Jan. 1999, pp. 27-35. 



David A. Huffman, "Ctirvatures and creuses: u primer on paper," 
IREK Trans. on Computers . Volume C 25, 1976, pp. 1010-1019. 

Thomas Hiill. w On the mathcmatics of flat ori{;amis." Congrcssus 
Nutnerantium 100, 1994, pp. 215-224. 
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Nyoron-sha, 1979. 
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June 198G, pp. 28-30. 
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ceedings ofthe First Interna.tinn.al Meeting of Origami Science and 
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Jacques Justin, "Mathematical remarks aboul orÍKumi bases/\Sym- 
metry: Culture and Scir.nce, vol. 5, no. 2, 1994, pp. 153-165. 
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Origcirni Science and Art: Proecedings of the Second International 
Meeting of Origami Scienc.p and Sctentiftc Origami, K. Miura íed.). 
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Toshikazu Kawasuki, "On high dimensional flat origamis," Proceed- 
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and Technology, ibid., pp. 229-237. 
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origamis," Memoirs of the Fuculty nf Scicncc, Kyushu University, 
SeriesA, vol. 42, no. 2, 1988. pp. 153-157. 
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W. F. Lunnon, "A map folding pr<>hl«m." Mathematics ofComputa- 
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Jun Maekawa. "Evulutiun of origami organimna," Symmetry: 
Culture and Science, vol. 5, no. 2, 1994, pp. 167 177. 

Jun Maekawa, "Similarity in origami (abstract i," Ahstracts for the 
Second Internationul Meeting of Origami SciíttUX and Scip.ntific 
Ongami, Otsu, Japan 1994, pp. 66-66, 

Koryo Miuia, "A note on intrinsic geometry of ongami," Froceudinxs 
of the First International. Meeting of Origami Scwnce and Technol 
ogy, ibid., pp. 239-249. 

Koryo Miura, "Foldn— the basis of origaini," Symmetry: Cuiture and 
Science. vol. 5, no. 1, 1994, pp. 13-22. 

Koryo Miura, "Fold- íts physical and mathemntical principles," 
Origami Science and Art: Procecdings of the Secnnd International 
Mecting ofOrigarni Science and Scienti/h- Ori^ami, K. Miura (ed.h 
OttU, Japan 1997. pp. 41-50. 
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problcm and conical origami folds," Proceedin^s ofthe t tth Annual 
Fall Wnrkshop on Computational Geometry, Brooklyn, New York, 
November 2001. 

Kunio Suzuki, "Creutive origami 'snowtlakes': some new ftpproftchee 
tn geometric origami (abstract)," Ahstracts for the Second Interna- 
tional Meeting nf Origami Science and. Srrentific Origami, Otsu, 
Japan 1994, pp. 37-38. 

The program TrecMaker run.s <>n Macintosh computers and is 
available with documcntation at 

http: //ongami.kvi.nl/programs/treemakcr/indcx.htiii 



12. Box Pleating 

A full folding scqucnce for the Ceramhycid bcctic of Figure 12.48 
may be found in 

Robcrt J. Lang, Orinami Inmctt U, ibid. 

Many box-pleated figores from Ncal Elias aud Max Hulme may be 
found in the following: 

Dave Venables, Max Hulm^: Selevled Works 1973-1979 (BOS Book 
let #15), London, Bntish Origami Society, 1979. 



Dave Woabkc, Focub on Neal Elias (BÜS üooklet $10), London, 
British Origami Society, 1978. 

Dave Venables (eá.),Nca¡ Ehas: Misceilaneous Folds I (BOS Book- 
Ut #.14), London. Brit.ish Origami Society, 1990. 

Dnvc Ve.nnblos (cd. >, Neal Elius: Miscellaneous Folds II 'BOS Bnnk- 
lct #X5>, London, British Origami Socicty, 1990. 

Dave Venables (eá.),Neal Elias: Faces and Busts (BOS Rnnklet 
London. British Origami Socicty, 1990. 

Eric Kcnncway, Origurni: Pape.rfo1d.ing for Fun, London, Octopus, 
1980, pp. 90 91 (Hulme's Fly). 



13. Hybrid Bases 

Fngcl's Buttcríly may be í'uund in 

Pctcr Engel, Folding the Universe: Origami from Angelfish to Zen, 
ibid .. pp. 292 311. 

A full folding sequence for the Butterfly of Figure 13.5 may be 
found in 

Robert J. Lang, Ongami Insccts and thcir Kin, ibid., pp. 40-45. 

A ftill folding scqucnce í'or the DraKonfly of Figure 13.6 may he 
found in 

llobert J. Lang, Ori^ami Insects II. ibid. 

A full í'olding sequence for the Rahhit of Figurc 13.11 may bc 
found in 

Robert J. Lang and St.ephen Weiss, ürigumi Zoo, ibid., pp. 115-119. 

A full folding scqucnce for the Mouse of Figure 13.13 may be 
fonnd in 

Robert J. Lang and Stcphen Weiss, Origami Zno. ibid.. pp 89-92. 



Origami Societies 

Many countrius huvc origami societies that hold conventions and 
exhibitions, scll origami supplitíH, and publifth n*>w and original de- 
signs. Four of t.he larger societies urc: 

Origami USA 

15 W. 77 u ' St. 

Ncw York, NY 10024 

http: /Avww.origami-usa.org 
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tíritiah Origami Society 

c/o Penny Grooin 

2a Thc Chcstnuts 

Countesthorpc 

Leicester LE« 5TL 

http: //wvvw.hntishorigami.org.uk/ 

Japan Origanii Academie Society 
c/o Gallcry Origami Houae 

1- 33-8-216, Hakusan 
Bunkyo-ku, Tokvo 
113-0001, JAPAN 

http. //w ww.oriiiami.gr.jp/ 

Nippon Origami Association 

2- 064 , Domir Gobancho 
1 2 Gobancho 
Chiyoda-ku, Thkvo 
102-0076 JAPAN 

http: //w^wvv.origaini-noH.com/ 

There are many other national origami societies and other origami- 
rtdated re.nources on thc lntcrnet. I will not give links hcrc (Internet 
U&kf tcnd to have a short haif-lifc), but any fOod aearch engine will 
turn up numerous aites for orignmi supplies, pictures, commentary. 
and diagrams. 
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moose with a full set oí dntlers. a complete train. and Ihe lcgcndary 
(and never-heforc publiihtd) Black Forest Cuckoo Clock 
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